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WMEO01/01 OCTOBER 2019 6 marks

Question 1

Momentum, Impulse & Collisions

1. Two particles, P and Q, have masses 3m and 2m respectively. The particles are connected
by a light inextensible string. Initially P and O are at rest on a smooth horizontal plane
with the string slack.

Particle P is then projected along the plane directly away from O with speed 4u. At
the same instant, particle Q is projected along the plane in the opposite direction with
speed 3u.

Find

(a) the common speed of the particles immediately after the string becomes taut,

3)

(b) the magnitude of the impulse exerted on Q at the instant when the string becomes taut.

3
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Worked Solution -

Momentum, Impulse & Collisions

Question 1 Topic group

1. Choose a direction

Take P's initial direction as positive. Then P initially has velocity 4u and Q initially

has velocity —3u.

2. Use conservation of momentum

When the string becomes taut, both particles move with common speed v. Hence
3m(4u) + 2m(—3u) = (3m + 2m)v.

3. Find the common speed

12mu — 6mu = bmv, sov = ?u

4. Use impulse on Q

6
Impulse on Q equals change in momentum: I = 2m (?u — (—3u)).

5. Find the impulse magnitude

Final answer

(a) v= %u b I= Em'u,.
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Question 2

2.

Constant Acceleration in 1D

A small ball is released from rest from a point that is 40m above horizontal ground.
The ball bounces on the ground and rebounds vertically. Each time the ball bounces on
the ground, the speed of the ball is instantancously reduced by 50%. The ball is modelled
as a particle moving freely under gravity, from the instant when it is released until it first
hits the ground, and between each successive bounce.

(a) Find the time from the instant when the ball is released from rest to the instant when
it hits the ground for the second time.

C)

(b) Find the maximum height reached by the ball above the ground after the ball’s
third bounce.

“4)
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Worked Solution -

Constant Acceleration in 1D

Topic group

Question 2

1. Find the time to the first hit

1 1
The ball is released from rest and falls 40 m. Use s = ut + Egtzz 40 = Egt%

2
Thus t; = @ = —Os,

g 7

2. Find the speed just before the first bounce
Using v? = u® + 2gs, v? = 2¢(40), so v; = 28 ms™".

3. Use the rebound speed

After the first bounce the speed is reduced by 50%, so the upward speed is
14ms~!.

4. Find the time until the second hit

: . 2(14) 20
The time to go up and return to the ground is = S.
g
5. Find the total time
20 20 40
Total time to the second hit is a + =7 = 5.71 s approximately.

6. Find the speed after the third bounce

After each bounce, the speed is halved. The upward speeds after the first, second
and third bounces are 14, 7 and 3.5 ms~!.

7. Find the height after the third bounce
At the top after the third bounce, 0 = (3.5)2 — 2gh. Therefore
(3.5)2

h = %

= 0.625 m.




Final answer
(a) 5.71 s approximately. (b) 0.625 m.
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Question 3

Newton's Second Law

3. A car of mass 800kg is towing a trailer of mass 400kg up a straight road using a towbar.
The towbar is parallel to the road and parallel to the direction of motion of the car.

1
The road is inclined to the horizontal at an angle &, where sina = 7 The engine of the car

produces a constant driving force of magnitude D newtons. The resistance to the motion
of the car from non-gravitational forces is modelled as a single force of magnitude 420N.
The resistance to the motion of the trailer from non-gravitational forces is modelled as
a single force of magnitude 300N. The car and trailer are modelled as particles and the
towbar is modelled as a light rod.

Given that the tension in the towbar is 2060 N, find the value of D.

(7
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Newton's Second Law

Worked Solution - Question

3 Topic group

1. Use the trailer to find acceleration

For the trailer, take up the road as positive. The forces along the road are tension
2060 N up the road, resistance 300 N down the road, and weight component
400g sin a down the road.

2. Form the trailer equation
1
2060 — 300 — 400g sin a = 400a. Since sina = - this becomes

1
2060 — 300 — 400g - 7= 400a.

3. Find the acceleration

1
Using g = 9.8, 400g - 7= 560. Hence 1200 = 400a and ¢ = 3 ms™2.

4. Apply Newton's second law to the car

For the car: D — 420 — 800gsin a — 2060 = 800a.

5. Find the driving force

1 1
D — 420 — 800g - 7 2060 = 800(3). Since 800g - 7= 1120,

D = 420 + 1120 + 2060 + 2400 = 6000 N.

Final answer

D = 6000 N.
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Question 4

Resolving Forces, Inclined Planes

Figure 1

A particle, P, of mass km lies on a fixed rough plane. The plane is inclined to the
horizontal at an acute angle 4. A horizontal force of magnitude X acts on P, as shown in
Figure 1. The line of action of the force lies in the vertical plane which contains the line
of greatest slope of the inclined plane that passes through P. The coefficient of friction
between P and the inclined plane is u.

When X = mg, the particle P is in equilibrium and on the point of sliding down the plane.

ktan@ —1

(a) Show that u = 1 tand

(10)

(b) Deduce that, when & = 1, § must be greater than 45°
2




WMEO1/01 OCTOBER 2019

Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 4

1. Set friction direction

The particle is on the point of sliding down the plane, so friction acts up the plane.

Also X = mg.

2. Resolve perpendicular to the plane

Both the weight kmg and the horizontal force mg press the particle into the

plane. Therefore R = kmg cos § + mgsin 6.

3. Resolve parallel to the plane

Down the plane is the component kmgsin 6. Up the plane are friction F' and the
component mgcos 0. Thus F' + mgcos @ = kmgsin 6.

4. Write friction in terms of theta

So F' = kmgsin 8 — mgcos 6.

5. Use limiting friction
F  kmgsin6 — mgcos 0

R~ kmgcosf+mgsinf’

6. Simplify the expression
ktanf — 1

Cancel mg and divide numerator and denominator by cos 8: y = T+ tand | as
an

required.

7. Deduce the condition when k is 1
tanf —1

Whenk=1,p,=m

. Since p > 0 and the denominator is positive,

tanf—1 > 0.




8. Finish the inequality
Therefore tan @ > 1, so because @ is acute, 8 > 45°.
Final answer
ktan@ —
= b) 0 > 45°.
DB = L tand 0 ()
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Question 5

+——I15Sm—— 5

v

Sm

A

Figure 2

A non-uniform beam, 4B, has length 5m and mass 12kg. The beam is suspended in a
horizontal position by two vertical ropes. One rope is attached to the beam at 4. The other
rope is attached to the beam at C, where CB = 1.5m, as shown in Figure 2. The distance of
the centre of mass of the beam from 4 is 1.75m. The beam is modelled as a non-uniform
rod and the ropes are modelled as light inextensible strings.

A particle of mass M kg is now placed on the beam at B and the beam remains in
equilibrium in a horizontal position.

(a) Find the largest possible value of M.
3)

The particle at B is now removed and a particle of mass 15kg is now placed on the
beam at the point D, where 4D = x metres. The beam remains in equilibrium in a
horizontal position.

Given that the tension in the rope attached to the beam at C is now twice the tension in the
rope attached to the beam at A4,

(b) find the value of x.
C)




WMEO1/01 OCTOBER 2019 Moments

Worked Solution - Question 5

Topic group

1. Locate the key distances

The beam is  m long. Since CB = 1.5 m, AC' = 3.5 m. The centre of mass is
1.75 m from A, so it is also 1.75 m from C.

2. Use the largest M condition

For the largest possible M at B, the rope at A is just slack, so the beam is
supported at C only.

3. Take moments about C

The particle at B is 1.5 m to the right of C, and the beam's weight acts 1.75 m to
the left of C. Hence Mg(1.5) = 12¢(1.75).

4. Find M
_ 12(1.75)
1.5

5. Set the tensions for partb

Let the tension at A be T'. The tension at C is 2T". Vertical equilibrium gives
T + 2T = 12g+ 15g = 27g, so T' = 9¢g and the tension at C is 18¢g.

6. Take moments about A

For the new particle at AD = x, moments about A give
18¢(3.5) = 12¢(1.75) + 15gz.

7. Solve for x

Cancel g 63 = 21 + 15z. Thus 15z =42 and x = 2.8 m.




Final answer

(a) M=14. (b)z=2.8m.
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Question 6

Kinematics Graphs

6. An athlete runs a 200 m race along a straight horizontal track.
In a model of the motion of the athlete, air resistance is ignored, the athlete starts from rest
at time ¢ = 0 seconds and moves with uniform acceleration 0.8 ms * for T'seconds, reaching
a speed of ¥'ms™'. She then maintains this speed until she crosses the finishing line.

The total time from when the athlete starts to when she crosses the finishing line is 30s.

(a) Sketch a speed-time graph for the model of the motion of the athlete from the instant
when she starts to the instant when she crosses the finishing line.

(2
(b) Write down an expression for V in terms of T.

(1
(¢) Show that 7% — kT + 500 = 0, where k is a constant to be found.

)
(d) Hence find the value of T, justifying your answer carefully.

(€)

(e) Considering your speed-time graph or otherwise, state two ways, apart from including
air resistance, in which the model could be made to be more realistic.

2




WMEO1/01 OCTOBER 2019 Kinematics Graphs

Worked Solution - Question 6

Topic group

1. Describe the speed-time graph

The graph starts at (0, 0), rises in a straight line with gradient 0.8 until time 1" and
speed V, then stays horizontal at speed V until t = 30.

2. WriteVintermsof T

Uniform acceleration gives V = 0.8T'.

3. Use area for the distance

1
The distance is the area under the speed-time graph: ETV + V(30 — T') = 200.

4. Substitute V

1
Using V = 0.8T" ET(O.ST) + (0.87")(30 — T") = 200.

5. Form the quadratic
0.4T2 + 24T — 0.8T'2 = 200, so —0.4T'2 + 24T — 200 = 0. Multiplying by
—2.5 gives T2 — 60T + 500 = 0, so k = 60.

6. Solve and choose the valid root

T? — 60T + 500 = (T — 10)(T — 50) = 0, so T' = 10 or 50. Since the whole
race lasts 30 s, T' = 10.

7. Give two model improvements

A more realistic model could include reaction time at the start, and could replace
the instantaneous change from acceleration to constant speed with a smoother

transition.




Final answer
(a) Speed-time graph rises linearly to V' at t = T, then is horizontal until

t = 30.
(b) V=0.8T. (c)T?—- 60T+ 500 =0, so k= 60.
(d) T = 10. (e) For example, include reaction time at the start and avoid

the instantaneous change to constant speed.
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Question 7

Working with Vectors

7. Two forces, F and G, act on a particle. The force F has magnitude 4N and acts in a
direction with a bearing of 120° and the force G has magnitude 6 N and acts due north.

Given that P = 2F + G, find
(i) the magnitude of P

(i1) the direction of P, giving your answer as a bearing to the nearest degree.

(7
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Working with Vectors

Worked Solution - Question

7 Topic group

1. Resolve 2F
Since F has magnitude 4 N on a bearing of 120°, 2F has magnitude 8 N on the

same bearing.

2. Write the components

2F = 85in 120°i + 8 cos 120°j = 4v/3i — 4j. Also G = 6.

3.Find P
P =2F + G = 4/3i + 2j.

4. Find the magnitude

Pl=/(4V3)? +22 = VAT 4= VBIN,

5. Find the bearing angle
The vector is in the north-east quadrant. The angle east of north satisfies

43 = 24/3.

tanf = ——
an 2

6. State the bearing
0 = 73.9° approximately, so the bearing is 074° to the nearest degree.

Final answer

(i) |P| = v52N ~ 7.21 N. (i) bearing = 074°.
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Question 8

8.

Working with Vectors

[In this question, the horizontal unit vectors 1 and j are directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

Two speedboats, 4 and B, are each moving with constant velocity. The velocity of 4 is
20kmh™ due west and the velocity of B is 40 kmh™ on a bearing of 150°. The boats are
modelled as particles.

At noon, the position vector of 4 is 60ikm and B is at the origin O. At time ¢ hours after
noon, the position vector of 4 is rkm and the position vector of B is skm.

(a) TFind the velocity of B in the form (pi + gj)kmh™
(&)

(b) Find expressions for r and s in terms of ¢, i and j.

d)

(c) Find the time, to the nearest minute, at which the distance between the boats is the
same as it was at noon.

@®)
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Working with Vectors

Worked Solution - Question

8 Topic group

1. Resolve B's velocity

A bearing of 150° is 30° east of south. Therefore the east component is
40 sin 150° = 20 and the north component is 40 cos 150° = —20+/3.

2. Write B's velocity
vp = 20i — 20v/3jkmh~!.

3. Write A’s position
Boat A starts at 60i and travels due west at 20 kmh~!, so
r = 60i — 20ti = (60 — 20¢)i.

4. Write B’s position
Boat B starts at O, so s = £(20i — 20+/3j) = 20ti — 204/3tj.

5. Find the separation vector

—
AB =s —r = (20t — (60 — 20¢))i — 20+/3tj = (40t — 60)i — 20+/3¢j.

6. Use the noon distance

At noon the distance between the boats is 60 km. Set the later distance equal to
60: (40t — 60)2 + (—20+/3t)2 = 602.

7. Solve for t
Expanding gives 2800¢2 — 4800t = 0, so t(2800t — 4800) = 0. The later time is
4800 12
2800 7

hours.




8. Convert to clock time

2
2 hours is 1 hour and 42.857 . .. minutes after noon, which rounds to 1:43 pm,

or 13:43.

Final answer
(a) v = 20i — 20v/3j kmh~. (b) r = (60 — 20¢)i, s = 20ti — 20+/3tj. (c) 13:43
, or 1:43 pm.
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WMEO01/01 JANUARY 2020 8 marks

Question 1

1.

Momentum, Impulse & Collisions

Two particles, P and O, of mass m and m, respectively, are moving on a smooth horizontal
plane. The particles are moving towards each other in opposite directions along the same
straight line when they collide directly. Immediately before the collision, both particles
are moving with speed u.

The direction of motion of each particle is reversed by the collision.
Immediately after the collision, the speed of O is %u.

(a) Find, in terms of m, and u, the magnitude of the impulse exerted by P on Q in the
collision.

(&)

(b) Find, in terms of m,, m, and u, the speed of P immediately after the collision.

(©)

3
(c) Hence show that m, > — m,

(0]
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Worked Solution -

Momentum, Impulse & Collisions

Question 1 Topic group

1. Choose a positive direction
Take P's original direction as positive. Before collision, vp = u and vg = —u.

U
After collision, Q has velocity 3 because its direction is reversed.

2. Find the impulse on Q

Impulse on Q equals change in momentum:

() ()

3. Use conservation of momentum

Let the speed of P after collision be v. Since P reverses direction, its velocity is —v.

1
Hence miu — mou = —mjv + gmzu.

4. Solve for P's speed

4 (4dmo — 3my)u
Rearrange: mjv = §m2u — miu, SOV = .

3m1

5. Use the fact that speed is positive
Since u > 0 and my > 0, the numerator must be positive: 4my — 3m; > 0.

3
Therefore mg > Zml.

Final answer

4 4dmg — 3
(a) I = 3 mau. (b) speed of P = (4ms ml)u. (¢) mg > %ml

3m1
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Question 2

1.5m
A C B
- 6m »
Figure 1

A non-uniform beam 4B has length 6 m and weight / newtons. The beam is supported in
equilibrium in a horizontal position by two vertical ropes, one attached to the beam at 4
and the other attached to the beam at C, where CB = 1.5m, as shown in Figure 1.

The centre of mass of the beam is 2.625m from 4.
The ropes are modelled as light strings. The beam is modelled as a non-uniform rod.

Given that the tension in the rope attached at C is 20N greater than the tension in the rope
attached at A,

(a) find the value of W.
©)

(b) State how you have used the fact that the beam is modelled as a rod.

e))




WMEO01/01 JANUARY 2020 Moments

Worked Solution - Question 2

Topic group

1. Set the tensions

Let the tension at A be T'. The tension at C is then T" + 20. Since CB = 1.5 m and
AB=6m, AC =4.5m.

2. Use vertical equilibrium

The upward tensions balance the weight: T'+ (T'+ 20) = W, s0 2T+ 20 = W.

3. Take moments about A

The centre of mass is 2.625 m from A. Taking moments about A gives
4.5(T + 20) = 2.625W.

4. Solve for W

From the moments equation, T + 20 = %W = 1—72W Also
T+20= m Hence W—;—2O = 711;/, so 6W 4+ 120 = 7W and
W =120 N.

5. State the modelling use

Modelling the beam as a rod means it stays straight and rigid, so the distances

used in the moments equations do not change.

Final answer
(a) W =120 N. (b) The rod model keeps the beam straight and rigid,
so the stated distances along the beam are fixed.
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Question 3

Constant Acceleration in 1D

3. A particle, P, is projected vertically upwards with speed U trom a fixed point O. At the
instant when P reaches its greatest height A above O, a second particle, Q, is projected

1
with speed 5 U vertically upwards from O.

(a) Find A in terms of U and g.
2)

(b) Find, in terms of U and g, the time between the instant when Q is projected and the
instant when the two particles collide.

(6)

(c) Find where the two particles collide.

(©)
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Worked Solution -

Constant Acceleration in 1D

Topic group

Question 3

1. Find the greatest height

For P, at greatest height the speed is zero. Use v = u? 4 2as withu = U, v = 0,

U2
a=—gands=H:0=U? - 2gH.Hence H = 20
g

2. Start timing when Q is projected

At this instant P is at height H and has zero velocity. After t seconds, P has fallen
1 1

Egtz, so its height above O is H — Egt2.

3. Write Q's height
1
Q is projected upwards from O with speed EU' so its height after ¢ seconds is

1 1
—Ut — =qt2.
2 2gt

4. Equate the heights

1 1 1 1
At collision, H — Egt2 = EUt — Egtz. The gravity terms cancel, so H = EUt.

5. Find the time

2 2 U
Substitute H = U—: U— = —Ut. Thereforet = —.
29 2g 2 g

6. Find the collision position

1 (U\® U? U?
Substitute t = E into P's height: H — —g(—) = — — — = 0. Thus they
g 27\ g 29 2
collide at O.




Final answer

U? U : :
(a) H = 2 b t= s (¢) The particles collide at O.
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Question 4

4 (m) B (m)

C (3m)

Figure 2

Two identical small rings, 4 and B, each of mass m, are threaded onto a rough horizontal
wire. The rings are connected by a light inextensible string. A particle C of mass 3m is
attached to the midpoint of the string. The particle C hangs in equilibrium below the wire
with angle BAC = f1, as shown in Figure 2.

The tension in each of the parts, AC and BC, of the string is 7

(a) By considering particle C, find 7 in terms of m, g and S

2

(b) Find, in terms of m and g, the magnitude of the normal reaction between the wire
and A.

©)
The coefficient of friction between each ring and the wire is %
The two rings, 4 and B, are on the point of sliding along the wire towards each other.

(c) Find the value of tan

S




WMEO01/01 JANUARY 2020 Forces

Worked Solution - Question 4

Topic group

1. Resolve forces on C

The two tensions are equal and symmetric. Their vertical components support the
3mg

weight of C, so 2T sin 8 = 3mg. Hence T' = ———.
2sin 8

2. Resolve vertically for ring A

For ring A, the normal reaction balances its own weight and the downward vertical

component of the string tension: R = mg + T'sin .

3. Find the normal reaction

3
From 271 sin 8 = 3mg, we have T'sin 8 = Emg. Therefore

R=m —|—§m —Em

4. Use limiting friction

The rings are just about to slide towards each other, so friction is limiting. With

4 4 5
:—’F: = — ¢ — :2 .
p=< uR £ g Mg=2mg

5. Resolve horizontally for a ring

The horizontal component of the tension is balanced by friction:
T cosB = F = 2mg.

6. Find tan beta
3mg 3mg

Substitute T' = :
2sinfB 2sinf

3 4
cos B = 2mg. Hence ECOtﬂ =2,s0cot = 3

3
andtan 8 = 1




Final answer
3mg 3 3
=~ Jsng’ (b) R= 5 M9- (c) tanB = 2
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Question 5

5.

Kinematics Graphs

A car travels at a constant speed of 40ms™' in a straight line along a horizontal racetrack.
At time 7 = 0, the car passes a motorcyclist who is at rest. The motorcyclist immediately
sets off to catch up with the car.

The motorcyclist accelerates at 4ms= for 15s and then accelerates at 1 ms = for a further
7T seconds until he catches up with the car.

(a) Sketch, on the same axes, the speed-time graph for the motion of the car and the
speed-time graph for the motion of the motorcyclist, from time ¢ = 0 to the instant
when the motorcyclist catches up with the car.

2)

At the instant when ¢ = 7 seconds, the car and the motorcyclist are moving at the same
speed.

(b) Find the value of 7,
2

(¢) Show that T° + kT — 300 = 0, where  is a constant to be found.
(6)



WMEO1/01 JANUARY 2020 Kinematics Graphs

Worked Solution - Question 5

Topic group

1. Describe the graph

The car's graph is a horizontal line at 40 ms~! The motorcyclist's graph starts at
zero, rises with gradient 4 until ¢ = 15, then rises with smaller gradient 1 for a

further T' seconds.

2. Find the equal-speed time

Before t = 15, the motorcyclist's speed is 4¢. Set this equal to the car's speed:
4t; = 40,s0t1 = 10s.

3. Find the motorcyclist's speed at 15 seconds

After the first 15 seconds, the motorcyclist's speed is 4(15) = 60 ms™!.

4. Find the final speed at catch-up

2

During the next T" seconds the acceleration is 1 m s™#, so the speed at catch-up is

60 +T.

5. Equate distances

Motorcyclist distance = %(15)(60) + %[60 + (60 + T)]T". Car distance
— 40(15 + T).

6. Simplify the equation

1 1
450 + 607" + §T2 = 600 + 40T". Hence ETz + 20T — 150 =0, so
T? + 40T — 300 = 0 and k = 40.




Final answer
(@) Car: horizontal line at 40; motorcyclist: two rising straight-line sections

ending at the catch-up time.

(b)t; =10s. (c) T2+ 40T — 300 = 0, so k = 40.
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Qu estion 6 Working with Vectors

6. A force F is given by F = (10i + j)N.

(a) Find the exact value of the magnitude of F.

2

(b) Find, in degrees, the size of the angle between the direction of F and the direction of
the vector (i + j).

4

The resultant of the force F and the force (—15i + aj) N, where « is a constant, is parallel
to, but in the opposite direction to, the vector (2i — 3j).

(¢) Find the value of a.

)
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Working with Vectors

Worked Solution - Question

6 Topic group

1. Find the magnitude

For F =10i+j |F| = v/ 10?2 + 12 = /101 N\.

2. Find the direction angle of F

1
The angle that F' makes with the positive i direction is o, where tana = 10

Thus a = 5.71° approximately.

3. Compare with i plus j

The vector i + j makes an angle of 45° with the positive i direction.

4. Find the angle between the vectors

So the required angle is 45° — 5.71° = 39.29°, approximately 39.3°.

5. Write the resultant
The resultant of 10i 4 j and —15i 4 aj is —5i + (a + 1)j.

6. Use the parallel opposite direction

Parallel but opposite to 21 — 3j means the resultant is a positive multiple of
—2i+ 3j.

7. Solve for a

Let —5i + (a + 1)j = A(—2i + 3j). From the i component, —5 = —2), so
A=2.5.Thena+ 1= 3(2.5) = 7.5, hence a = 6.5.




Final answer

(a) |F| = v101N. (b) 39.3° approximately. (c)a = 6.5.
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Question 7

Newton's Second Law




B 2m
A (4kg) . P

v

B (3kg)

1.4m

Figure 3

A particle 4 of mass 4kg is held at rest on a rough horizontal table. Particle A4 is attached
to one end of a string that passes over a pulley P. The pulley is fixed at the edge of the
table. The other end of the string is attached to a particle B, of mass 3 kg, which hangs
freely below P.

The part of the string from 4 to P is perpendicular to the edge of the table and 4, P and B
all lie in the same vertical plane.

The string is modelled as being light and inextensible and the pulley is modelled as being
small, smooth and light.

The system is released from rest with the string taut. At the instant of release, 4 is 2m
from the edge of the table and B is 1.4m above a horizontal floor, as shown in Figure 3.

After descending with constant acceleration for 2 seconds, B hits the floor and does not
rebound.

(a) Show that the acceleration of 4 before B hits the floor is 0.7ms™

2
(b) State which of the modelling assumptions you have used in order to answer part (a).

(1)
(c) Find the magnitude of the resultant force exerted on the pulley by the string.

O]
The coefficient of friction between A and the table is pu.
(d) Find the value of .

(6)
(e) Determine, by calculation, whether or not 4 reaches the pulley.

6]

(Total 18 marks)
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Newton's Second Law

Worked Solution - Question

7 Topic group

1. Use B's descent

1
Before B hits the floor, it descends 1.4 m from restin 2 s. Use 8 = ut + Eatzz

1
1.4 = 5a(2)2. Hence @ = 0.7 ms—2.

2. Name the modelling assumption

The string is inextensible, so A and B have the same magnitude of acceleration
while the string is taut.

3. Find the tension

For B, taking downward as positive: 3g — T' = 3(0.7). Thus T' = 3g — 2.1 = 27.3
N.

4. Find the resultant force on the pulley

The pulley is pulled by two perpendicular tensions of magnitude T'. Therefore the
resultant is VT2 + T2 = Tv/2 = 27.3v/2 = 38.6 N approximately.

5. Find the friction on A
For A before B hits the floor, T' — F' = 4(0.7). Hence F' = 27.3 — 2.8 = 24.5 N.

6. Find mu

24.
On the horizontal table, R = 4g = 39.2N and F' = uR. So u = 39—; = 0.625.

7. Find A's speed when B hits the floor

At this instant, v = at = 0.7(2) = 1.4 ms™!. A has also moved 1.4 m towards
the pulley.



8. Find the extra stopping distance

After B hits the floor, A is slowed only by friction. Its deceleration is
pg = 0.625(9.8) = 6.125 ms~2. Use 0 = (1.4)% — 2(6.125)s, giving s = 0.16
m.

9. Compare with the distance to the pulley

A's total distance is 1.4 + 0.16 = 1.56 m, which is less than 2 m. Therefore A
does not reach the pulley.

Final answer
(@) a =0.7ms~2. (b) Inextensibility of the string.

(c)38.6 N. (d) p=10.625. (e) Adoes not reach the pulley.
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Question 1

1.

Constant Acceleration in 1D

A small stone is projected vertically upwards with speed 20ms™ from a point O which
is 5m above horizontal ground. The stone is modelled as a particle moving freely under

gravity.
Find

(a) the speed of the stone at the instant when it is 2 m above the ground,

@)

(b) the total time between the instant when the stone is projected from O and the instant
when it first strikes the ground.

(C))



WMEO01/01 JANUARY 2021

Worked Solution -

Constant Acceleration in 1D

Topic group

Question 1

1. Find displacement for part a

The stone starts 5 m above the ground. When it is 2 m above the ground, its

displacement from O is —3 m.

2. Use SUVAT for speed

Taking upward as positive, u = 20, a = —9.8 and s = —3. Use v? = u? + 2as:
v? = 202 4+ 2(—9.8)(—3) = 458.8.

3. State the speed

v = 21.4 ms™! to 3 significant figures.

4. Set up the ground equation

1
At the ground, displacement from O is —5 m. Use s = ut + Eatz:

—5 = 20t — 4.9¢2.

5. Solve for time

4.9t2 — 20t — 5 = 0. The positive root is t = 4.3179.. ., so the total time is
4.32s.

Final answer
(a) 21.4ms~1. (b) 4.32 s approximately.
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Question 2

2.

Momentum, Impulse & Collisions

Two particles, P and O, have masses 2m and m respectively. The particles are moving
towards cach other in opposite directions along the same straight line on a smooth
horizontal plane. The particles collide directly.

Immediately before the collision, the speed of P is 3u and the speed of Q is 2u.
The magnitude of the impulse exerted on Q by P in the collision is Smu.
Find

(a) the speed of P immediately after the collision,

3

(b) the speed of O immediately after the collision.
3
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Worked Solution -

Momentum, Impulse & Collisions

Topic group

Question 2

1. Choose a positive direction

Take P's original direction as positive. Before collision, P has velocity 3u and Q has

velocity —2u.

2. Use impulse on P

The impulse on P is opposite to P's original motion and has magnitude 5mu. Let

P's velocity after collision be v. Then —5mu = 2m(v — 3u).

3. Find P speed

Divide by m: —5u = 2v — 6u, so 2v =uand v = %

4. Use impulse on Q

The impulse on Q is in P's original direction. Let Q's velocity after collision be w.
Then bmu = m(w — (—2u)).

5. Find Q speed

Su = w + 2u, so w = 3u. Therefore the speed of Q is 3u.

Final answer

(a) speed of P = n

3 (b) speed of Q = 3u.
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Question 3

200N I'N

Figure 1

A parcel of mass 20kg is at rest on a rough horizontal floor. The coefficient of friction
between the parcel and the floor is 0.3

Two forces, both acting in the same vertical plane, of magnitudes 200N and TN are
applied to the parcel. The line of action of the 200N force makes an angle of 15° with
the horizontal and the line of action of the TN force makes an angle of 25° with the
horizontal, as shown in Figure 1. The parcel is modelled as a particle P.

Find the smallest value of T for which P remains in equilibrium.

®
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Worked Solution - Question 3

Topic group

1. Resolve vertically

For vertical equilibrium, R + 200 sin 15° 4+ T'sin 25° = 20g.

2. Resolve horizontally

For the smallest T', friction is limiting and balances the remaining horizontal
tendency. Horizontally, 200 cos 15° — T'cos 25° — F' = 0.

3. Use limiting friction

F=0.3R.

4. Eliminate Rand F

From the vertical equation, R = 20g — 200 sin 15° — T'sin 25°. Substitute into
F = 0.3R and then into the horizontal equation.

5. Solve for T

200 cos 15° — T'cos 25° — 0.3(20g — 200 sin 15° — T'sin 25°) = 0. Solving
gives T'=192.3... N, so the smallest value is about 192 N.

Final answer

T = 192 N approximately.
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Question 4

4.
6m
B B
A Im C D Im B
Figure 2

A metal girder AB has weight W newtons and length 6 m. The girder rests in a horizontal
position on two supports C and D where A4C = DB = 1 m, as shown in Figure 2.

When a force of magnitude 900N is applied vertically upwards to the girder at A, the
girder is about to tilt about D.

When a force of magnitude 1500N is applied vertically upwards to the girder at B, the
girder is about to tilt about C.

The girder is modelled as a non-uniform rod whose centre of mass is a distance x metres
from A.

Find the value of x.

(6)
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Worked Solution - Question 4 !

1. Set support positions

The girder has length 6 m, with C 1 m from A and D 1 m from B. So D is & m from
A

2. Use tilting about D

When the 900 N upward force is applied at A, the girder is about to tilt about D.
Taking moments about D gives 900(5) = W (5 — ).

3. Use tilting about C

When the 1500 N upward force is applied at B, the girder is about to tilt about C.
Taking moments about C gives 1500(5) = W (z — 1).

4. Solve the equations

The equations are W (5 — x) = 4500 and W (z — 1) = 7500. Add them:
WI(5 — z) + (¢ — 1)] = 12000, so 4W = 12000 and W = 3000.

5. Find x
Use W(z — 1) = 7500: 3000(z — 1) = 7500,soz — 1 =2.5andz = 3.5 m.

Final answer

r=3.5m.
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Question 5

Working with Vectors

5. A particle is acted upon by two forces F and G. The force F has magnitude 8 N and acts
in a direction with a bearing of 240°. The force G has magnitude 10N and acts due South.

Given that R=F + G, find
(i) the magnitude of R,

(i1) the direction of R, giving your answer as a bearing to the nearest degree.

Q)
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Working with Vectors

Worked Solution - Question

5 Topic group

1. Resolve F into components

A bearing of 240° is 60° west of south. Hence
F = (—85in60°)i + (—8cos60°)j = —4+/3i — 4j.

2. Add G

The force G is due south with magnitude 10, so G = —10j. Therefore
R =F + G = —4+/3i — 14j.

3. Find the magnitude

R| = /(—4v/3)? + (~14)2 = V48 + 196 = V2H N.

4. Find the bearing angle

The resultant points south-west. The angle west of south satisfies

44/3 243
14 7

tanf =

5. State the bearing
0 = 26.3°. Bearing = 180° + 26.3° = 206.3°, so the bearing is 206° to the

nearest degree.

Final answer
(?) |R| =v244 N ~ 15.6 N. (i) bearing = 206°.
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Question 6

6.

Working with Vectors

Two girls, Agatha and Brionie, are roller skating inside a large empty building. The girls
are modelled as particles.

At time ¢ = 0, Agatha is at the point with position vector (11i + 11j)m and Brionie is at
the point with position vector (7i + 16j)m. The position vectors are given relative to the
door, O, and i and j are horizontal perpendicular unit vectors.

Agatha skates with constant velocity (3i — j)ms™!

Brionie skates with constant velocity (4i — 2j)ms™

(a) Find the position vector of Agatha at time ¢ seconds.

2
At time ¢ = 6 seconds, Agatha passes through the point P.
(b) Show that Brionie also passes through P and find the value of  when this occurs.
C)
At time ¢ seconds, Agatha is at the point 4 and Brionie is at the point B.
(¢) Show that AB = [(t—D)i+(5-0j]m
(2)

(d) Find the distance between the two girls when they are closest together.

“4)
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Working with Vectors

Worked Solution - Question

6 Topic group

1. Write Agatha position
ra = (11i+ 11j) + ¢(3i — j) = (11 + 3t)i + (11 — t)j.

2. Find point P
Att = 6, Agatha is at (11 + 18)i + (11 — 6)j = 29i + 5j.

3. Write Brionie position

r5 = (7i+ 16§) + £(4i — 2§) = (7 + 4t)i + (16 — 2¢);.

4. Show Brionie passes P

Set 7+ 4t = 29 to get t = 5.5. Also 16 — 2t = 5 givest = 5.5. So Brionie also
passes through P att = 5.5s.

5. Find AB vector
—

AB=rp—ry=[7T+4t— (114 3t)]i+ [16 — 2¢t — (11 — ¢)]j.
6. Simplify AB

—
SoAB=(t—4)i+ (5 —t)jm.

7. Minimise distance squared

AB? = (t—4)2+ (5 —t)2 =2(t — 4.5)2 +0.5.

8. State the minimum distance

The minimum occurs when ¢ = 4.5, giving AB? = 0.5. Hence the minimum
distance is 0.5 = 0.707... m.




Final answer

—
(e)ra=(11+3t)i+(11—¢t)j. (b)t=55s (c)AB=(t—4)i+(5—1t)j. (d)minimum distance =+/0.5m ~ 0.71 m
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Question 7

Kinematics Graphs

7. A helicopter is hovering at rest above horizontal ground at the point H. A parachutist steps
out of the helicopter and immediately falls vertically and freely under gravity from rest for
2.5s. His parachute then opens and causes him to immediately decelerate at a constant
rate of 3.9m s for 7 seconds (7 < 6), until his speed is reduced to ¥'ms™'. He then moves
with this constant speed /'ms™ until he hits the ground. While he is decelerating, he falls
a distance of 73.75m. The total time between the instant when he leaves H and the instant
when he hits the ground is 20s.

The parachutist is modelled as a particle.

(a) Find the speed of the parachutist at the instant when his parachute opens.

(1)

(b) Sketch a speed-time graph for the motion of the parachutist from the instant when he
leaves H to the instant when he hits the ground.

(2)

(¢) Find the value of T.
(&)

(d) Find, to the nearest metre, the height of the point A above the ground.

)
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Worked Solution - Question 7

Topic group

1. Find speed when parachute opens

The parachutist falls freely from rest for 2.5's, so v = gt = 9.8(2.5) = 24.5 ms™!

2. Describe the graph

The speed-time graph starts at 0, rises linearly to 24.5 at t = 2.5, then decreases
linearly with smaller gradient for T' seconds, then stays horizontal at speed V until
t = 20.

3. Use the deceleration distance

During the deceleration phase, initial speed is 24.5, acceleration is —3.9, time is T',
and distance is 73.75.

4. Form the equation for T

1
73.75 = 24.5T + 2 (~3.9)T” = 24.5T — 1.95T".

5. Choose the valid T
Solving givesT' =5 orT =7.56....SinceT < 6, takeT' = 5.

6. Find V
V =24.5 — 3.9(5) =5ms L.

7. Find the total height

Height is the total area under the speed-time graph: first triangle
%(2.5)(24.5) = 30.625, deceleration distance 73.75, and final rectangle
(20 — 2.5 — 5)(5) = 62.5.




8. Round the height

Total height = 30.625 + 73.75 + 62.5 = 166.875 m, which rounds to 167 m.
Final answer
(a) 24.5ms~1. (b) Speed-time graph rises to 24.5 at t = 2.5, falls to V'
att = 2.5 4+ T then is horizontal to ¢t = 20.
(¢) T=5. (d) H =167 m to the nearest metre.
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Question 8

Resolving Forces, Inclined Planes

A4 (2kg) B (4kg)

hm

Figure 3
Two particles, 4 and B, have masses 2 kg and 4 kg respectively. The particles are connected
by a light inextensible string. The string passes over a small smooth pulley which is fixed
at the top of a rough plane. The plane is inclined to the horizontal ground at an angle «
3
where tana = 1 The particle 4 is held at rest on the plane at a distance d metres from

the pulley. The particle B hangs freely at rest, vertically below the pulley, at a distance
h metres above the ground, as shown in Figure 3. The part of the string between 4 and
the pulley is parallel to a line of greatest slope of the plane. The coefficient of friction

1
between 4 and the plane is 7

The system is released from rest with the string taut and B descends.

(a) Find the tension in the string as B descends.

®)
On hitting the ground, B immediately comes to rest.
Given that A comes to rest before reaching the pulley,
(b) find, in terms of A, the range of possible values of d.

)

(c) State one physical factor, other than air resistance, that could be taken into account to
make the model described above more realistic.

@
(Total 17 marks)
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Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 8

1. Use the trig ratios
4

) 3 .
Sincetana = —, sina = g and cosa = E

2. Find frictionon A

8 1 1 2
ForA, R =2gcosa = ?g With coefficient 1 frictionis F' = ZR = ?g

3. Equation for A
A moves up the plane. Taking up the plane as positive: T' — 2gsina — F' = 2a.

4. Simplify A's equation
3 2 8g

T—2g-g—?g=2a,soT—?=2a.

5. Equation for B
B descends. Taking downward as positive: 4g — T' = 4a.

6. Solve for T

8 12
From A, T = 2a + ?g From B, T' = 4g — 4a. Equating gives 6a = Tg SO

2g 2g 12¢g
= —=.ThenT =4g—-4| = | =—N.
a=2 ThenT = 49 (5) 2

7. Find speed when B reaches the ground

Before B hits the ground, both particles move distance h from rest with
2g 2g 4gh

acceleration —. Thusv? =2 | == |h = =
) ( ) ) 5




8. Find extra distance after B stops

After B hits the ground, A continues up the plane. The forces down the plane on A
6 2 8 4
are 2gsina + F' = ?g + ?g = ?g so its deceleration is ?g

9. Calculate extra distance

4gh 4
Let the extra distance be s. Then 0 = 290 2 =9 8,50 8 = ﬁ
5 5 2
10. Find the range for d
3h
A travels total distance h + — = —— before stopping. Since it comes to rest

2
before reaching the pulley, d > >

11. Name a more realistic factor

A more realistic model could include friction at the pulley.

Final answer

(o) T = 1T2g N=235N. (b)d> % (¢) A more realistic model

could include friction at the pulley.
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Question 1

Momentum, Impulse & Collisions

1. A particle P has mass 3m and a particle Q has mass 5m. The particles are moving towards
each other in opposite directions along the same straight line on a smooth horizontal
surface. The particles collide directly.

Immediately before the collision the speed of P is ku, where k is a constant, and the speed
of O is 2u.

Immediately after the collision the speed of P is « and the speed of O is 3u.
The direction of motion of O is reversed by the collision.

(a) Find, in terms of m and u, the magnitude of the impulse exerted on Q by P in
the collision.

@)

(b) Find the two possible values of k.

(©)
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Worked Solution -

Momentum, Impulse & Collisions

Question 1 Topic group

1. Choose a positive direction

Take P's original direction as positive. Q initially has velocity —2wu. Since Q reverses

direction and then has speed 3w, its final velocity is 3u.

2. Find the impulse on Q

Impulse equals change in momentum: I = 5m(3u — (—2u)) = 25mu.

3. Use conservation of momentum

Before collision, total momentum is 3m(ku) + 5m(—2u) = 3mku — 10mu.

4. Case 1: P continues in its original direction
If P has final velocity u, final momentum is 3m(u) + 5m(3u) = 18mu. So

2
3mku — 10mu = 18mu, giving 3k = 28 and k = ?8

5. Case 2: P reverses direction

If P has final velocity —u, final momentum is 3m(—u) + 5m(3u) = 12mu. So

22
3mku — 10mu = 12mu, giving 3k = 22 and k = 5

Final answer

(a) I =25mu. (b)k= 2—38 or %
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Question 2

2.

Constant Acceleration in 1D

A car moves along a straight horizontal road with constant acceleration ams™
where a > 0

The car is modelled as a particle.

At time ¢ = 0, the car passes point 4 and is moving with speed #ums™!
In the first three seconds after passing 4 the car travels 20m.

In the fourth second after passing A the car travels 10 m.

The speed of the car as it passes point B is 20ms™!

Find the time taken for the car to travel from 4 to B.

@®)
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Worked Solution -

Constant Acceleration in 1D

Question 2 Topic group

1. Use the first three seconds

1 1 9
Using s = ut + Eat2, the first 3 seconds give 20 = 3u + Ea(32) = 3u + 5

2. Use the fourth second
1 7
The distance in the fourth second is u + a(4 — 5) =u+ 5 Hence

7

3. Solve for a and u

7 7
From10=u+ —a,u =10 — Ea,. Substitute into 20 = 3u + ga:

2
21 9 5

=30— —a+ —a =30 —6a.Th = —,

20 =30 5 a 5 a = 30 — 6a. Thus a 3

4. Find u
35 _ 25

7 5
=10——-—=10— — —
u=0-5-3=10-F==

5. Use the speed at B

2
At B, speed is 20. Use v = u + at: 20 = ?5 + gt.

6. Find the time

Et:20—§:§,sot %

Final answer
t=9.5s.
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Qu estion 3 Working with Vectors

3. [In this question i and j are perpendicular horizontal unit vectors.]
Three forces, F ., F, and F, are given by
F =(i+2))N F,=(3i+j)N F,=(ai+bj)N
where a and b are constants.
The forces F, F, and F, act on a particle P of mass 4 kg.

Given that P rests in equilibrium on a smooth horizontal surface under the action of these
three forces,

(a) find the size of the angle between the direction of F, and the direction of —j.

“4)

The force F, is now removed and replaced by the force F, given by F, = A(i + 3))N,
where 4 is a positive constant.

When the three forces F,, F, and F, act on P, the acceleration of P has magnitude
3.25ms™

(b) Find the value of 1.
S))
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Working with Vectors

Worked Solution - Question

3 Topic group

1. Find F3 from equilibrium
Equilibrium gives F'; + F3 + F3 = 0. Now
Fi+Fo = (5i+2j) + (—3i+]j) =2i+3j.

2. Write F3
SoF3 =—-2i—3j

3. Find the angle with -j
The vector —j points vertically downward. For F3 = —2i — 3j, the angle from —j

2
satisfies tan @ = 3

4. State the angle
0 = 33.7°, so the angle is about 34°.

5. Find the new resultant force

With Fy = A(i+ 3j), the resultant is (2 + A)i+ (3 + 3N)j.

6. Use the acceleration magnitude

The mass is 4 kg and acceleration magnitude is 3.25, so the resultant force
magnitude is 4(3.25) = 13 N.

7. Form the equation

(2+A)%+ (3+3))2 =132

8. Solve for lambda

Expanding gives 10A2 + 22X — 156 = 0. The roots are 3 and —5.2, and since X is
positive, A = 3.




Final answer
(a) 34° approximately. (b) A = 3.
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QUESth“ 4 Newton's Second Law

Figure 1

Figure 1 shows a large bucket used by a crane on a building site to move materials between
the ground and the top of the building. The mass of the bucket is 15kg.

The bucket is attached to a vertical cable with the bottom of the bucket horizontal.
The cable is modelled as light and inextensible.

When the bucket is on the ground, a bag of cement of mass 25kg is placed in the bucket.

The bucket with the bag of cement moves vertically upwards with constant acceleration
0.2ms 2. Air resistance is modelled as being negligible.

(a) Find the tension in the cable.

3

At the top of the building, the bag of cement is removed. A box of tools of mass 12kg is
now placed in the bucket.

Later on the bucket with the box of tools is moving vertically downwards with constant
deceleration 0.1 ms . Air resistance is again modelled as being negligible.

(b) Find the magnitude of the normal reaction between the bucket and the box of tools.

d)
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Newton's Second Law

Worked Solution - Question

4 Topic group

1. Find total mass going up

The bucket and cement have total mass 15 + 25 = 40 kg and acceleration

0.2 ms~2 upward.

2. Apply Newtons second law
Taking upward as positive: T' — 40g = 40(0.2).

3. Find the tension

T —392 =8,s0T =400 N.

4. Interpret the downward deceleration

The bucket and tools are moving downward but decelerating, so their acceleration

is upward with magnitude 0.1 ms~2.

5. Consider the box of tools

For the 12 kg box, upward force is the normal reaction R, and downward force is

weight 12g.

6. Find R
R —12¢g =12(0.1). Thus R =117.6 + 1.2 = 118.8 N, about 119 N.

Final answer

(a) T =400N. (b) R =119 N approximately.
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Question 5

5.

Working with Vectors

[In this question i and j are perpendicular horizontal unit vectors.|

A particle P is moving with constant acceleration. At 2pm, the velocity of P is
(3i + 5j) km h' and at 2.30 pm the velocity of Pis (i + 7j) km h™

At time T hours after 2pm, P is moving in the direction of the vector (—i + 2j)

(a) Find the value of T.
(6)

Another particle, O, has velocity v, km h™"at time ¢ hours after 2 pm, where
Vo= (4 200+ (u+30)j
and u is a constant.
Given that there is an instant when the velocity of P is equal to the velocity of O,

(b) find the value of u.
&)
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Working with Vectors

Worked Solution - Question

5 Topic group

1. Find P acceleration

From 2:00 to 2:30 is 0.5 hours. The velocity changes from 3i + 5j to i + 7j.

2. Calculate acceleration

o (1+7.])(;5(3l+5.]) _ 4t 4

3. Write P velocity
At time t hours after 2:00, vp = (3 — 4¢)i + (5 + 4t)j.

4. Use the direction vector
5+4T 2

34T~ _1_ %

At time T, the velocity is parallel to —1 + 2j, so

5.Find T

11
54+4T = —2(3 —4T) = -6+ 8T.Hence11 =4T and T = T hours.

6. Equate i-components for P and Q

For equal velocities, 3 — 4t = —4 — 2t. This gives 7 = 2t, sot = 3.5.

7. Equate j-components
At t = 3.5, P's j-component is 5 + 4(3.5) = 19. Q's j-component is
p~+ 3(3.5) = p+10.5.

8. Find mu

©~+10.5 =19, so u = 8.5.




Final answer

() T = % h. (B) p=85.
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QueStlon 6 Resolving Forces, Inclined Planes

6.

A fixed rough plane is inclined at an angle @ to the horizontal, where tan 0 = T

A particle of mass 6kg is projected with speed 5 ms™' from a point 4 on the plane, up a
line of greatest slope of the plane.

The coefficient of friction between the particle and the plane is i

(a) Find the magnitude of the frictional force acting on the particle as it moves up
the plane.

(C))
The particle comes to instantancous rest at the point B.

(b) Find the distance 4B.
)

The particle now slides down the plane from B. At the instant when the particle passes
through the point C on the plane, the speed of the particle is again 5 ms™!

(¢) TFind the distance BC.
&)



WMEO1/01 MAY/JUNE 2021

Worked Solution -

Resolving Forces, Inclined Planes

Question 6 Topic group

1. Use the trig ratios

Since tan f = % sin f = 15—3 and cos 0 = %

2. Find the normal reaction

R =6gcosf = 6g - % = %

3. Find friction

With p = % F = %R = % = 13.6 N approximately.

4. Find acceleration while moving up

While moving up, both friction and the component of weight act down the plane.

Taking up the plane as positive: 6a = —6gsin§ — F..

5. Simplify the upward acceleration

6a = —6 S 18 _ 43 soa——g
— T g T 13 T 13T T

6. Find AB

Use v? = u2 + 2aswithu =5andv=0:0 =25+ 2 (_%)AB’ Hence

AB=2.07... m.

7. Find acceleration while sliding down

When sliding down, friction acts up the plane. Taking down the plane as positive:

_ ) _30g 18g 129 29
6a = 6gsinf — F = 13 3 = 13.Thusa— 13




8. Find BC

2
Starting from rest at B and reaching speed 5 at C: 25 = 2 (1—';)30. Hence

BC =8.29... m.

Final answer
(a) F=136N. (b)) AB=2.07Tm~21m. (¢)BC=829m=8.3m
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Question 7

8am

— <« 2am—>

Figure 2
A non-uniform beam AB, of mass 60kg and length 8a metres, rests in equilibrium in a
horizontal position on two vertical supports. One support is at C, where AC = a metres

and the other support is at D, where DB = 2a metres, as shown in Figure 2.

The magnitude of the normal reaction between the beam and the support at D is three
times the magnitude of the normal reaction between the beam and the support at C.

By modelling the beam as a non-uniform rod whose centre of mass is at a distance
x metres from A4,

(a) find an expression for x in terms of a.

6
A box of mass M kg is placed on the beam at £, where AE = 2a metres.
The beam remains in equilibrium in a horizontal position.

The magnitude of the normal reaction between the beam and the support at C is now equal
to the magnitude of the normal reaction between the beam and the support at D.

By modelling the box as a particle,

(b) find the value of M.
)




WMEO01/01 MAY/JUNE 2021 Moments

Worked Solution - Question 7

Topic group

1. Set the support positions

The beam length is 8a. C is at distance a from A, and D is at distance 6a from A
because DB = 2a.

2. Name the reactions

Let the reaction at C be R. The reaction at D is 3R.

3. Use vertical equilibrium

R+ 3R = 60g, so 4R = 60g and R = 15g¢.

4. Take moments about A

The beam's weight acts at distance = from A. Hence 60gz = R(a) + 3R(6a).

5. Find x
285a 19a

Substitute R = 15g: 60gx = 15ga + 45g(6a) = 285ga. Thus = 60 4

6. Use equal reactions with the box

When the box is added, let each support reaction be S. Vertical equilibrium gives
25 = (60 + M)g.

7. Take moments about A again

The box is at AE = 2a. Moments about A give
19a

60g (T) + Mg(2a) = S(a) + S(6a) = 7aS.



8. Solve for M

(60 + M)g
2 3

285+ 2M = ;(60 + M) =210+ %M Hence 75 = EM and M = 50.

Substitute S = and cancel ag:

Final answer

() 5 = 1?T“ (8) M = 50.
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Question 8

8.

Kinematics Graphs

Two trams, tram 4 and tram B, run on parallel straight horizontal tracks. Initially the two
trams are at rest in the depot and level with each other.

At time ¢ = 0, tram A starts to move. Tram 4 moves with constant acceleration 2ms * for
5 seconds and then continues to move along the track at constant speed.

At time ¢ = 20 seconds, tram B starts from rest and moves in the same direction as
tram 4. Tram B moves with constant acceleration 3ms ~ for 4 seconds and then continues
to move along the track at constant speed.

The trams are modelled as particles.

(a) Sketch, on the same axes, a speed-time graph for the motion of tram 4 and a
speed-time graph for the motion of tram B, from ¢ = 0 to the instant when tram B
overtakes tram 4.

®)

At the instant when the two trams are moving with the same speed, tram 4 is d metres in
front of tram B.

(b) Find the value of d.
C)

(c) Find the distance of the trams from the depot at the instant when tram B overtakes
tram 4.

()
(Total 13 marks)
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Worked Solution - Question 8

Topic group

1. Describe tram A graph

Tram A starts at t = 0, accelerates at 2ms™2 for 5 s, reaching speed 10 ms~1

then continues at this constant speed.

2. Describe tram B graph

Tram B starts at ¢ = 20, accelerates at 3 ms~2 for 4 s, reaching speed 12 ms™1,

then continues at this constant speed. Its graph crosses A's distance later.

3. Find when speeds are equal
10
Tram A's constant speed is 10. Tram B reaches speed 10 after — s of
10 70

acceleration, so the time fromt =0is20 + — = — s.

3 3

4. Distance of A then

1 70 550
A travels 5(5)(10) = 25 m in its acceleration phase, then 10 (? — 5) =3
625

m. Total = —— m.
3

5. Distance of B then

1/10 50
B is still accelerating from rest, so its distance is 2 (—) (10) = — m.

3 3
6. Find d

625 50 575
d=—2 2 22

3 3 3

7. Set overtake distances equal

Fort > 24, A's distance is 25 + 10(¢ — 5) = 10¢ — 25. B's distance is
1

5(4)(12) + 12(¢t — 24) = 12t — 264.




8. Find the overtake time

Set 10t — 25 = 12t — 264. Then 2t = 239 andt = 119.5 s.

9. Find the distance from the depot
Using A's distance, 10(119.5) — 25 = 1170 m.

Final answer
(@) Tram A reaches speed 10 at t = 5; tram B starts at ¢ = 20, reaches
speed 12 att = 24, then later overtakes A.

(b)d= % m~192m. (c) 1170 m.
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Question 1

A 2.5m

Q)
)

2m B

9m

Figure 1

A non-uniform rod AB has length 9m and mass M kg.

The rod rests in equilibrium in a horizontal position on two supports, one at C where
AC = 2.5m and the other at D where DB = 2m, as shown in Figure 1.

The magnitude of the force acting on the rod at D is twice the magnitude of the force acting
on the rod at C.

The centre of mass of the rod is d metres from A.

Find the value of d.
(6)
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Worked Solution - Question 1

Topic group

1. Set the support positions
Cis2.5mfromA.Since DB=2mand AB=9m,Dis7m fromA.

2. Name the reactions

Let the reaction at C be R. The reaction at D is twice this, so it is 2R.

3. Use vertical equilibrium

R+ 2R = Mg, so3R = Mgy.

4. Take moments about A
R(2.5) + 2R(7) = Mgd.

5. Substitute Mg = 3R
2.5R+ 14R = 3Rd. Hence 16.5R = 3Rd.

6. Find d

Cancel R: d = ? = 5.5 m.

Final answer
d=>5.5m.
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Question 2

Momentum, Impulse & Collisions

2. A particle P of mass 2m is moving on a rough horizontal plane when it collides directly
with a particle Q of mass 4m which is at rest on the plane. The speed of P immediately
before the collision is 3u. The speed of O immediately after the collision is 2u.

(a) Find, in terms of u, the speed of P immediately after the collision.
3
(b) State clearly the direction of motion of P immediately after the collision.

1)
142
Following the collision, O comes to rest after travelling a distance ? along the plane.

The coefficient of friction between O and the plane is u.

(c¢) Find the value of u.
(6)
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Worked Solution -

Momentum, Impulse & Collisions

Topic group

Question 2

1. Use conservation of momentum

Take P's original direction as positive. Before collision, P has velocity 3u and Q is at

rest. After collision, Q has velocity 2u. Let P's velocity be v.

2. Find P velocity

2m(3u) = 2mv + 4m(2u). Thus 6mu = 2mv + 8mu, so 2mv = —2mu and

V= —Uu.

3. State speed and direction

The speed of P is u. The negative sign shows that P moves in the opposite

direction after the collision.

4. Find the deceleration of Q
2

After collision, Q starts with speed 2u and stops after distance ——. Use
g

2
v? = u? + 2as: 0 = (2u)? + 2a (GL)
g

5. Simplify acceleration

12au>

0 =4u?+ ,S0a = —%. The deceleration magnitude is %

6. Use friction on Q

For Q R = 4mg, so friction is uR = 4pumg. This friction produces deceleration:
g

dumg = 4m - 3

7. Find mu

1
Cancel dmg: p = 3




Final answer

1
(a) speed of P = u. (b) P reverses direction. (c) p = 3"
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Question 3

Constant Acceleration in 1D

3. A caris moving at a constant speed of 25 ms™ along a straight horizontal road.
The car is modelled as a particle.
At time ¢ = 0, the car is at the point 4 and the driver sees a road sign 48 m ahead.
Let ¢ seconds be the time that elapses after the car passes A.

In a first model, the car is assumed to decelerate uniformly at 6m s~ from 4 until the car
reaches the road sign.

(a) Use this first model to find the speed of the car as it reaches the sign.

(2
The road sign indicates that the speed limit immediately after the sign is 13 ms™.

In a second model, the car is assumed to decelerate uniformly at 6 ms= from A until it
reaches a speed of 13 ms™'. The car then maintains this speed until it reaches the road sign.

(b) Use this second model to find the value of f at which the car reaches the sign.

4

In a third model, the car is assumed to move with constant speed 25ms™ from A until
time ¢ = 0.2, the car then decelerates uniformly at 6 m s~ until it reaches a speed of 13 ms™.
The car then maintains this speed until it reaches the road sign.

(c) Use this third model to find the value of ¢ at which the car reaches the sign.

)
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Worked Solution -

Constant Acceleration in 1D

Topic group

Question 3

1. Use the first model

From A to the sign, u = 25, a = —6 and s = 48. Use v = u? + 2as.

2. Find the speed at the sign
v? = 252 4 2(—6)(48) = 625 — 576 =49, sov = 7Tms~L.

3. Second model: time to reach 13

Usev=u-+at:13=25—6t sot=2stoslowto13ms L.

4. Second model: distance while slowing

25+1
Distance while slowing is # -2 =38m.

5. Second model: finish time

The remaining distance is 48 — 38 = 10 m at speed 13. Total time
., 1036
ST 11313

6. Third model: first 0.2 seconds

The car first travels at 25 m s~ for 0.2 s, covering 5 m.

7. Third model: slowing distance

It then takes another 2 s to slow from 25 to 13, covering 38 m as before. Total

covered before constant-speed part is 5 + 38 = 43 m.

8. Third model: finish time

The remaining distance is 48 — 43 = 5 m at speed 13. Total time

5 168
=02+24+ —=—35.
0.2+ —|—13 65 S




Final answer

168
(&) Frsme . (b)t:%sz2.77s. ()t = s~ 2585
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Question 4

Working with Vectors

4. The position vector, r metres, of a particle P at time ¢ seconds, relative to a fixed origin O,
is given by

r=(t—3)i+(1-20)j

(a) Find, to the nearest degree, the size of the angle between r and the vector j, when ¢ = 2

3)
(b) Find the values of ¢ for which the distance of P from O is 2.5m.
()
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Working with Vectors

Worked Solution - Question

4 Topic group

1. Find r whent =2
r=(2-3)i+(1-2(2)j=—i-3j

2. Find the angle with j
The vector is in the third quadrant. The angle between r and the positive j

— - 1 : :
direction satisfies tana = 3 from the vertical comparison.

3. State the angle

a = 18.4° from the negative j direction, so the size of the angle with positive j is
180° — 18.4° = 161.6°, which is 162°.

4. Use the distance condition

Distance from O is 2.5, so (t — 3)% + (1 — 2t)2 = 2.5%.

5. Form the quadratic

2 —6t+9+1—4t+ 4t2 = 6.25,s0 5t2 — 10t + 3.75 = 0.

6. Solve

Multiply by 4: 20¢% — 40t + 15 = 0, or 4t — 8t + 3 = 0. Hence
1 3
(2t —1)(2t —3)=0,s0t = Eort= 5

Final answer

() 162°. ()t =5 ort="

E.
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Question 5

Q

Figure 2

A small bead of mass 0.2 kg is attached to the end P of a light rod PQ. The bead is threaded
onto a fixed vertical rough wire.

The bead is held in equilibrium with the rod PQ inclined to the wire at an angle a, where

tana = 388 shown in Figure 2.

The thrust in the rod is 7 newtons.
The bead is modelled as a particle.

(a) Find the magnitude and direction of the friction force acting on the bead when
r=25
3)

The coefficient of friction between the bead and the wire is .

Given that the greatest possible value of 7'is 6.125

(b) find the value of u.
)
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Worked Solution - Question 5

Topic group

1. Use the trig ratios

Si t 4 sin o 4 and cos o 3
incetana = —, = — = —,
3 5 5

2. Resolve vertically when T = 2.5

3
The vertical component of the thrust is 2.5 cosa = 2.5 - 5 1.5 N upward. The
weight is 0.2g = 1.96 N downward.

3. Find friction and direction

For equilibrium, friction must supply the missing upward force:
F=1.96 — 1.5 =0.46 N. So friction acts upwards.

4. Use greatest T
When T' = 6.125, the vertical component of the thrust is larger than the weight,

so friction acts downward at the limiting value.

5. Find normal reaction

The normal reaction is the horizontal component of the thrust:

R =6.125sina = 6.125 - % =49N.

6. Find limiting friction

Vertical equilibrium gives 0.2g + F' = 6.125 cos a. Thus

1.96 + F' = 6.125 - % = 3.675,s0 F' = 1.T15 N.

7. Find mu

1.715
F=uR sop= 19 = 0.35.




Final answer

(a) F = 0.46 N upwards. (b) p = 0.35.
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Question 6

Constant Acceleration in 1D

O T | >
2.5 7 t seconds

Figure 3

A small ball is thrown vertically upwards at time ¢ = 0 from a point 4 which is above
horizontal ground. The ball hits the ground 7s later.

The ball is modelled as a particle moving freely under gravity.
The velocity-time graph shown in Figure 3 represents the motion of the ball for 0 < ¢ < 7

(a) Find the speed with which the ball is thrown.

(2)
(b) Find the height of 4 above the ground.

3
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Worked Solution -

Constant Acceleration in 1D

Topic group

Question 6

1. Use the velocity-time graph

The velocity becomes zero at t = 2.5 s. Since acceleration is —g = —9.8 ms2,

the initial velocity is u = 9.8(2.5).

2. Find the initial speed

u=245ms 1

3. Use displacement to the ground

From launch to t = 7, the displacement is the area under the velocity-time graph.

: 1 5 .
Algebraically, s = ut — Egt witht = 7.

4. Calculate displacement

1
s =24.5(7) — 5(9.8)(72) = 171.5 — 240.1 = —68.6 m.

5. State the height

The negative sign shows the ground is below A, so the height of A above the

ground is 68.6 m.

Final answer

(a) 24.5ms™!. (b) 68.6 m approximately.
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Question 7

Resolving Forces, Inclined Planes

Figure 4

One end of a light inextensible string is attached to a particle A of mass 2m. The other end
of the string is attached to a particle B of mass 3m. The string passes over a small, smooth,
light pulley P which is fixed at the top of a rough inclined plane. The plane is inclined to

the horizontal at an angle ¢, where tana = 1

Particle 4 is held at rest on the plane with the string taut and B hanging freely below P, as
shown in Figure 4. The section of the string 4P is parallel to a line of greatest slope of the
plane.

1
The coefficient of friction between A and the plane is >

Particle A is released and begins to move up the plane.
For the motion before 4 reaches the pulley,
(a) (i) write down an equation of motion for A4,

(ii) write down an equation of motion for B,

(4)
(b) find, in terms of g, the acceleration of A4,

)
(¢) find the magnitude of the force exerted on the pulley by the string.

(4)

(d) State how you have used the information that P is a smooth pulley.

1)
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Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 7

1. Equation for A

A moves up the plane, so friction and the component of weight act down the

plane. Taking up the plane as positive: T' — 2mgsina — F' = 2ma.

2. Equation for B

B moves downward. Taking downward as positive: 3mg — T' = 3ma.

3. Find frictionon A

4
Since tana = Z sina = — and cosa = —. The normal reaction on A is
8 1 4dm
R =2mgcosa = %,50F= §R= Tg

4. Simplify A's equation
3 4mg

T—2mg-g—T:2ma,soT—2mg:2ma.

5. Solve with B's equation

From B, T' = 3mg — 3ma. Substitute into T' — 2mg = 2ma:

3mg — 3ma — 2mg = 2ma. Thus mg = Sma and a = %

6. Find the tension
3mg  12mg
5 5

Using 3mg — T = 3m (%) givesT = 3mg —

7. Find the pulley resultant

The two tensions are one vertical and one along the plane. Components of the

resultant are T' cos a horizontally and T' 4+ T’ sin « vertically.




8. Calculate the magnitude

4
Resultant = T'y/cos? @ + (1 + sina)? = T\/(%)2 +($)2 = gT. With

12mg . . 485
= ——= thisis
5 25

mg.

9. Use the smooth pulley information

The pulley is smooth, so the tension is the same on both sides of the pulley.

Final answer

(a)(®) T — 2mgsina — F =2ma. (a)(it) 3mg—T =3ma. (b)a= % (c) resultant = %mg (d)

The tension is the same on both sides of the pulley.
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Qu estion 8 Working with Vectors

8. [In this question i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin.]

At 7am a ship leaves a port and moves with constant velocity. The position vector of the
port is (=2i + 9j) km,

At 7.36am the ship is at the point with position vector (4i + 6j) km.

(a) Show that the velocity of the ship is (10i — 5j) kmh™

(2)
(b) Find the position vector of the ship ¢ hours after leaving port.

(2)
At 8.48am a passenger on the ship notices that a lighthouse is due east of the ship.
At 9am the same passenger notices that the lighthouse is now north east of the ship.
(c¢) Find the position vector of the lighthouse.

)
(d) Find the position vector of the ship when it is due south of the lighthouse.

C)

(Total 12 marks)
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Worked Solution - Question

8 Topic group

1. Convert the time

From 7:00 to 7:36 is 36 minutes, which is 0.6 hours.

2. Find velocity
Displacement = (4i + 6j) — (—2i + 9j) = 6i — 3j. Divide by 0.6: v = 10i — 5j.

3. Write the ship position
r = (—2i+ 9j) +¢t(10i — 5§) = (—2 + 10t)i + (9 — 5¢)j.

4. Use 8:48
At 8:48, t = 1.8. The ship position is (—2 + 18)i+ (9 — 9)j = 16i. The

lighthouse is due east, so it has the same j-component, 0.

5. Use 9:00
At 9:00, t = 2. The ship position is 181 — j. The lighthouse is north-east of the

ship, so its east and north displacements from the ship are equal.

6. Find the lighthouse position

Since the lighthouse has j-component 0, from 181 — j it is 1 km north, so it is also

1 km east. Hence its position is 191.

7. Find when the ship is due south

Due south of the lighthouse means the ship has i-component 19. Set
—24 10t =19,s0t = 2.1.

8. Find the ship position
Att=21r=(-2+21)i+ (9 —10.5)j = 19i — 1.5j.




Final answer

(@) v=10i —55kmh=1. (b)r=(-2+10t)i+ (9 —5t)j. (c)lighthouse=19i. (d) ship position = 19i — 1.5j
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Question 1

Figure 1

A particle P of weight SN is attached to one end of a light inextensible string. The other
end of the string is attached to a fixed point O. The particle P is held in equilibrium by a
force of magnitude F newtons. The direction of this force is perpendicular to the string
and OP makes an angle of 60° with the vertical, as shown in Figure 1.

Find
(a) the value of F
3

(b) the tension in the string.

(&)
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Worked Solution - Question 1 !

1. Resolve perpendicular to the string

The force F'is perpendicular to the string. The weight is & N vertically downward,

and the string makes 60° with the vertical.

2.Find F
The component of the weight perpendicular to the string is 5 cos 30°, so

F =5co0s30° = # N.

3. Resolve along the string

The tension balances the component of the weight along the string. This

component is 5 sin 30°.

4.Find T

T =5sin30° = — N.

D | on

Final answer
(a) F = %Nz4.3N. (b)ngN.
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Question 2

Momentum, Impulse & Collisions

2. A particle P has mass km and a particle J has mass m. The particles are moving towards
each other in opposite directions along the same straight line when they collide directly.

Immediately before the collision, P has speed 3u and Q has speed w.

As a result of the collision, the direction of motion of each particle is reversed and the
speed of each particle is halved.

(a) Find the value of k.
)

(b) Find, in terms of m and u, the magnitude of the impulse exerted on Q in the collision.

3
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Worked Solution -

Momentum, Impulse & Collisions

Topic group

Question 2

1. Choose a positive direction

Take the original direction of P as positive. Before the collision, P has velocity 3u

and Q has velocity —u.

2. Write the velocities after collision

After collision, each direction is reversed and each speed is halved. So P has

3 1
velocity —Eu and Q has velocity Eu.

3. Use conservation of momentum

km(3u) + m(—u) = km <—%u) +m <%u)

4. Find k

. _ 3 1 9. 3 1
Divide by mu: 3k — 1 = 2I<:—|—2.Hence2k—2,sol<:—3.

5. Find impulse on Q

Impulse on Q equals change in momentum of Q:

I=m (%u _ (—u)) _ %mu.

6. State the magnitude

3
The magnitude of the impulse is Emu.

Final answer

1 3
(a) k= 3" (b) I = 5 M-
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Question 3

3.
Sm
A D C B
>
0.5m
1.3m
Figure 2

A beam ADCB has length 5m. The beam lies on a horizontal step with the end A on the
step and the end B projecting over the edge of the step. The edge of the step is at the point
D where DB = 1.3 m, as shown in Figure 2.

When a small boy of mass 30 kg stands on the beam at C, where CB = 0.5m, the beam is
on the point of tilting.

The boy is modelled as a particle and the beam is modelled as a uniform rod.

(a) Find the mass of the beam.

3)
A block of mass X kg is now placed on the beam at 4.
The block is modelled as a particle.

(b) Find the smallest value of X that will enable the boy to stand on the beam at B without
the beam tilting.

3

(c) State how you have used the modelling assumption that the block is a particle in your
calculations.

1
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Worked Solution - Question 3

Topic group

1. Set the distances from D

The beam length is ® m and DB = 1.3 m, so D is 3.7 m from A. The centre of
mass of the uniform beam is at its midpoint, so it is 1.2 m to the left of D. Point C
is 0.8 m to the right of D.

2. Use the first tilting condition

When the boy stands at C, the beam is about to tilt about D. Let the mass of the
beam be M kg.

3. Take moments about D

Mg(1.2) = 30g(0.8). Hence 1.2M = 24 and M = 20 kg.

4. Set up the second tilting condition

With the boy at B, his moment about D is 30g(1.3). The block at A is 3.7 m to the
left of D, and the beam's weight acts 1.2 m to the left of D.

5. Take moments about D again

Xg(3.7) + 20g(1.2) = 30g(1.3).

6. Find X

1
3.7TX+24=39 037X =15and X = % =4.05... kg.

7. Use the particle model

The block is modelled as a particle, so its mass is treated as acting at one point, A.




Final answer

1
(a) beam mass =20 kg. (b) X = % kg ~ 4.05kg. (c) The

block's mass is treated as concentrated at A.
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Question 4

Constant Acceleration in 1D

4. At time ¢ = 0, a small ball is projected vertically upwards from a point 4 which is
24.5m above the ground. The ball first comes to instantancous rest at the point B,
where AB = 19.6m and first hits the ground at time ¢ = T seconds.

The ball is modelled as a particle moving freely under gravity.

(a) Find the value of T.
(6)

(b) Sketch a speed-time graph for the motion of the ball from ¢ = 0 to f = T seconds.

(No further calculations are needed in order to draw this sketch.)

2
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Worked Solution -

Constant Acceleration in 1D

Question 4 Topic group

1. Find the initial speed

At the highest point B, the velocity is 0 and AB = 19.6 m. Use v* = u? + 2as
upward: 0 = u? — 2¢(19.6).

2. Calculate u

u? = 2(9.8)(19.6) = 384.16, sou = 19.6 ms™!.

3. Use displacement to the ground
From A to the ground, taking upward as positive, displacement is —24.5 m. Use

1
s =ut+ Eatzz —24.5 = 19.6T — 4.9T2.

4. Solve for T

4.97? — 19.6T — 24.5 = 0. Divide by 4.9: T2 — 4T — 5 =0, so
(T'—5)(T' 4+ 1) = 0. The positive time is T = 5 s.

5. Describe the speed-time graph

The speed starts at 19.6, decreases linearly to 0 at £ = 2, then increases linearly
until the ball hits the ground at t = 5. The final speed is 29.4, so the second line is
longer than the first.

Final answer
(a) T =5s. (b) Speed-time graph is V-shaped, from speed 19.6 at
t =0to0att =2 then to speed 29.4 att = 5.
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QueStlon 5 Resolving Forces, Inclined Planes

Figure 3

A particle of mass m rests in equilibrium on a fixed rough plane under the action of a
force of magnitude X. The force acts up a line of greatest slope of the plane, as shown in
Figure 3.

L . 3
The plane is inclined at an angle « to the horizontal, where tana = 2

The coefficient of friction between the particle and the plane is u.
*  When X = 2P, the particle is on the point of sliding up the plane.
*  When X = P, the particle is on the point of sliding down the plane.

Find the value of x.
®)
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Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 5

1. Use the trig ratios
4

Sincetana = —, sina = g and cosa = E

2. Resolve perpendicular to the plane
The force X acts along the plane, so the normal reaction is

4
R =mgcosa = gmg.

3. Use friction

4
The limiting friction is F' = uR = 7 Hmg.

4. Use the sliding-up condition
When X = 2P, the particle is about to slide up, so friction acts down the plane.

4
Hence 2P = mgsina + F = %mg + gpmg.

5. Use the sliding-down condition
When X = P, the particle is about to slide down, so friction acts up the plane.

3 4
Hence P+ F = mgsina, so P = gmg — gumg.

6. Eliminate P

6 8
Double the second equation: 2P = gmg - g,u,mg. This equals the first

expression for 2P,

7. Solve for mu

6 8 3 4 ,
gmg — gumg = gmg + g,u,mg. Cancel mg and multiply by 5:

1
6—8,u=3+4p,.Hence3:12/.Landu=Z.




Final answer

1
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Qu estion 6 Working with Vectors

6.

[In this question i and j are horizontal unit vectors.]

A particle P of mass 2kg moves under the action of two forces, (pi + ¢j)N and
(2gi + pj)N, where p and g are constants.

Given that the acceleration of P is (i — j)ms™

(a) find the value of p and the value of g.
(3)

(b) Find the size of the angle between the direction of the acceleration and the vector j.

(2)
At time ¢ = 0, the velocity of P is (3i — 4j)ms™
At ¢ = T seconds, P is moving in the direction of the vector (11i — 13j).

(c¢) Find the value of T.
&)
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Working with Vectors

Worked Solution - Question

6 Topic group

1. Use F = ma

The total force is (pi + qj) + (24i + pj) = (p + 29)i + (p + q)j. Since the mass
is 2 kg and acceleration is i — j, the total force is 21 — 2j.

2. Equate components

p+2g=2andp+qg= -2

3. Find pand q
Subtract the equations to get ¢ = 4. Thenp+4 = —2,sop = —6.

4. Find the angle with j

The acceleration is i — j. Its dot product with j is —1, so the angle with the
positive j direction is obtuse. Since the components are equal in magnitude, the
angle is 135°.

5. Write the velocity at time T
v=03i—-4)+T30i-j)=0B+D)i+ (—4-T7)j

6. Use the direction vector

3+T —-4-T
The velocity is parallel to 111 — 13j, so :_1 = 3

7. Solve for T
133+ T) =11(4+1T),s039+ 13T =44 + 11T. Hence 2T = 5 and T = 2.5.



Final answer

(a) p=—-6,g=4. (b)135°. (c)T =2.5.
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Question 7

Resolving Forces, Inclined Planes

Q(m)

Figure 4

A particle P of mass 4m lies on the surface of a fixed rough inclined plane.
3
The plane is inclined to the horizontal at an angle & where tano = 2

The particle P is attached to one end of a light inextensible string.

The string passes over a small smooth pulley that is fixed at the top of the plane.
The other end of the string is attached to a particle O of mass m which lies on a smooth
horizontal plane.

The string lies along the horizontal plane and in the vertical plane that contains the pulley
and a line of greatest slope of the inclined plane.

The system is released from rest with the string taut, as shown in Figure 4, and P moves
down the plane.

1
The coefficient of friction between P and the plane is 2

For the motion before Q reaches the pulley

(a) write down an equation of motion for Q,

1)
(b) find, in terms of m and g, the tension in the string,

)
(c) find the magnitude of the force exerted on the pulley by the string.

4)
(d) State where in your working you have used the information that the string

is light.
(1)
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Worked Solution -

Resolving Forces, Inclined Planes

Question 7 Topic group

1. Write the equation for Q

Q lies on a smooth horizontal plane. The only horizontal force on Q is the tension,

so 1 = ma.

2. Use the trig ratios
4

Sincetana = —, sina = — and cosa = —.
4 5 5

3. Find friction on P

4 16 1
For P, R = 4mgcosa = 4mg - 5= % With coefficient 1 friction is
1 4dmg
F=—-R=——.
4 5

4. Apply Newtons second law to P

P moves down the plane. Taking down the plane as positive:

dmgsina — T — F = 4ma.

5. Substitute values

4 8
4dmg - E —-T - mg = 4ma, so mg — T = 4ma.
5 5 5

6.UseT =ma

T _ , , 8mg
From Q, @ = —. Substitute into the equation for P: = T =4T.

m
7.Find T

8 8
% =5T,s0T = 2—5mg.




8. Find the pulley resultant

The pulley is pulled by two tensions of magnitude T" one horizontal and one
along the inclined string. Their resultant has components T' — T' cos a horizontally

and T'sin « vertically.

9. Calculate the resultant
Magnitude
T
= /(T —=Tcosa)?+ (Tsina)? =T/(1— 2)2+ (2)2 = —+/10. With
5 5 5

810
125

T = —myg, the resultant is

~ 25 ma

10. Use the light-string model

The string is light, so the tension can be treated as the same on the P side and the

Q side of the pulley.

Final answer

(@) T=ma. (b)T= %mg. (c) resultant = %my. (d)

Same tension was used on both sides of the pulley.



WMEO1/01 JANUARY 2022 14 marks

Qu estion 8 Working with Vectors

8. [In this question i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin.]

A ship 4 moves with constant velocity (3i — 10j)kmh!
At time ¢ hours, the position vector of 4 is rkm.
At time ¢ = 0, A4 is at the point with position vector (13i + 5j)km.

(a) Find r in terms of ¢,

(2)
Another ship B moves with constant velocity (15i + 14j)kmh!
At time 7 = 0, B is at the point with position vector (3i — 5j)km.
(b) Show that, at time ¢ hours,

AB =[(12¢ - 10)i + (241~ 10)j [km

C)
Given that the two ships do not change course,
(c) find the shortest distance between the two ships,

(6)
(d) find the bearing of ship B from ship 4 when the ships are closest.

(2)

(Total 14 marks)




WMEO01/01 JANUARY 2022
Working with Vectors

Worked Solution - Question

8 Topic group

1. Write the position of A
r = (13i+ 5j) + ¢(3i — 10j) = (13 + 3¢)i + (5 — 10¢)j.

2. Write the position of B
s = (3i— 5j) + t(15i + 14j) = (3 + 15¢)i + (—5 + 14¢t)j.

3. Find AB
—

AB =s—r =[34+15t — (13 + 3t)]i + [-5 + 14t — (5 — 10%)]j.
4. Show the expression

—
This simplifies to AB = (12¢ — 10)i + (24¢ — 10)j km.

5. Use distance squared

The square of the distance is d? = (12t — 10)% + (24¢ — 10)2.

6. Expand and minimise

720
2.720

1
d? = 720t2 — 720t + 200. This quadratic is minimum at ¢ = 7

7. Find the shortest distance

1 —
Att = 3 AB = (—4)i+ 2j, so the shortest distance is

V(—4)2 +22 = /20 = 2¢/5 km.

8. Find the bearing
At closest approach, B is west and north of A. The angle west of north satisfies

4
tan 0 = 5 = 2,50 0 = 63.4°. Bearing = 360° — 63.4° = 296.6°, which is 297°.




Final answer

_)
(a)r = (13 +3t)i+ (5— 10t)j. (b) AB = (12t — 10)i+ (24t — 10)j. (c) 2v/5km~45km. (d)297°
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QUESth“ 1 Momentum, Impulse & Collisions

1.

Two particles, P and Q, are moving towards each other in opposite directions along the
same straight line when they collide directly. Immediately before the collision the speed of
Q is 2u. The mass of Q is 3m and the magnitude of the impulse exerted by P on Q in the
collision is 4mu.

Find

(a) the speed of O immediately after the collision,

3

(b) the direction of motion of Q immediately after the collision.

1)
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Worked Solution -

Momentum, Impulse & Collisions

Question 1 Topic group

1. Use impulse as change in momentum

Take the original direction of Q as positive. Q has mass 3m and initial velocity 2u.

Let its velocity after collision be v.

2. Set up the impulse equation

The impulse has magnitude 4mu and acts opposite to Q's original motion, so

dmu = 3m(2u — v).

3. Find the speed

Cancel m: 4u = 6u — 3v. Thus 3v = 2uand v = ?u

4. State the direction

Since v is positive in Q's original direction, Q continues in the same direction after

the collision.

Final answer

(a) speed = ?'u, (b) same direction as before the collision.
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Question 2

Constant Acceleration in 1D

2. A motorbike is moving with constant acceleration along a straight horizontal road.
The motorbike passes a point P and 10 seconds later passes a point Q.
The speed of the motorbike as it passes Q is 28 ms
Given that PQ = 220m,

(a) find the acceleration of the motorbike,
3)
(b) find the distance travelled by the motorbike during the fifth second after passing P
(C))
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Worked Solution -

Constant Acceleration in 1D

Question 2 Topic group

1. Find the speed at P
Let the speed at P be u. Over the 10 seconds from P to Q, the speed changes

uniformly from u to 28, and the distance is 220 m.

2. Use average speed

2
990 — u + 28

10 = 5(u + 28). Hence u + 28 =44 and u = 16 ms L.

3. Find the acceleration

Usev=u-+at:28 =16+ 10a,soa = 1.2 ms 2.

4. Write the distance from P after t seconds

1
s =16t + 5(1.2)t2 = 16t + 0.6¢2.

5. Find the distance in the fifth second

The fifth second is from¢ = 4 to t = 5. s(5) = 16(5) + 0.6(25) = 95 and
s(4) = 16(4) + 0.6(16) = 73.6.

6. Subtract
Distance in the fifth second = 95 — 73.6 = 21.4 m.

Final answer
(a)a=12ms 2 (b)21.4m.
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Question 3

Newton's Second Law

3. A tractor of mass 6 tonnes is dragging a large block of mass 2 tonnes along rough
horizontal ground. The cable connecting the tractor to the block is horizontal and parallel
to the direction of motion.

The cable is modelled as being light and inextensible.

The driving force of the tractor is 7400 N and the resistance to the motion of the tractor
is 200N. The resistance to the motion of the block is R newtons, where R is a constant.

Given that the tension in the cable is 6000 N and the tractor is accelerating,

(a) find the value of R.
(6)

(b) State how you have used the fact that the cable is modelled as being inextensible.

(1
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Newton's Second Law

Worked Solution - Question

3 Topic group

1. Apply Newtons second law to the tractor

The tractor has mass 6000 kg. Its forward driving force is 7400 N, and the

backward forces are 200 N resistance and 6000 N tension.

2. Find the acceleration

7400 — 200 — 6000 = 6000a, so 1200 = 6000a and @ = 0.2 ms~2.

3. Apply Newtons second law to the block
The block has mass 2000 kg. The forward force is the tension 6000 N and the

resistance is B N.

4. Find R
6000 — R = 2000(0.2) = 400. Therefore R = 5600 N.

5. Use the inextensible cable model

The cable is inextensible, so the tractor and block move together with the same

acceleration.

Final answer
(a) R =5600 N. (b) The tractor and block have the same acceleration.
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Question 4

PN

30°

Figure 1
A small block of mass 5kg lies at rest on a rough horizontal plane.
3
The coefficient of friction between the block and the plane is =

A force of magnitude P newtons is applied to the block in a direction which makes an angle
of 30° with the plane, as shown in Figure 1.

The block is modelled as a particle.
Given that P = 14

(a) find the magnitude of the frictional force exerted on the block by the plane and describe
what happens to the block, justifying your answer.

(6)

The value of P is now changed so that the block is on the point of slipping along the plane.

(b) Find the value of P
(6)
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Worked Solution - Question 4

Topic group

1. Find the normal reaction when P = 14

Resolve vertically. The upward component of the applied force is 14 sin 30°, so
R + 14sin 30° = b5g.

2. Calculate R
R+7=49 s0o R =42 N.

3. Find the maximum friction

Foax = pR = %(42) =18 N.

4. Compare with the horizontal pull

The horizontal component of the applied force is 14 cos 30° = 12.1... N. Since

this is less than the maximum possible friction, the block does not move.

5. State the actual friction

For equilibrium, the actual friction equals the horizontal pull, so F = 12.1 N

approximately.

6. Set up the limiting case

When the block is on the point of slipping, friction is limiting. Resolve vertically:
R + Psin30° = 5g, so R = 5g — Psin 30°.

7. Resolve horizontally

3 3
At the limiting case, P cos 30° = 7R = 7(59 — Psin 30°).

8. Find P

1 1
Substitute g = 9.8, sin 30° = 3" Pcos30° = %(49 - EP) Solving gives
P=194... N.



Final answer

(a) F =12.1 N approximately, and the block does not move. (b) P = 19.4 N approximately
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Question 5

1m . p 2m
C D
A A A B

S5m

A

A J

'y
\4

Figure 2

A uniform rod 4B has length 5 m and mass 5 kg. The rod rests in equilibrium in a horizontal
position on two supports C and D, where AC = Il m and DB = 2m, as shown in Figure 2.

A particle of mass 10kg is placed on the rod at 4 and a particle of mass M kg is placed on
the rod at B. The rod remains horizontal and in equilibrium.

(a) Find, in terms of M, the magnitude of the reaction on the rod at C.
3)
(b) Find, in terms of M, the magnitude of the reaction on the rod at D.

3

(c) Hence, or otherwise, find the range of possible values of M.

3
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Worked Solution - Question 5

Topic group

1. Set the positions

Take distances from A. Then Cis at 1 m, D is at 3 m, the rod's centre of mass is at
2.5 m,and Bis at 5 m.

2. Find RC by moments about D
Taking moments about D: R¢(2) + Mg(2) = 10g(3) + 5¢(0.5).

3. Simplify RC
2Rc +2Mg = 30g + 2.59 = 32.5g, so R¢c = 16.25g — Mg = (16.25 — M)g.

4. Find RD by moments about C
Taking moments about C: 10g(1) + Rp(2) = 59(1.5) + Mg(4).

5. Simplify RD
10g+ 2Rp = 7.59+ 4Mg, so 2Rp = (4M — 2.5)g and Rp = (2M — 1.25)g.

6. Use non-negative reactions

For the rod to rest on both supports, both reactions must be non-negative.

7. Find the range

Ro > 0gives 16.25 — M > 0,so M < 16.25. Also Rp > 0 gives
2M —1.25 > 0,so M > 0.625. Therefore 0.625 < M < 16.25.

Final answer
(a) Rc = (16.25 — M)g. (b) Rp = (2M —1.25)g. (c) 0.625 < M < 16.25
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Qu estion 6 Working with Vectors

6. A particle P is moving with constant acceleration.
At time f = | second, P has velocity (i + 4j)ms™
At time ¢ = 4 seconds, P has velocity (5i — 8j)ms

Find the speed of P at time ¢ = 3.5 seconds.

(6)
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Working with Vectors

Worked Solution - Question

6 Topic group

1. Find the acceleration

The velocity changes from —i + 4j att = 1 to 5i — 8j at ¢ = 4. The time

difference is 3 s.

2. Calculate acceleration
o (5i—8j) — (—i—|—4j) _ 61 — 12j
N 3 -3

= 2i — 4j.

3. Find velocity at t = 3.5
Fromt =1tot =3.5is2.55s,s0 v = (—i-+ 4j) + 2.5(2i — 4j).

4. Simplify the velocity
v = —i+ 4j + 51 — 10j = 4i — 6j.

5. Find the speed

Speed = 4/42 + (—6)2 = v/52 = 2/13 ms !, about 7.2 ms™".

Final answer
speed = V52 =2v/13ms ! =~ 7.2 ms L.
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Question 7

Kinematics Graphs

7. Twosmall children, Ajaz and Beth, are runninga 100 m race along a straight horizontal track.
They both start from rest, leaving the start line at the same time.

Ajaz accelerates at 0.8ms~ up to a speed of 4ms ' and then maintains this speed until he
crosses the finish line.

Beth accelerates at 1 ms™~ for T seconds and then maintains a constant speed until she
crosses the finish line.

Ajaz and Beth cross the finish line at the same time.

(a) Sketch, on the same axes, a speed-time graph for each child, from the instant when they
leave the start line to the instant when they cross the finish line.

3
(b) Find the time taken by Ajaz to complete the race.

C)
(c) Find the value of T

)

(d) Find the difference in the speeds of the two children as they cross the finish line.

2
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Worked Solution - Question 7

Topic group

1. Describe Ajaz graph

Ajaz starts from rest, accelerates linearly to speed 4 ms~!, then continues with a

horizontal speed-time line at speed 4.

2. Describe Beth graph

Beth starts from rest, has a steeper straight acceleration line for T' seconds, then a

horizontal line. Both graphs finish at the same final time.

3. Find Ajaz acceleration time
Ajaz reaches speed 4 with acceleration 0.8, so the time is 08 = 5 s.
4. Find Ajaz total time

1
Distance during acceleration is 5(5)(4) = 10 m. The remaining 90 m at speed 4
takes 22.5 s, so Ajaz's total time is 27.5 s.

5. Set Beth distance equation
Beth accelerates for T' seconds to speed T', then runs at speed T until time 27.5.

1
Her distance is ETz +T(275—-T).

6. Solve for T

1 1
100 = §T2 +27.5T —T? = 27.5T — ET? Thus T? — 55T + 200 = 0. The
valid rootisT = 3.915...s.

7. Find the finish speeds

Ajaz finishes at 4 ms 1. Beth's constant speed is T'= 3.915... ms™".




8. Find the difference
Difference = 4 — 3.915... = 0.085 ms~! approximately.
Final answer
(a) Ajaz reaches speed 4 then runs horizontally; Beth has a steeper initial
line to speed T', then horizontal, both ending at the same time.
(b) 27.5s. (c) T = 3.92 s approximately. (d) 0.085 ms~! approximately
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Qu estion 8 Working with Vectors

8. [In this question, i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

Two boats, P and Q, are moving with constant velocities.
The velocity of P is 15ims™" and the velocity of Q is (20i — 20j)ms

(a) Find the direction in which Q is travelling, giving your answer as a bearing.

(2)
The boats are modelled as particles.
At time =0, P is at the origin O and Q is at the point with position vector 200j m.
At time 7 seconds, the position vector of P is pm and the position vector of Q is qm.
(b) Show that
—_—
PO =[5ti+ (200 - 20¢)j]m
3
(c) Find the bearing of P from Q when ¢ = 10
(2)
(d) Find the distance between P and ¢ when ) is north east of P
&)
(e) Find the times when P and Q are 200 m apart.
3

(Total 17 marks)
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Working with Vectors

Worked Solution - Question

8 Topic group

1. Find the bearing of Q

Q has velocity 201 — 20j, so it travels south-east with equal east and south

components. Its bearing is 135°.

2. Write P position
P starts at the origin and has velocity 151, so p = 15¢i.

3. Write Q position
Q starts at 200j and has velocity 20i — 20§, so q = 20¢i + (200 — 20¢)j.

4. Show PQ

—>
PQ = q — p = (20t — 15¢)i + (200 — 20£)j = 5ti + (200 — 20¢)j.

5. Find the bearing at t = 10

—
At t = 10, PQ) = 50i. This means Q is east of P, so P is west of Q. The bearing of

P from Qs 270°.

6. Use the north-east condition

—
Q is north-east of P when the i and j components of PQ are equal and positive.

So 5t = 200 — 20¢.

7. Find the distance then

—
The equation gives t = 8. Then PQ = 401 + 40j, so the distance is

v/ 402 + 40% = 40v/2 m.

8. Set the 200 m distance equation
For distance 200 m, (5¢)2 + (200 — 20t)% = 200%



9. Solve for t

This simplifies to 425t — 8000t = 0, so t(425¢ — 8000) = 0. Hence t = 0 or
,_ 8000 320

425 17

Final answer

(@) 135°. (b) P_Q) = bti+ (200 — 20¢)j. (c) 270°. (d)40v2m. (e)t=0sor % s



PAST PAPER

WMEO1/01 October 2022

October 2022 | 8 questions | 75 marks

8 75 Answers
questions marks worked solution
after each

question




WMEO1/01 OCTOBER 2022 5 marks

Question 1

Momentum, Impulse & Collisions

1. A railway truck S of mass 20 tonnes is moving along a straight horizontal track when
it collides with another railway truck 7" of mass 30 tonnes which is at rest. Immediately
before the collision the speed of S is 4ms™
As a result of the collision, the two railway trucks join together.

Find
(a) the common speed of the railway trucks immediately after the collision,

(2

(b) the magnitude of the impulse exerted on S in the collision, stating the units of
your answer.

3)
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Worked Solution -

Momentum, Impulse & Collisions

Topic group

Question 1

1. Use conservation of momentum

The trucks join together, so they move with a common speed v. Using tonnes
consistently, 20(4) + 30(0) = (20 + 30)v.

2. Find the common speed

80 = 50v, sov = 1.6 ms L.

3. Use change in momentum of S

Truck S has mass 20 000 kg. Its speed changes from 4 to 1.6 ms™1.

4. Find the impulse magnitude

I =20000|1.6 — 4| = 20000(2.4) = 48000 N's.

Final answer

() v=1.6ms™!. (b) I=48000Ns.
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Question 2

v

2a

Figure 1

A uniform rod AB has length 2a and mass M. The rod is held in equilibrium in a horizontal
position by two vertical light strings which are attached to the rod at C and D,

2 3
where AC = 3 a and DB = ga, as shown in Figure 1.

A particle P is placed on the rod at B.
The rod remains horizontal and in equilibrium.

(a) Find, in terms of M, the largest possible mass of the particle P
3)

1
Given that the mass of P is EM

(b) find, in terms of M and g, the tension in the string that is attached to the rod at C.

3
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Worked Solution - Question 2

Topic group

1. Set the distances

The rod length is 2a. The centre of mass is at the midpoint, distance a from A.

2
AIsoACz?aandAD:2a—3?a:%.

2. Use the largest mass condition

For the largest possible mass at B, the string at C is just slack and the rod is about
to tilt about D.

3. Take moments about D

3a
Let the particle mass be X. The distance from D to B is — and the distance from

2 2
D to the rod's centre of mass is ?a' Hence Xg (3?(1) = Mg (?a)

4. Find the largest mass

2M
Cancel ga/5: 3X = 2M, so X = 5

5. Use the given mass

1
Now the particle has mass EM Let the tensions at C and D be T¢ and T'p.

6. Take moments about D

1 2
About D, Te(a) + EMg (3%) = Mg (%)

7. Find the tension at C

3 2 1
T, —Maga = —Maga, soTc = —Mag.
ca + 10 ga 5 ga, so I¢ 10 g




Final answer
2M 1
(a) largest mass = —~5 (b) Tec = 1_OM g
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Question 3

Resolving Forces, Inclined Planes

XN

Figure 2

3
A rough plane is inclined to the horizontal at an angle a, where tan a = 2

A particle P of mass 2kg is held in equilibrium on the plane by a horizontal force of
magnitude X newtons, as shown in Figure 2. The force acts in a vertical plane which
contains a line of greatest slope of the inclined plane.

(a) Show that when X = 14.7 there is no frictional force acting on P
3)

The coefficient of friction between P and the plane is 0.5

(b) Find the smallest possible value of X.
8)




WMEO1/01 OCTOBER 2022

Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 3

1. Use the trig ratios
4

) 3 . 3
Sincetana = —, sina = g and cosa = E

2. Check the no-friction case

If there is no friction, the component of the horizontal force up the plane balances

the component of weight down the plane: X cos a = 2gsin a.

3. Substitute X = 14.7

4 3
14.7 - 7= 11.76, and 2(9.8) - e 11.76. The components balance exactly, so

the frictional force is zero.

4. Set the direction for smallest X

For the smallest possible X, the particle is about to slide down the plane, so

friction acts up the plane.

5. Resolve perpendicular to the plane

The horizontal force increases the normal reaction, so R = 2g cos a + X sin .

6. Use limiting friction

With g = 0.5, the limiting friction is F' = 0.5R = 0.5(2gcos a + X sin ).

7. Resolve along the plane

At the limiting case, X cosa + F' = 2gsin a.

8. Solve for X

4 4
Substitute the exact trig values: EX + 0.5 (29- -+ X E) =2g- E This

5 5 5
, 11 4g  6g _ _
glvesﬁX—l—?— s ,s0X = 11 =3.56... N.




Final answer
(a) When X = 14.7, F = 0.
49

Xmin = — =3.56... N.
(b) T =3.56
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QUESth“ 4 Newton's Second Law

Figure 3

Two children, Alan and Bhavana, are standing on the horizontal floor of a lift, as shown in
Figure 3.

The lift has mass 250 kg. The lift is raised vertically upwards with constant acceleration by
a vertical cable which is attached to the top of the lift. The cable is modelled as being light
and inextensible. While the lift is accelerating upwards, the tension in the cable is 3616 N.

As the lift accelerates upwards, the floor of the lift exerts a force of magnitude 565N on
Alan and a force of magnitude 226 N on Bhavana.

Air resistance is modelled as being negligible and Alan and Bhavana are modelled
as particles.

(a) By considering the forces acting on the lift only, find the acceleration of the lift.

3

(b) Find the mass of Alan.
3)
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Newton's Second Law

Worked Solution - Question

4 Topic group

1. Consider the lift only

For the lift, the upward force is the cable tension 3616 N. Downward forces on the
lift are its own weight 250g and the contact forces from Alan and Bhavana, 565 N
and 226 N.

2. Apply Newtons second law
Taking upward as positive: 3616 — 2560g — 565 — 226 = 250a.

3. Find the acceleration

3616 — 2450 — 565 — 226 = 250a, so 375 = 250a and @ = 1.5 ms 2.

4. Consider Alan

Let Alan's mass be m 4. The upward force on Alan is 565 N and his weight is m 4g.

5. Find Alan’s mass

565 — m a9 = ma(1.5), so 565 = m4(9.8 + 1.5) = 11.3m 4. Hence
my = 50 kg.

Final answer
(@) a =1.5ms 2. (b) mass of Alan = 50 kg,
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Question 5

Constant Acceleration in 1D

5. A small ball is projected vertically upwards with speed 29.4ms™' from a point 4 which is
19.6 m above horizontal ground.

The ball is modelled as a particle moving freely under gravity until it hits the ground. It is
assumed that the ball does not rebound.

(a) Find the distance travelled by the ball while its speed is less than 14.7ms"'

3)
(b) Find the time for which the ball is moving with a speed of more than 29.4ms"'

3)
(c) Sketch a speed-time graph for the motion of the ball from the instant when it is

projected from A to the instant when it hits the ground. Show clearly where your graph
meets the axes.

3
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Worked Solution -

Constant Acceleration in 1D

Question 5 Topic group

1. Find one side of the slow-speed interval

The speed is less than 14.7 m s~ near the highest point. From speed 14.7 to
speed 0, use v2 = u? + 2as: 0 = 14.72 — 2gs.

2. Find the total distance

This gives 8 = 11.025 m on the way up. The same distance occurs on the way
down before the speed reaches 14.7 again, so the total distance is 2s = 22.05 m,
about 22.1 m.

3. Interpret speed greater than 29.4

The ball has speed 29.4 again when it passes A on the way down. It is faster than

29.4 only after passing A downward until it hits the ground.

4. Find that time

1
From A to the ground, taking downward as positive, 19.6 = 29.4t + Egt2.

5. Solve the time equation

19.6 = 29.4¢ + 4.9¢2, giving the positive roott = 0.606. .. s.

6. Describe the speed-time graph
The graph starts at speed 29.4 when t = 0, decreases linearly to speed 0 att = 3,

then increases linearly until the ball hits the ground. The final speed is greater
than 29.4, so the right-hand arm ends above the starting height on the speed

axis.




Final answer
(a) 22.1 m approximately. (b) 0.606 s approximately. (c) V-
shaped speed-time graph through (0, 29.4) and (3, 0), ending above 29.4
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Qu estion 6 Working with Vectors

6.

[In this question, i and j are horizontal unit vectors.]
A particle 4 of mass 0.5kg is at rest on a smooth horizontal plane.

Attime ¢ =0, two forces, F, = (-3i + 2j)N and F, = (pi + ¢j) N, where p and ¢ are constants,
are applied to 4.

Given that 4 moves in the direction of the vector (i — 2j),

(a) show that2p + ¢ —4 =0
4)

Given thatp = 5

(b) find the speed of 4 at time ¢ = 4 seconds.
(3)
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Working with Vectors

Worked Solution - Question

6 Topic group

1. Find the resultant force

F=(-3i+2j)+(pi+g)=rp—-3)i+(¢+2)

2. Use the direction of motion

Since the particle starts from rest, its motion is in the direction of the resultant
+ 2

172~ 2

p—3

force. This direction is i — 2j, so

3. Show the relation

gq+2=-2(p—3)=-2p+6,hence2p+q—4=0.

4. Find qwhenp =5
Substitutep=5into2p+q—4=0:10+9q—4=0,s0g= —6.

5. Find the resultant force

The resultant force is (5 — 3)i 4 (—6 4+ 2)j = 2i — 4j N.

6. Find acceleration
2i — 4j
0.5

The mass is 0.5 kg, so a = = 4i — §j.

7. Find velocity at t = 4
Starting from rest, v = at = (4i — 8j)4 = 16i — 32j.

8. Find the speed

Speed = \/162 + (—32)2 = v/1280 = 16+/5 ms~?, about 36 ms L.




Final answer

(@) 2p+q—4=0. (b)speed=16y5ms ! ~36ms'.
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Question 7

Newton's Second Law

P (m)
Figure 4

A particle P of mass m is attached to one end of a light inextensible string. Another
particle O, also of mass m, is attached to the other end of the string. The string passes over
a small smooth pulley which is fixed at the edge of a rough horizontal table. Particle Q is
held at rest on the table and particle P hangs vertically below the pulley with the string taut,
as shown in Figure 4.

The pulley, P and Q all lie in the same vertical plane.

The coefficient of friction between Q and the table is x, where ¢ < 1

Particle O is released from rest.

The tension in the string before Q hits the pulley is kmg, where & is a constant.

(a) Find k in terms of .
Y

Given that Q is initially a distance d from the pulley,

(b) find, in terms of d, g and ;, the time taken by Q, after release, to reach the pulley.
4

(¢) Describe what would happen if u = 1, giving a reason for your answer.

(2)
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Newton's Second Law

Worked Solution - Question

7 Topic group

1. Write the friction on Q

For Q on the horizontal table, R = myg, so the friction is F' = umg.

2. Apply Newtons second law to P

P moves downward and Q moves towards the pulley. For P, taking downward as

positive: mg — T' = ma.

3. Apply Newtons second law to Q

For Q, taking motion towards the pulley as positive: T' — umg = ma.

4.UseT = kmg
FromP,a = g(1 — k). From Q, a = g(k — p).

5. Find k

1
Equate the two accelerations: 1 —k =k — p. Hence2k =1+ pand k = %

6. Find the acceleration

a=g(1—k)=g( —HT”)=M-

7. Use motion from rest

1 1 1-—
Q starts from rest and travels distance d, so d = Ear,t2 = 2 . %t?

8. Find the time

1— p)t?
4 9(1 — p)




9. Consider mu at least 1

If & > 1, the maximum available friction on Q is at least mg, so it can balance the

pull caused by the hanging particle. The system would not start moving.

Final answer

_1+p _ 44
(k=" (b)¢ T

not move because friction can balance the pull from P.

(¢) If u > 1, the system would
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Qu estion 8 Working with Vectors

8. [In this question, i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

Two ships, 4 and B, are moving with constant velocities,
The velocity of 4 is (3i + 12j)kmh™" and the velocity of B is (pi + ¢j) kmh™'

(a) Find the speed of 4.
2

The ships are modelled as particles.
At 12 noon, 4 is at the point with position vector (—9i + 6j)km and B is at the point with
position vector (16i + 6j) km.

At time ¢ hours after 12 noon,
—
AB =[(25 - 120)i — 9¢j] km
(b) Find the value of p and the value of ¢.
7N

(c) Find the bearing of A4 from B when the ships are 15 km apart, giving your answer to the
nearest degree.

)
(Total 16 marks)
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Working with Vectors

Worked Solution - Question

8 Topic group

1. Find the speed of A

|val = V32 + 122 = v/153 = 34/17 kmh~!.

2. Write A position
Attimet, a = (—9i + 6j) + ¢(3i + 12j) = (—9 + 3¢)i + (6 + 12¢)j.

3. Write B position
b = (16i + 6j) + t(pi + gj) = (16 + pt)i + (6 + qt)].

4. Use AB vector

N
AB=b—a=[25+ (p— 3)t]li+ [(¢ — 12)t]].

5. Compare components

—
Given AB = (25 — 12t)i — 9tj, compare coefficients: p — 3 = —12 and
g—12 = —9.

6. Find p and q
Therefore p = —9 and q = 3.

7. Find the time when the distance is 15

—
Use |AB| = 15: (25 — 12t)2 + (—9¢)% = 152.

8. Solve the distance equation

4
This gives 225t2 — 600t + 400 = 0, so (3t —4)2 =0and ¢t = 3




9. Find BA at this time

4 — —
Att = 3 AB = 9i — 12j. Therefore BA = —9i + 12j.

10. Convert to a bearing

9
A is north-west of B. The angle west of north satisfies tan § = 13’ 5° 0 = 36.9°.

Bearing = 360° — 36.9° = 323° to the nearest degree.

Final answer

(a) 3v/17Tkmh™!. (b)p= -9, ¢g=3. (c)bearing = 323°.
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Question 1

Kinematics Graphs

1. A train travels along a straight horizontal track between two stations 4 and B.

The train starts from rest at station 4 and accelerates uniformly for 7" seconds until it
reaches a speed of 20ms™"

The train then travels at a constant speed of 20ms™' for 3 minutes before decelerating
uniformly until it comes to rest at station B.

The magnitude of the acceleration of the train is twice the magnitude of the
deceleration.

(a) On the axes below, sketch a speed—time graph to illustrate the motion of the train as
it moves from station A4 to station B.

speed
(ms™) T
0 time (s)
If you need to redraw your graph, use the axes on page 3
3)
Stations 4 and B are 4.8 km apart.
(b) Find the value of T
)
(c) Find the acceleration of the train during the first T’ seconds of its motion.
(2)
Only use these axes if you need to redraw your graph.
speed
(ms™) T
| .
0 time (s)

(Total for Ouestion 1 is 10 marks)
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Worked Solution - Question 1

Topic group

1. Relate the acceleration and deceleration times

The train reaches 20 m s~ in T seconds. Since the acceleration magnitude is
twice the deceleration magnitude, the time needed to decelerate from 20 to 0 is
2T.

2. Describe the graph

The speed-time graph rises linearly from (0, 0) to (T, 20), stays horizontal at
speed 20 from T to T' + 180, then falls linearly to zero at 3T" + 180.

3. Use area under the graph

The distance from A to B is 4.8 kmn = 4800 m. The area is
1 1
E(T)(2O) + 20(180) + §(2T)(20).

4. Solve for T
4800 = 107" + 3600 + 20T, s0 1200 = 30T and T' = 40 s.

5. Find the acceleration

2
During the first T" seconds, 20 = aT". With T = 40, a = % =0.5ms 2

Final answer
(a) Speed-time graph with times T, T' + 180, 3T + 180 and top speed 20

()T =40s. (c)a=05ms2
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Question 2

Momentum, Impulse & Collisions

2. Two particles, 4 and B, are moving in a straight line in opposite directions towards each
other on a smooth horizontal surface when they collide directly.

Particle 4 has mass 3mkg and particle B has mass mkg.
1

Immediately before the collision, both particles have a speed of 1.5ms”

Immediately after the collision, the direction of motion of 4 is unchanged and the
difference between the speed of 4 and speed of B is Ims™'

(a) Find (1) the speed of 4 immediately after the collision,

(i1) the speed of B immediately after the collision.

)

(b) Find, in terms of m, the magnitude of the impulse exerted on B in the collision.

3
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Worked Solution -

Momentum, Impulse & Collisions

Topic group

Question 2

1. Choose a positive direction

Take the original direction of A as positive. Before the collision, A has velocity 1.5

and B has velocity —1.5.

2. Use the speed difference

After the collision, A keeps the same direction. Let A's speed be v. The valid

motion has B moving in A's direction with speed v + 1.

3. Use conservation of momentum

3m(L.5) + m(—1.5) = 3mv + m(v + 1).

4. Find the two speeds

4.5m — 1.5m = 3mv + mv + m, so 3 = 4v + 1. Hence v = 0.5, and B's speed
isv+1=1.5.

5. Find the impulse on B

For B, impulse equals change in momentum: I = m(1.5 — (—1.5)) = 3m.

6. State the magnitude

The magnitude of the impulse is 3m N's.

Final answer
(a)(i) speed of A = 0.5 ms™!. (a)(ii) speed of B=1.5ms™!. (b)I=3mNs
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Qu estion 3 Working with Vectors

3. A particle P is moving with constant acceleration (—4i + j)ms™
At time ¢ = 0, P has velocity (14i — 5j)ms™!

(a) Find the speed of P at time ¢ = 2 seconds,

3)

(b) Find the size of the angle between the direction of i and the direction of motion of
P at time ¢ = 2 seconds.

3)
At time ¢ = T seconds, P is moving in the direction of vector (2i — 3j)

(c) Find the value of T
Q)]
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Worked Solution - Question

3 Topic group

1. Find the velocity att = 2
v = (14i — 5j) + 2(—4i + j) = 6i — 3j.

2. Find the speed

The speed is 4/62 + (—3)2 = V45 = 3v/5ms™L.

3. Find the angle with i
The velocity 61 — 3j is below the positive i direction. The acute angle satisfies

tanf = —.
an 6

4. State the angle

0 = 26.6°, so the size of the angle is 27° to the nearest degree.

5. Write the velocity at time T
v(T)= (14 —-4T)i+ (-5+T)j.

6. Use the given direction

The direction is parallel to 21 — 3j, so the component ratio must match:
14-4T 54T
2 -3

7. Solve for T

—3(14 —4T) =2(—5+T),so —42 + 12T = —10 + 2T'. Hence 107" = 32 and
T=3.2.




Final answer

(a) 3vbms !~ 6.7ms™L. (b)27°. (c)T =3.2.
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Question 4

[.5m

Figure 1
A branch 4B, of length 1.5 m, rests horizontally in equilibrium on two supports.

The two supports are at the points C and D, where AC = 0.24m and DB = 0.36m, as
shown in Figure 1.

When a force of 150 N is applied vertically upwards at B, the branch is on the point of
tilting about C.

When a force of 225 N is applied vertically downwards at B, the branch is on the point
of tilting about D.

The branch is modelled as a non-uniform rod 4B of weight W newtons.
The distance from the point C to the centre of mass of the rod is x metres.
Use the model to find

(i) the value of W

(ii) the value of x

(3
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Worked Solution - Question 4

Topic group

1. Set the distances

The branch has length 1.5 m. Since AC = 0.24 m and DB = 0.36 m,
CB =1.26 m and CD = 0.90 m. The centre of mass is £ m from C.

2. Use the first tilting condition

With the 150 N upward force at B, the branch is on the point of tilting about C, so
the support at D has zero reaction.

3. Take moments about C

The upward force at B balances the weight moment: 150(1.26) = Wz. Thus
Wz = 189.

4. Use the second tilting condition

With the 225 N downward force at B, the branch is on the point of tilting about D,
so the support at C has zero reaction.

5. Take moments about D

The distance from D to the centre of mass is 0.90 — z. Hence
225(0.36) = W(0.90 — z).

6. Solve the simultaneous equations

From the second equation, 81 = 0.90W — Wz. Since Wz = 189,
81 = 0.90W — 189, so 0.90W = 270 and W = 300 N.

7. Find x
Using Wa = 189, 300z = 189, so x = 0.63 m.




Final answer

(i) W =300N. (i) z = 0.63 m.
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QUESthn 5 Constant Acceleration in 1D

P 0 R
< 6xm >« Sxm >
Figure 2
Three points P, O and R are on a horizontal road where POR is a straight line.
The point Q is between P and R, with PQ = 6x metres and QR = 5x metres, as shown
in Figure 2.
A vehicle moves along the road from P to Q with constant acceleration.
The vehicle is modelled as a particle.
At time ¢ = 0, the vehicle passes P with speed ums
At time ¢ = 12 s, the vehicle passes Q with speed 2ums'
Using the model,
(a) show that x = 3u
2)
As the vehicle passes Q, the acceleration of the vehicle changes instantancously
to 1.5ms”
The vehicle continues to move with a constant acceleration of 1.5ms > and passes
R with speed 3ums™
Using the model,
(b) find the value of u,
3)

(c¢) find the distance travelled by the vehicle during the first 14 seconds after passing P

C))




WMEO1/01 JANUARY 2023

Worked Solution -

Constant Acceleration in 1D

Topic group

Question 5

1. Use average speed from P to Q

From P to Q, the speed changes uniformly from u to 2u over 12 s. The average
u+2u  3u
2 2

speed is

2. Show x = 3u

Distance PQ = 6z, so 6z = 371& - 12 = 18u. Hence ¢ = 3u.

3.UseQto R

The distance QR = 5x = 15u. The speed changes from 2u to 3u with

acceleration 1.5 ms™2.

4. Find u

Use v2 = u? + 2as: (3u)? = (2u)? + 2(1.5)(15u). Thus Qu? = 4u? + 454, so
5u’? = 45u and u = 9.

5. Find the first 12 seconds distance

In the first 12 seconds, the distance is PQ = 6z = 18u = 18(9) = 162 m.

6. Find the next 2 seconds distance

From t = 12 to t = 14, the vehicle starts this part at speed 2u = 18 and
1

accelerates at 1.5. Distance = 18(2) + 5(1.5)(22) =36+3=39m.

7. Add the distances
Total distance in the first 14 seconds is 162 + 39 = 201 m.




Final answer

(@)z=3u. (b)u=9. (c)201m.
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Question 6

riverbank

riverbank

Figure 3
A boat is pulled along a river at a constant speed by two ropes.

The banks of the river are parallel and the boat travels horizontally in a straight line,
parallel to the riverbanks.

« The tension in the first rope is S00N acting at an angle of 40° to the direction of
motion, as shown in Figure 3.

« The tension in the second rope is P newtons, acting at an angle of ° to the direction
of motion, also shown in Figure 3.

¢ The resistance to motion of the boat as it moves through the water is a constant
force of magnitude 900N

The boat is modelled as a particle. The ropes are modelled as being light and lying in a
horizontal plane.

Use the model to find
(i) the value of &

(ii) the value of P
t))
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Worked Solution - Question 6

Topic group

1. Resolve perpendicular to the motion

The boat travels straight, so the sideways components balance:
500sin 40° = Psin c.

2. Resolve along the motion

The speed is constant, so the forward components balance the resistance:
500 cos 40° + P cos a = 900.

3. Eliminate P

From the two equations, P sin a = 500 sin 40° and
Pcosa =900 — 500 cos 40°.

4. Find alpha
500 sin 40°

Divide the sine equation by the cosine equation: tan a = )
. y . 900 — 500 cos 40°

This gives a = 31.9°, so a = 32° approximately.

5.Find P
_ 500sin 40°

Use Psina = 500sin40°: P = ————— = 608.7... N. Hence P ~ 610 N.
sin 31.9°

Final answer

(4) @ = 32° approximately. (#i) P = 610 N approximately.
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Question 7

Newton's Second Law

0

Figure 4

A simple lift operates by means of a vertical cable which is attached to the top of the lift.
The lift has mass m

A box (@ is placed on the floor of the lift.

A box P is placed directly on top of box (O, as shown in Figure 4.

The cable is modelled as being light and inextensible and air resistance is modelled as
being negligible.

42mg

The tension in the cable is

The lift and its contents move vertically upwards with acceleration 25g
Using the model,

(a) find, in terms of m, the combined mass of boxes P and O
“)

During the motion of the lift, the force exerted on box P by box Q is

14mg
5
Using the model,

(b) find, in terms of m, the mass of box P

3)
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Newton's Second Law

Worked Solution - Question

7 Topic group

1. Define the box mass

Let the combined mass of boxes P and Q be M. The lift itself has mass m, so the

total moving mass is m + M.

2. Apply Newtons second law to the whole system

42 2
Taking upward as positive, - Mg - (m+ M)g=(m+ M)?‘g

3.Find M

Move the weight term to the right:

42 2g 7g

- mg= (m+M)|{g+ = )= ?( + M). Hence 42m = 7(m + M) and
M = 5m.

4. Let the mass of P be p
4
For box P alone, the upward force from Q is ?mg, while its weight is pg. The

o 2g
acceleration is still 5 upward.

5. Apply Newtons second law to P

14m _2g
5 g —DPg=p 5
6. Find p
14 2 7
Divide by g —m =p + P _ _p. Therefore p = 2m.

5 5 5



Final answer

(a) combined mass of P and Q = 5m. (b) mass of P = 2m.
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Question 8

Resolving Forces, Inclined Planes

Figure 5

A parcel of mass 2 kg is pulled up a rough inclined plane by the action of a constant
force.

The force has magnitude 18 N and acts at an angle of 40° to the plane.

The line of action of the force lies in a vertical plane containing a line of greatest slope
of the inclined plane.

The plane is inclined at an angle of 30° to the horizontal, as shown in Figure 5.
The coefficient of friction between the plane and the parcel is 0.3
The parcel is modelled as a particle P

(a) Find the acceleration of P

®
The points 4 and B lic on a line of greatest slope of the plane, where AB = 5m and B is
above A. Particle P passes through 4 with speed 2ms ' in the direction 4B.
(b) Find the speed of P as it passes through B.

3

The force of 18 N is removed at the instant P passes through B. As a result, P comes to
rest at the point C.

(¢) Determine whether P will remain at rest at C. You must show all stages of your
working clearly.

C))
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Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 8

1. Resolve perpendicular to the plane

The force of 18 N is angled away from the plane, so R + 18 sin40° = 2gcos 30°.
Hence R = 2gcos 30° — 18sin40°.

2. Use friction

The parcel moves up the plane, so friction acts down the plane. With u = 0.3,
F =0.3R.

3. Resolve parallel to the plane

Taking up the plane as positive: 18 cos 40° — F' — 2gsin 30° = 2a.

4. Substitute for Rand F
18 cos 40° — 0.3(2g cos 30° — 18sin40°) — 2gsin 30° = 2a.

5. Find the acceleration

Using g = 9.8, this gives a = 1.18... ms™2 up the plane.

6. Find the speed at B

FromAtoB u=2 s=5anda =1.18... Use v2 = u2 + 2as:
v? = 2% +2(1.18...)(5).

7. State the speed

v=3.98... ms ! about4.0ms 1.

8. Check rest after the force is removed

At C, with the pulling force removed, R = 2g cos 30°. The maximum friction is

0.3R = 0.3(2gcos30°) = 5.09... N.




9. Compare with the downslope weight component
The component of weight down the plane is 2gsin 30° = 9.8 N. Since
9.8 > 5.09..., friction is not large enough to hold P at rest, so P will not remain

at rest at C.

Final answer
(a) a=1.18 ms~2 up the plane. (b)v=3.98ms ! ~4.0ms™!. (c)
P will not remain at rest at C.
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Question 1

Momentum, Impulse & Collisions

1. A particle 4 has mass 4kg and a particle B has mass 2kg.

The particles move towards each other in opposite directions along the same straight
line on a smooth horizontal table and collide directly.

Immediately before the collision, the speed of 4 is 2ums ' and the speed of B is 3ums™
Immediately after the collision, the speed of B is 2ums '
The direction of motion of B is reversed by the collision.

(a) Find, in terms of u, the speed of A4 immediately after the collision.

3
(b) State the direction of motion of 4 immediately after the collision.

(1)

(c) Find, in terms of u, the magnitude of the impulse received by B in the collision.
State the units of your answer.

3)
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Worked Solution -

Momentum, Impulse & Collisions

Question 1 Topic group

1. Choose a positive direction

Take the original direction of A as positive. Before the collision, A has velocity 2u
and B has velocity —3u. After the collision, B has velocity 2u because its direction

is reversed.

2. Use conservation of momentum

Let the velocity of A after the collision be v. Then 4(2u) + 2(—3u) = 4v + 2(2u).

3. Solve for the velocity of A
8u — 6u = 4v + 4u, so 2u = 4v + 4u. Hence 4v = —2u and v = —%.

4. State the speed and direction
U
The speed of A is the magnitude of its velocity, so it is 3 The negative sign shows

that A has reversed direction.

5. Find the impulse on B

Impulse equals change in momentum. For B,
I=22u—(—3u)) =2(5u) = 10u.

6. Attach the units

The impulse is 10u N's, equivalently 10u kgms™!.

Final answer
(a) speed of A = g (b) A reverses direction. (¢) I = 10u N's.
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Question 2

Working with Vectors

[In this question i and j are horizontal perpendicular unit vectors.]

2. A particle P rests in equilibrium on a smooth horizontal plane.
A system of three forces, F N, F,N and F,N where
F = (3ci+4cj)
F, = (-14i+ 7))
is applied to P.
Given that P remains in equilibrium,

(a) find F, in terms of ¢, i and j.

(2)
The force F, is removed from the system.
Given that ¢ =2
(b) find the size of the angle between the direction of i and the direction of the resultant
force acting on P.
4

The mass of P is mkg.
Given that the magnitude of the acceleration of P is 8.5ms "~

(c) find the value of m.

“)
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Working with Vectors

Worked Solution - Question

2 Topic group

1. Use equilibrium

For equilibrium, F; + F3 + F3 = 0. Hence F3 = —(F; + F5).

2. Find F3
Fi+F;=(3c—14)i+ (4dc+ 7)j. so F3 = (14 — 3c)i+ (—7 — 4c¢)j.

3. Find the resultant when ¢ = 2

When ¢ = 2, F1 = 6i+ 8j and F3 = —14i + T7j. Therefore the resultant is
—81i + 15j.

4. Find the angle
The resultant is in the second quadrant. Its angle from the positive i direction is

1
180° — tan~! (?5) = 118.1°, so the angle is about 118°.

5. Find the magnitude of the resultant

IR|=4/(—8)2+ 152 =17N.

6. Use F = ma

The acceleration magnitude is 8.5 ms™2, so 17 = 8.5m. Hence m = 2.

Final answer
(a) F3 = (14 — 3¢)i+ (—7 — 4c)j. (b) 118° approximately. (c)m =2
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QUESthn 3 Constant Acceleration in 1D

3. Two students observe a book of mass 0.2 kg fall vertically from rest from a shelf that is
1.5m above the floor.

Student A suggests that the book is modelled as a particle falling freely under gravity.

(a) Use student A’s model to find the time taken for the book to reach the floor.

3)

Student B suggests an improved model where the book is modelled as a particle
experiencing a constant resistance to motion of magnitude R newtons.

Given that the time taken for the book to reach the floor is 0.6 seconds,

(b) use student B’s model to find the value of R

C))
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Worked Solution -

Constant Acceleration in 1D

Topic group

Question 3

1. Use free fall for student A

From rest, with downward displacement 1.5 m and acceleration g, use

t+1 t2
S=U —art”.
2

2. Find the time

1
1.5=0+ 5(9.8)152, sot? = % andt = 0.553... s.

3. Find the acceleration in student B's model

1
Now the time is 0.6 s. Again starting from rest, 1.5 = Ea,(O.G)2 = 0.18a, so

a = 8.333... ms~2 downward.

4. Apply Newtons second law

Taking downward as positive, weight is 0.2g and resistance R acts upward.
Therefore 0.2g — R = 0.2a.

5.Find R
1.96 — R =0.2(8.333...) = 1.666..., so R=0.293... N.

Final answer
(a) t = 0.553 s approximately. (b) R = 0.293 N.
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Question 4

A C D B
< > 4+—>
0.6m 0.2m
- 2m g
Figure 1

Figure 1 shows a beam 4B, of mass mkg and length 2m, suspended by two light
vertical ropes.

The ropes are attached to the points C and D on the beam, where AC = 0.6 m and
DB=02m

The beam is in equilibrium in a horizontal position.

A particle of mass pmkg is attached to the beam at 4 and the beam remains in
equilibrium in a horizontal position.

The beam is modelled as a uniform rod.

(a) Given that the tension in the rope attached at C is four times the tension in the rope
attached at D, use the model to find the exact value of p.

(7
The particle of mass pmkg at 4 is removed and replaced by a particle of mass gmkg
at A.
The beam remains in equilibrium in a horizontal position but is now on the point
of tilting.
(b) Using the model, find the exact value of ¢
Q)

(c) State how you have used the modelling assumption that the beam is uniform.

(1)




WMEO01/01 MAY/JUNE 2023 Moments

Worked Solution - Question 4

Topic group

1. Set the geometry

The beam is 2 m long. Since AC' = 0.6 m and DB = 0.2 m, point D is 1.8 m
from A. The uniform beam has weight mg acting 1.0 m from A.

2. Name the tensions

Let the tension at D be T'. The tension at C is four times this, so it is 41",

3. Use vertical equilibrium

AT + T = pmg + mg, so 5T = (p + 1)mg.

4. Take moments about A

The particle at A has no moment about A. Hence 47°(0.6) + T'(1.8) = mg(1.0).

5.Find T
24T 4+ 1.8T = mg,s0o4.2T =mgandT = %
6. Find p
. . omg 25
Substitute into 57" = (p + 1)mg: 5 - =1 = (p+1)mg Thusp+1= 91 and
4
P=%1

7. Use the tilting condition

When the particle of mass gm is at A and the beam is on the point of tilting, the
rope at D is just slack, so its tension is zero.




8. Take moments about C

About C, the particle at A has moment gmg(0.6) and the beam weight has

moment mg(0.4) in the opposite direction. Thus gmg(0.6) = mg(0.4), giving

2

q=§.

9. Use the modelling assumption

The beam is uniform, so its centre of mass is at the midpoint of the beam and its

weight acts there.

Final answer

4 2
(a) p= 91" (b) g= 3" (¢) The beam weight acts at its midpoint.
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Qu estion 5 Kinematics Graphs




speed 4
(ms™)

- — time (s)

Figure 2

The speed-time graph in Figure 2 illustrates the motion of a car travelling along a
straight horizontal road.

At time ¢ = 0, the car starts from rest and accelerates uniformly for 30s until it reaches a
speed of P'ms™'

The car then travels at a constant speed of ¥’'ms ™' until time 7 = 7 seconds.

(a) Show that the distance travelled by the car between ¢ = 0 and 1 = 7" seconds is
V(T — 15) metres.

@)
A motorbike also travels along the same road.

»  The motorbike starts from rest at time £ = 10's and accelerates uniformly for 40s

*  The acceleration of the motorbike is the same as the acceleration of the car

»  The motorbike then travels at a constant speed for a further 10 s before decelerating
uniformly until it reaches a speed of F'ms ' at time T seconds

(b) On Figure 2, sketch a speed-time graph for the motion of the motorbike.
[If vou need to redraw your sketch, there is a copy of Figure 2 on page 15.]
2)

. L4y
(c) Show that the constant speed of the motorbike is R ms'
2)
At time ¢ = T seconds, the distance travelled by each vehicle is the same.

(d) Find the value of T
3)

Only use this copy of Figure 2 if you need to redraw your sketch.

speed 4
(ms ")

» time (s)
T T
0 30 T

Figure 2

(Tatal for Omection 5 ic 11 marke)
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Worked Solution - Question 5

Topic group

1. Find the car distance
The car graph is a triangle from 0 to 30 plus a rectangle from 30 to T. Distance

_ %(30)V + V(T — 30).

2. Simplify the car distance

1
§(30)V + V(T —30) =15V + VT — 30V = V(T — 15), as required.

3. Describe the motorbike graph

The motorbike starts at (10, 0), accelerates with the same gradient as the car until
t = 50, then travels at constant speed until £ = 60, then decelerates linearly to

(T, V).

4. Find the motorbike constant speed

4 : : :
The car acceleration is —. The motorbike accelerates for 40 s, so its speed is

Vo4V
0 - — =
030 =3

5. Find the motorbike distance

. 1 4V 4V 1/4V
Its distance is 5(40) (?) + 10 (?) + 3 (T + V) (T — 60).

6. Simplify the motorbike distance

This becomes

80V 40V TV (4% wT
T — 60) = 40V + — (T — 60) = ——— — 30V..
T+ —— + (T~ 60) = 40V + ——(T — 60) = —— — 30V
7. Equate the two distances
: : VT y
At time T', the distances are equal: V(T — 15) = 5 " 30V Divide by V to

T
getT—lSZ%—3O.




8.Find T
Multiplying by 6 gives 61" — 90 = 7T — 180, so T' = 90.
Final answer
(a) car distance = V(T — 15).
: 4V
(b) Motorbike graph starts at ¢ = 10, reaches — att = 50, stays
constant to t = 60, then fallsto V att = T.
4V
(¢) constant speed = 5 (d) T = 90.
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Question 6

Figure 3
A particle of weight W newtons lies at rest on a rough horizontal surface, as shown in

Figure 3.
A force of magnitude P newtons is applied to the particle.

The force acts at an angle « to the horizontal, where tana =

PSRN

.. e . 1
The coefficient of friction between the particle and the surface is —

Given that the particle does not move, show that

p<
8

Q)
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Worked Solution - Question 6

Topic group

1. Use the trig ratios
3

Given tana = § usesino = E andcosa = g

2. Resolve vertically

The applied force increases the normal reaction in this model, so
R =W + Psina.

3. Resolve horizontally

For the particle not to move, friction must be able to balance the horizontal

component of the applied force, so Pcosa < Fpax.

4. Use limiting friction

lR = i(W+Psina).

1
Since g = —, Fax = 1

4

5. Substitute the exact trig values
3 1 4

ThusP- — < —|\W+P.— ).

By = 4( + 5)

6. Rearrange the inequality

Multiplying by 20 gives 12P < 5W + 4P. Hence 8P < 5W,so P < %W

Final answer

5
P —W.
— 8
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Question 7

Newton's Second Law

Figure 4

A car of mass 1200kg is towing a trailer of mass 600kg up a straight road, as shown in
Figure 4.

L . . 1
The road is inclined at an angle « to the horizontal, where sina = 7

The driving force produced by the engine of the car is 3000 N.

The car moves with acceleration 0.75ms™

The non-gravitational resistance to motion of

« the car is modelled as a constant force of magnitude 2R newtons

« the trailer is modelled as a constant force of magnitude R newtons

The car and the trailer are modelled as particles.
The tow bar between the car and trailer is modelled as a light rod that is parallel to the
direction of motion.

Using the model,

(a) show that the value of R is 60
C))

(b) find the tension in the tow bar.

3
When the car and trailer are moving at a speed of 12ms ™', the tow bar breaks.
Given that the non-gravitational resistance to motion of the trailer remains unchanged,

(c) use the model to find the further distance moved by the trailer before it first comes
to rest.

“)
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Newton's Second Law

Worked Solution - Question

7 Topic group

1. Use the whole system

For car plus trailer, the total mass is 1800 kg and the total resistance is
2R + R = 3R. Taking up the slope as positive:

3000 — 1800gsin a — 3R = 1800(0.75).

2. Show R is 60

o1 o 1 _
Since sina = ETX 1800gsina = 1800 - 9.8 17 = 1470. So

3000 — 1470 — 3R = 1350, giving 180 = 3R and R = 60 N.

3. Apply Newtons second law to the trailer

For the trailer while it is being towed, T' — 600g sin & — R = 600(0.75).

4. Find the tow-bar tension

T—600-9.8-%—60:450,soT—490—GO:450andT:lOOON.

5. Find the trailer acceleration after the break

After the tow bar breaks, the trailer is still moving up the slope, but the
component of weight and resistance act down the slope. Taking up the slope as
positive: —600g sin o — 60 = 600a.

6. Simplify the acceleration

550 11 s
—490 — 60 = 600a, so a = %00 - 12 ms

7. Find the stopping distance

With initial speed 12 ms™! and final speed 0, use v?> = u? + 2as:

2 7
_|_ _—— . Hen = — = e .
0—12 2( )d eced 85 m




Final answer

(a) R=60N. (b)T=1000N. (c)d = 78.5m approximately.
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Question 8

Working with Vectors




50m

D C
+O 50m
A B

Figure 5

A square floor space ABCD, with centre O, is modelled as a flat horizontal surface
measuring 50m by 50m, as shown in Figure 5. . .
The horizontal unit vectors i and j are in the direction of 4B and 4D respectively.

All position vectors are given relative to O.

A small robot R is programmed to travel across the floor at a constant velocity.
« Attimer=0, R is at the point with position vector (-2i + j)m

* Attimef=11s, R is at the point with position vector (9i + 23j)m

* At time f seconds, the position vector of R is r metres

(a) Find, in terms of ¢, i and j, an expression for r

A second robot S is at the point C.
« Attime =0, Sleaves C and moves with constant velocity (—i — j)ms "’
* At time f seconds, the position vector of § is s metres

(b) Write down, in terms of 7, i and j, an expression for s

(c) Show that

SR =[(2t-27)i+ (3¢ 24)j] m

(d) Find the time when the distance between R and S is a minimum.

3

ey

2

3
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Working with Vectors

Worked Solution - Question

8 Topic group

1. Find the velocity of R

R moves from —2i + j to 9i + 23j in 11 s. Its displacement is 11i + 22j, so its
velocity is 1+ 2j.

2. Writer
r=(—2i+j)+t(i+2j) =(t—2)i+(2t+1)j

3. Write s

Point C has position vector 251 4 25j. Since S moves with velocity —i — j,
s = (25 —t)i+ (25 — t)j.

4. Find SR vector

_
SR=r—s=[(t—2)— (25— t)]i+[(2t+1) — (25 —t)]j.

5. Simplify SR

—
Therefore SR = (2t — 27)i + (3t — 24)j m.

6. Minimise the distance squared

The distance squared is d* = (2t — 27)2 + (3t — 24)2.

7. Expand the quadratic
d? = 42 — 108t + 729 + 9t2 — 144t + 576 = 13t2 — 252t + 1305.

8. Find the minimum time

D 252 126
The quadratic is minimum at ¢ = 513 — 13 9.69...s.




Final answer

. P . . 126
(@)r=(t—-2)i+(2t+1)j. (b)s=(25—-1)i+(25—1)j. (c) SR= (2t —27)i+ (3t — 24)j. (d)t:Fs~9.7s
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Question 1

X metres | 2 metres -
|
A C D B
6 metres
Figure 1

Figure 1 shows a beam AB with weight 24N and length 6 m.

The beam is suspended by two light vertical ropes. The ropes are attached to the points
C and D on the beam where AC = x metres and CD =2m,

The tension in the rope attached to the beam at C is double the tension in the rope
attached to the beam at D.

The beam is modelled as a uniform rod, resting horizontally in equilibrium.
Find
(i) the tension in the rope attached to the beam at D.

(ii) the value of x.

©)
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Worked Solution - Question 1

Topic group

1. Name the tensions

Let the tension at D be T'. The tension at C is double this, so it is 21",

2. Use vertical equilibrium

The beam is in equilibrium, so the upward forces equal the weight: 2T + T' = 24.
Hence 3I' =24 and T'=8 N.

3. Set the moment distances

The beam is uniform, so its weight acts at the midpoint, 3 m from A. Also AC = x
and AD =z + 2.

4. Take moments about A

Clockwise and anticlockwise moments balance: (2T)z + T'(z + 2) = 24 - 3.

5. Solve for x

Substitute T' = 8: 16 + 8(x + 2) = 72. Thus 24z + 16 = 72, so 24z = 56 and
7

r= —m.

3

Final answer

(()Tp=8N. (ii)z=—- m~233m.

w|
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QUESth“ 2 Kinematics Graphs

acceleration

(ms™)
1.2 1 r 1
1 1
1 1
1 1
1 1
1 1
| :
1 1
O 1 1 : H
ry 10 20 time (s)
I
1
—05 -
|
Figure 2

Two fixed points, 4 and B, are on a straight horizontal road.

The acceleration-time graph in Figure 2 represents the motion of a car travelling along
the road as it moves from 4 to B.

At time ¢ = 0, the car passes through 4 with speed 8ms™'
At time ¢ = 20s, the car passes through B with speed vms '

(a) Show that v=18
3)

(b) Sketch a speed-time graph for the motion of the car from 4 to B.
&)

(c) Find the distance AB.
C)
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Worked Solution - Question 2 !

1. Find the speed at t = 4

From 0 to 4 s the acceleration is —0.5 m s 2. Therefore
w=28+(—0.5)(4) = 6ms L.

2. Find the final speed

From 10 to 20 s the acceleration is 1.2 ms~2, while the speed at t = 10 is still 6.
Hence v = 6 + 1.2(10) = 18 ms™!.

3. Describe the speed-time graph

The graph starts at (0, 8), falls linearly to (4, 6), stays horizontal to (10, 6), then
rises linearly to (20, 18).

4. Use area under the speed-time graph

8+ 6
The distance is the area under the graph. From 0 to 4: % -4 =28.From4to

6+ 18

10: 6 - 6 = 36. From 10 to 20: -10 = 120.

5. Add the distances
AB =28+ 36+ 120 = 184 m.

Final answer
(@) v=18ms™ L.

(b) Speed-time graph through (0, 8), (4, 6), (10, 6), (20, 18).
(¢) AB=184m.




WMEO01/01 OCTOBER 2023 10 marks

Question 3

Momentum, Impulse & Collisions

3. A hammer is used to hit a tent peg into soft ground.
The hammer has mass 1.8kg and the tent peg has mass 0.2kg.

The hammer and tent peg are both modelled as particles and the impact is modelled as a
direct collision,

Immediately before the impact, the tent peg is stationary and the hammer is moving
vertically downwards with speed 10ms™'

Immediately after the impact, the hammer and tent peg move together, vertically
downwards, with the same speed vms'

(a) Find the value of v

2)

(b) Find the magnitude of the impulse exerted on the tent peg by the hammer, stating
the units of your answer.

3

The ground exerts a constant vertical resistive force of magnitude R newtons, bringing
the hammer and tent peg to rest after they travel a distance of 12 em.

(c) Find the value of R,
6)
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Worked Solution -

Momentum, Impulse & Collisions

Topic group

Question 3

1. Use conservation of momentum

Take downward as positive during the impact. Before impact, the hammer has
momentum 1.8(10) and the peg has momentum 0. After impact, the combined
mass is 1.8 + 0.2 = 2.0 kg.

2. Find the common speed

1.8(10) = 2.0v, 5018 = 2vand v = 9 ms~ 1.

3. Use impulse on the peg

The peg changes from rest to speed 9 ms™ downward. The impulse magnitude
is0.2(9 —0) = 1.8 Ns.

4. Find the deceleration in the ground

The hammer and peg move together from speed 9 to rest over 0.12 m. With
downward positive, 0 = 92 + 2a(0.12), so a = —337.5 ms~2.

5. Apply Newtons second law

For the combined mass 2.0 kg, forces are weight 2g downward and resistance R

upward. With downward positive, 29 — R = 2a.

6. Find R
19.6 — R = 2(—337.5) = —675, so R = 694.6 N, which is about 695 N.




Final answer

(@) v=9msL.

(b) I =1.8Ns.
(c) R~ 695 N.
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Qu estion 4 Working with Vectors

4.

[In this question i and j are horizontal unit vectors directed due east and due
north respectively.]

A particle P moves with constant acceleration (=i + 24j)ms~, where 4 is a
positive constant.

At time ¢ = 0, the velocity of P is (5i — 8j)ms

(a) Find the velocity of P when r = 5s, giving your answer in terms of'i, j and 4.

2
The speed of P when ¢=5s is 13ms’
(b) Show that

25/ -424-16=0
3)

(¢) Find the direction of motion of P when ¢ = 4 s, giving your answer as a bearing to
the nearest degree.

)
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Working with Vectors

Worked Solution - Question

4 Topic group

1. Use v = u + at

The initial velocity is (51 — 8j) and the acceleration is (—Ai + 2Aj). At =5,
v = (5i — 8j) + 5(—Ai + 2)j).

2. Write the velocityatt =5
Sov = (5—>5A)i+ (—8 + 10\)j.

3. Use the speed att =5
The speed is 13, s0 (5 — 5A)2 + (—8 + 10A)2 = 132,

4. Simplify to the printed equation

Expanding gives 25 — 50\ + 25A% 4 64 — 160 + 100A% = 169. Therefore
125X% — 210\ — 80 = 0, and dividing by 5 gives 25A% — 42X — 16 = 0.

5. Find lambda

Solving 25A% — 42X\ — 16 = 0 gives A =2 or A = —%. Since A is positive,
A=2.

6. Find the velocity att = 4
v(4) = (5i — 8j) + 4(—2i + 4j) = —3i + 8j.

7. Convert to a bearing

The motion is north-west. The angle west of north satisfies tan o = Y o)

a = 20.6°. The bearing is 360° — 20.6° = 339.4°, so 339° to the nearest degree.




Final answer

(@) v=(5—5N)i+ (—8+ 10)\)j.
(b) 2502 — 42X\ — 16 = 0.
(¢) bearing = 339°.
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Question 5

Figure 3

A small ring of mass 0.2kg is attached to one end of a light inextensible string.
The ring is threaded onto a fixed rough vertical rod.

The string is taut and makes an angle 8 with the rod, as shown in Figure 3,

where tané = %

Given that the ring is in equilibrium and that the tension in the string is 10N,

(a) find the magnitude of the frictional force acting on the ring,

3)
(b) state the direction of the frictional force acting on the ring.

1)

The coefficient of friction between the ring and the rod is i

Given that the ring is in equilibrium, and that the tension in the string, 7" newtons, can
now vary,

(c) (i) find the minimum value of T

(ii) find the maximum value of T

®)




WMEO01/01 OCTOBER 2023 Forces

Worked Solution - Question 5

Topic group

1. Use the trig ratios
12
The string makes angle 6 with the vertical rod and tan 8 = 5 Hence

sinf = i and cos @ = IR

2. Find the friction for T = 10

5 50
The upward component of the tension is 10cos@ = 10 - — = 3 N. The weight

13
is 0.2g = 1.96 N.

3. Balance vertical forces
Since the upward component of tension is larger than the weight, friction must act

downwards. Its magnitude is i—g —1.96=1.89... NsoF=19N.

4. Write the normal reaction

For variable tension T', the normal reaction from the rod is produced by the

12T
horizontal component of tension: R = T'sin§ = T3
5. Use limiting friction
1 1 127" 3T
Since p = 1 limiting frictionis F' = pR = 1 3 - 13

6. Find the minimum tension

For the minimum tension, the ring would tend to slide down, so friction acts

upwards. Vertical equilibrium gives T'cos @ + F' = 0.2g, hence

5T 3T
— 4+ — =1.96.ThusT = 3.185... N, so Trnin = 3.2 N.
13 + 13 1.96. Thus 3.185 o) 3




7. Find the maximum tension

For the maximum tension, the ring would tend to move up, so friction acts

downwards. Vertical equilibrium gives T'cos @ = 0.2g + F, hence

T T
51_3 =1.96 + ?1—3.ThusT= 12.74... N, so Tipax = 13 N.

Final answer

(a) F=19N.
(b) Friction acts downwards.

(©)(3) Touin = 3:2N. () (i) Tomae = 13 N.
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Qu estion 6 Working with Vectors

6.

[In this question i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

At 12:00, a ship P sets sail from a harbour with position vector (15i + 36j) km.
At 12:30, P is at the point with position vector (20i + 34j) km.

Given that P moves with constant velocity,

(a) show that the velocity of P is (10i — 4j)kmh’
(2)

At time ¢ hours after 12:00, the position vector of P is pkm.

(b) Find an expression for p in terms of'i, j and «.

2
A second ship Q is also travelling at a constant velocity.
At time ¢ hours after 12:00, the position vector of Q is given by qkm, where
q=(42—-8Hi+ (9 + 140)j
Ships P and Q are modelled as particles.
If both ships maintained their course,
(c) (i) verify that they would collide at 13:30

(ii) find the position vector of the point at which the collision would occur.

Q)
At 12:30 Q changes speed and direction to avoid the collision.
Ship O now travels due north with a constant speed of 15kmh™
Ship P maintains the same constant velocity throughout.

(d) Find the exact distance between P and Q at 14:30

Q)



WMEO01/01 OCTOBER 2023
Working with Vectors

Worked Solution - Question

6 Topic group

1. Find the velocity of P
From 12:00 to 12:30, the displacement of P is
(201 + 34j) — (15i + 36j) = 5i — 2j km. The time is 0.5 hours, so

5i—25 . .
- — 10i — 4j.
0.5 0i-4

vp

2. Write the position of P

At t hours after 12:00,
p = (15i + 36j) + t(10i — 4j) = (15 + 10¢)i + (36 — 4t)j.

3. Verify the collision time

At 13:30,¢ = 1.5. Then p = (15 + 15)i + (36 — 6)j = 30i + 30j. Also
q = (42 — 8(1.5))i+ (9 + 14(1.5))j = 30i + 30j.

4. State the collision position

Since both position vectors are the same, the collision point has position vector
30i + 30j km.

5. Find P at 14:30
At 14:30,t =2.5,s0p = (15 + 25)i + (36 — 10)j = 401 + 26j.

6. Find Q after changing course

At 12:30,t = 0.5, so q = 38i + 16j. From 12:30 to 14:30 is 2 hours due north at
15 kmh™!, 5o the extra displacement is 30j. Thus Q is at 38i + 46j.

7. Find the distance
The separation vector is (40 — 38)i + (26 — 46)j = 2i — 20j. The distance is

V22 + 202 = /404 = 24/101 km.




Final answer

(@) ve =10i —4jkmh~'. (b) p = (15 + 10t)i + (36 — 4t)j. (c)(i3) 30i + 30j. (d) 2v/101 km
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Question 7

Resolving Forces, Inclined Planes

A (m)

B (km)

Figure 4

Figure 4 shows a block 4 of mass m held at rest on a rough plane.
The plane is inclined at an angle « to the horizontal and the coefficient of friction
between the block and the plane is z.

One end of a light inextensible string is now attached to 4. The string passes over a
small smooth pulley which is fixed at the top of the plane.

The other end of the string is attached to a block B of mass km.

Block B hangs vertically below the pulley, with the string taut.

The string from A to the pulley lies along a line of greatest slope of the plane.
Both 4 and B are modelled as particles.

When the system is released from rest, 4 moves up the plane and the tension in the
4img

string is
. 1
Given that 4 = = and tana = 7

3 24

(a) (i) find the magnitude of the acceleration of 4, giving your answer in terms of g,

(i1) find the value of £.
9

(b) Find the magnitude of the resultant force exerted on the pulley by the string, giving
your answer in terms of m and g.

“)
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Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 7

1. Use the trig ratios

24
Given tana = ﬂ use sina = % and cosa = 2—5
2. Find frictionon A
24 1 1 8
For block A, R = mgcosa = % Since p = 3 frictionis F' = §R = %

3. Apply Newtons second law to A

A moves up the plane, so friction and the component of weight act down the

plane. Taking up the plane as positive: T' — mgsina — F = ma.

4. Find the acceleration

. 4 ) Tmg 8mg
Substitute T' = — \ = —=and F = —:
ubstitute 3 Mg mgsina o 2N 5F
4 15mg 4 3 11m Hence 11g
ma=—mg— ——— — — —|mg= a=—2
3797 25 3 5)97 715 15

5. Apply Newtons second law to B

Block B moves downwards with the same acceleration. Taking downward as

positive: kmg — T' = kma.

6. Find k
4 11 4 11
Substitute T'= —mgand a = 1—59: kmg — 3M9= km1—5g. Divide by mg to
4 11k
getk— — = ——,s0 15k — 20 = 11k and k = 5.

3 15




7. Resolve the force on the pulley

The pulley is pulled by two tensions of magnitude T'. One is vertical and the other
is along the plane. The horizontal component of the resultant is T" cos a and the

vertical component is T' + T sin c.

8. Find the resultant

7 24
The magnitude is T4/cos? a + (1 + sin ). With sina = 5 and cosa = 55"
1024 T
this is T\/ 2;2 + 6025 = 85 .Since T = %mg, the resultant is %mg.

Final answer

()(i) a = 11—159. O =5 () reite = i)—img.
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Question 1

2N

Figure 1
Figure 1 shows a small smooth ring threaded onto a light inextensible string.

One end of the string is attached to a fixed point A on a horizontal ceiling and the other
end of the string is attached to a fixed point B on the ceiling.

A horizontal force of magnitude 2N acts on the ring so that the ring rests in equilibrium
at a point C, vertically below B, with the string taut.

The line of action of the horizontal force and the string both lie in the same
vertical plane.

The angle that the string makes with the ceiling at A is 8, where tan# =

| W2

The tension in the string is 7 newtons. The mass of the ring is M kg.

(a) Find the value of T’
3)

(b) Find the value of M
3)




WMEO01/01 JANUARY 2024 Forces

Worked Solution - Question 1

Topic group

1. Use the trig ratios

3 3 4
Given tan 0 = 1 use sinf = 5 and cos @ = 5

2. Resolve horizontally

The horizontal force of 2 N is balanced by the horizontal component of the

tension in the sloping part of the string: T'cos 8 = 2.

3. Find the tension
T-%:2,50T=2.5N.

4. Resolve vertically

The ring is smooth, so the tension is the same in both parts of the string. Upward
components are T' from the vertical part and T'sin 6 from the sloping part.
Therefore T + T'sin = Mg.

5. Find the mass

4.0
Mg=25+25- % =4.0,soM = 98 = 0.408 kg.

Final answer
(a) T=2.5N. (b) M = 0.408 kg approximately.
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QUESth“ 2 Momentum, Impulse & Collisions

Z.
—_— —
A B
Skg xkg
Figure 2

Figure 2 shows two particles, A and B, moving in opposite directions on a smooth
horizontal surface. Particle A has mass 5kg and particle B has mass xkg.

The particles collide directly.
Immediately before the collision, the speed of A is 3ms ' and the speed of B is xms

Immediately after the collision, the speed of A is I ms ™ and its direction of motion
is unchanged.

Immediately after the collision, the speed of Bis 1.5ms™

(a) Find the value of x.

3

(b) Find the magnitude of the impulse exerted on A by B in the collision.

3




WMEO01/01 JANUARY 2024

Worked Solution -

Momentum, Impulse & Collisions

Question 2 Topic group

1. Choose a sign convention

Take the initial direction of A as positive. Before collision, A has velocity 3 and B

has velocity —z.

2. Set up conservation of momentum

After collision, A still moves in the same direction with velocity 1. B has speed 1.5

in the positive direction for the valid solution. Hence
5(3) + x(—z) = 5(1) + 1.5z.

3. Solve for x

15 — 22 =5+ 1.5z, s0 22 + 1.5z — 10 = 0. This gives 2 = 2.5 or z = —4.

Since mass is positive, x = 2.5.

4. Use change in momentum of A

The impulse exerted on A equals the change in momentum of A:

I =5(1 — 3) = —10 N s using the chosen positive direction.

5. Give the magnitude

The magnitude of the impulse is 10 N's.

Final answer
(a)x=2.5. (b)I=10Ns.
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QUESthn 3 Constant Acceleration in 1D

3. A van travels with constant acceleration along a straight horizontal road.

The van passes a point A with speed ums™ and 20 seconds later passes a point B
with speed 28 ms™

The distance AB is 400 m.

(a) Show thatu =12
(2)

(b) Find the time taken for the van to travel from A to the midpoint of AB.

)
The van has mass 1200kg.
During its motion the van experiences a constant resistive force of magnitude 260N

(c) Find the magnitude of the driving force exerted by the engine of the van as it travels
from A to B.
3)




WMEO01/01 JANUARY 2024

Worked Solution -

Constant Acceleration in 1D

Question 3 Topic group

1. Use average speed from A to B

With constant acceleration, distance equals average speed times time. So

9
400 = “z 8 .20,

2. Show uis 12
400 = 10(u + 28), so u + 28 = 40 and u = 12.

3. Find the acceleration

Use v = u + at: 28 = 12 + 20a, hence ¢ = 0.8 ms 2.

4. Use the midpoint distance

1 1
The midpoint of AB is 200 m from A. Use s = ut + Eat2: 200 = 12¢ + 5(0°8)t2

5. Solve for the time to the midpoint

200 = 12t + 0.4t2. The positive solution is t = 54/29 — 15 = 11.9258..... s.

6. Use Newtons second law for the van

Let the driving force be D. The resultant forward force is D — 260. Since
ma = 1200(0.8) = 960, D — 260 = 960.

7. Find the driving force
D = 1220 N.




Final answer
(a)u=12. (b)t=5v29—15=~11.9s. (c)driving force =1220N
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Question 4

AL

53N

Figure 3

Figure 3 shows two horizontal forces P and Q acting on a particle.
The angle between the direction of P and the direction of Q is 150°
Force P has magnitude X newtons.

Force Q has magnitude 5 J3N.

The resultant of P and Q has magnitude JI29N.

Find

(1) the value of X.

(ii) the angle between Q and the resultant, giving your answer to the nearest degree.

®)




WMEO01/01 JANUARY 2024 Forces

Worked Solution - Question 4

Topic group

1. Use the included angle in the force triangle

The two given forces have angle 150° between them, so the triangle used for
adding them has the supplementary angle 30° between the side of length X and
the side of length 5\/3.

2. Use the cosine rule to find X

The resultant has magnitude 4/129. Therefore
129 = X2 + (5v/3)2 — 2X(5v/3) cos 30°.

3. Solve for X

Since (54/3)% = 75 and 2(54/3) cos 30° = 15, the equation becomes
129 = X2 + 75 — 15X Thus X2 — 15X — 54 = 0, giving X = 18.

4. Find the angle with Q

Let B be the angle between Q and the resultant. Using the cosine rule in the same

18 V129

sinf  sin30°

triangle,

5. Choose the correct angle
(5v/3)% + 129 — 182
2(5+/3)+/129

This gives an obtuse angle for 8. Equivalently, cos 8 =

B=1276...°

6. Round the angle

To the nearest degree, the angle between Q and the resultant is 128°.




Final answer
(1) X =18 N. (%) angle = 128° to the nearest degree.
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Question 5

0.4m xm 0.4m

v

F 3

3m
Figure 4
A beam AB has mass 30kg and length 3m.

The beam rests on supports at C and D where AC = 0.4m and DB = 0.4m, as shown
in Figure 4.

A person of mass 55kg stands on the beam between C and D.

The person is modelled as a particle at the point P, where CP = x metres
and 0 < x < 2.2

The beam is modelled as a uniform rod resting in equilibrium in a horizontal position.
Using the model,

(a) show that the magnitude of the reaction at C is (686 — 245x) N.

The magnitude of the reaction at C is four times the magnitude of the reaction at D.
Using the model,

(b) find the value of x

The person steps off the beam and places a package of mass M kg at A.
The package is modelled as a particle at the point A.

The beam is now on the point of tilting about C.

Using the model,

(c) find the value of M

3

@

3



WMEO01/01 JANUARY 2024 Moments

Worked Solution - Question 5

Topic group

1. Set the positions on the beam

AC =04 mand DB =0.4m, so CD = 2.2 m. The beam is uniform, so its
weight 30g acts at the midpoint, which is 1.1 m from D. The person is 2.2 — & m
from D.

2. Take moments about D

Taking moments about D removes Rp: R¢(2.2) = 55¢9(2.2 — x) + 30g(1.1).

3. Show the expression for RC
539(2.2 — z) + 294(1.1)

59 = 686 — 245z.

Using g = 9.8, R¢ =

4. Use the reaction ratio

Given Rg = 4Rp and vertical equilibrium gives R¢ + Rp = (55 + 30)g = 833.
Hence 5Rp = 833 and R¢o = 666.4.

5. Find x
686 — 2452 = 666.4, so 245x = 19.6 and =z = 0.08.

6. Use the tilting condition with the package
When the package is at A and the beam is on the point of tilting about C, the

reaction at D is zero.

7. Find M

Take moments about C: Mg(0.4) = 30g(1.1). Thus M = g—i = 82.5.




Final answer

(a) Rc = 686 — 245z. (b) = = 0.08. (c) M = 82.5.
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QUESthn 6 Constant Acceleration in 1D

6. A particle is projected vertically upwards from a point A with speed 24ms™'
The point A is 2.5m vertically above the point B.
Point B lies on horizontal ground.
The particle moves freely under gravity until it hits the ground at B with speed Vms '
After hitting the ground the particle does not rebound.

(a) Find the value of V.

3)
(b) Find the time taken for the particle to reach B.

3)
The point C is 10m vertically above A.
(c) Find the length of time for which the particle is above C.

“)

(d) Sketch a speed-time graph for the motion of the particle from projection to the
instant that it reaches B. (No further calculations are required.)

2)
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Worked Solution -

Constant Acceleration in 1D

Topic group

Question 6

1. Find the impact speed

Take upward as positive from A. At B, the displacement is —2.5 m, with u = 24
and @ = —9.8. Use v? = u? + 2as: V2 = 24% 4 2(—9.8)(—2.5) = 625.

2. State V
V =25ms L

3. Find the time to reach B
The velocity at B is —25 ms™!. Usingv = uw 4 at, —25 =24 — 9.8t,sot =5 s.

4. Set up the height C equation

Cis 10 m above A. The particle is above C between the two times when s = 10:
10 = 24t — 4.9¢2.

5. Solve for the two crossing times

4.9t — 24t + 10 = 0, giving t = 0.459...and t = 4.438....

6. Find the time above C
The length of time above Cis4.438... —0.459...=3.98... s, about4.0s.

7. Describe the speed-time graph

The graph starts at speed 24, decreases linearly to 0 at the highest point, then
increases linearly to speed 25 att = 5. It is a V-shaped speed-time graph.




Final answer
(@) V=25ms™!. (b)t=5s. (c)4.0sapproximately.(d) Speed-
time graph is V-shaped, from speed 24 to 0, then to speed 25 at t=5.
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Qu estion 7 Working with Vectors

7.

[In this question i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin O.)

At midnight, a ship S is at the point with position vector (19i + 22j)km
The ship travels with constant velocity (12i — 16j)kmh™

(a) Find the speed of §.
(2)

At time f hours after midnight, the position vector of S is skm.

(b) Find an expression for s in terms of i, j and 1.

2

A lighthouse stands on a small rocky island. The lighthouse is modelled as being at the
point with position vector (26i + 15j)km.

It is not safe for ships to be within 1.3 km of the lighthouse.
(c) (i) Find the value of r when S is closest to the lighthouse.

(i1) Hence determine whether it is safe for S to continue its course.

(7)



WMEO01/01 JANUARY 2024
Working with Vectors

Worked Solution - Question

7 Topic group

1. Find the speed

The velocity is 121 — 16, so the speed is \/122 +(-16)2=20kmh~1.

2. Write the ship position vector

At time t hours after midnight,
s = (19i + 22j) + £(12i — 16j) = (19 + 12¢)i + (22 — 16¢)j.

3. Form the vector from lighthouse to ship

H
The lighthouse is at 26i 4 15j. Therefore LS =s — 1= (12t — 7)i + (7 — 16¢t)j.

4. Use distance squared

The square of the distance is
d? = (12t — 7)2 +(7— 16t)2 = 400t% — 392t + 98.

5. Find the time of closest approach
392

= 0.49.
2-400 049

This quadratic is minimum when ¢ =

6. Find the minimum distance

Att=0.49 d® =1.96,sod = 1.4 km.

7. Decide if the course is safe

The unsafe distance is 1.3 km. Since 1.4 > 1.3, it is safe for the ship to continue

its course.




Final answer

(a)20kmh™1. (b)s= (19 +12t)i+ (22 —16¢)j. (c)(i)t=10.49. (c)(3%) minimum distance = 1.4 km, so it is safe
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QueStlon 8 Resolving Forces, Inclined Planes

P(m)

Q(0.5m)

Figure 5
. L . 5
A fixed rough plane is inclined at an angle « to the horizontal, where tana = %)

A small smooth pulley is fixed at the top of the plane.

One end of a light inextensible string is attached to a particle P which is at rest on the
plane. The string passes over the pulley and the other end of the string is attached to a
particle Q which hangs vertically below the pulley, as shown in Figure 5.

Particle P has mass m and particle 2 has mass 0.5m
The string from P to the pulley lies along a line of greatest slope of the plane.
The coefficient of friction between P and the plane is .

The system is in limiting equilibrium with the string taut and P is on the point of
slipping up the plane.

(a) Find the value of u.
(8)

The string breaks and P begins to move down the plane.

When particle P has travelled a distance of 0.8 m down the plane, the speed of P
is Vms™

(b) Find the value of V.
4)
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Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 8

1. Use the trig ratios

12
Given tana = E use sina = E and cosa = —.

13

2. Find the tension

Q has mass 0.5m and the system is in equilibrium, so the tension is T' = 0.5mg.

3. Resolve P parallel to the plane

P is on the point of slipping up the plane, so friction acts down the plane. Along
the plane, T' = mgsina + F.

4. Find the friction force

1 5 3
F=T-— i = — - — = —mg.
mgsin o 2mg 13mg 26mg
5. Find the normal reaction and mu
12 3 26 1
R =mgcosa = M Since F'= pR, p = % =3

6. Find acceleration after the string breaks

P moves down the plane, so friction acts up the plane. The resultant down the

lane is mgsina — F' = 5m 1 12m = 7m
P g 13T g 13T 96

7. Apply Newtons second law

7
As P has mass m, a = % down the plane.

8. Find V

From rest over 0.8 m, V2 = 2 (;—g) (0.8). Withg = 9.8, V = 2.05ms ! to 3

significant figures.




Final answer

(@) p= % (b) V = 2.05 ms~! approximately.
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QUESth“ 1 Momentum, Impulse & Collisions

1. Two particles, 4 and B, have masses m and 3m respectively. The particles are connected
by a light inextensible string. Initially 4 and B are at rest on a smooth horizontal plane
with the string slack.

Particle A is then projected along the plane away from B with speed U.
Given that the common speed of the particles immediately after the string becomes taut
is S

(a) find S in terms of U.
2

(b) Find, in terms of m and U, the magnitude of the impulse exerted on 4 immediately
after the string becomes taut.

3)
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Worked Solution -

Momentum, Impulse & Collisions

Topic group

Question 1

1. Use conservation of momentum

When the string becomes taut, A and B move with the same speed S. Before this,

only A is moving. Hence mU = (m + 3m)S = 4m.S.

2. Find the common speed

From mU = 4m.S, cancel m to get S = R

3. Use impulse on A
The impulse on A equals the magnitude of its change in momentum:

U

4. Simplify the impulse

I_m£_3mU
B 4 ) 4

Final answer
U 3mU
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Question 2

2. Two forces, P and Q, act on a particle.
« P has magnitude 10N and acts due west
* Q has magnitude 8N and acts on a bearing of 330°

Given that F = P + Q, find the magnitude of F.
4)




WMEO01/01 MAY/JUNE 2024 Forces

Worked Solution - Question 2 !

1. Resolve the two forces

Take east as 1 and north as j. The force due west is —10i. A bearing of 330° is 30°
west of north, so the 8 N force has components —8 sin 30°i + 8 cos 30°j.

2. Add the components
F = (—10 — 4)i + 4v/3j = —14i + 4V/3].

3. Find the magnitude

|F| = \/(—14)2 + (4v/3)% = /196 + 48 = /244 = 21/61 N.

4. Give a decimal value

24/61 = 15.620.. ., so the magnitude is about 16 N to 2 significant figures.

Final answer
|F| = 2461 N ~ 15.6 N.
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QUESthn 3 Newton's Second Law

® P (4m)

Figure 1

Two particles, P and O, have masses 4m and 2m respectively. The particles are
connected by a light inextensible string. A second light inextensible string has one end
attached to Q. Both strings are taut and vertical, as shown in Figure 1.

The particles are accelerating vertically downwards.

Given that the tension in the string connecting the two particles is 3mg, find, in terms of
m and g, the tension in the upper string.

(6)
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Newton's Second Law

Worked Solution - Question

3 Topic group

1. Use the lower particle to find acceleration

For P, take downward as positive. Its weight is 4mg and the tension in the string

between P and Q is 3mg upward, so 4mg — 3mg = 4ma.

2. Find the acceleration

The equation gives mg = 4ma, hence a = % downward.

3. Write the equation for Q

For Q downward forces are its weight 2mg and the lower string tension 3mg. The
upper string tension T' acts upward. Taking downward as positive:
2mg + 3mg — T = 2ma.

4. Substitute acceleration
g mg
5mg— T = 2 (—) LN
mg m 1 5

5. Find the upper tension
mg  9mg

T = - —
5mg 5 5

Final answer
9
= % — 4.5myg.
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Question 4

6.5m

F s
v

v

Figure 2

A non-uniform rod 4B has length 6.5m and mass 1.2kg. The centre of mass of the rod
is 3m from A. The rod rests on a horizontal step and overhangs the end of the step C by
1.5m, as shown in Figure 2.

The rod is perpendicular to the edge of the step.

A particle of mass 4kg is placed on the rod at B and another particle, whose mass is
M kg, is placed on the rod at D, where AD = 0.5m.

The rod remains in equilibrium in a horizontal position.

(a) Find the smallest possible value of M.
3)
The particle at B and the particle at D are now removed.

A new particle is placed on the rod at the point E, where EB = 0.9m.

The rod remains in equilibrium in a horizontal position but is on the point of tilting
about C.

(b) Find the magnitude of the force acting on the rod at C.

3
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Worked Solution - Question 4

Topic group

1. Set the positions relative to C

The rod is 6.5 m long and overhangs C by 1.5 m, so Cis 5.0 m from A. The rod
centre of mass is 3.0 m from A, so it is 2.0 m to the left of C. Point D is 0.5 m from
A, so it is 4.5 m to the left of C.

2. Use the limiting balance for smallest M

For the smallest M, the rod is just prevented from tilting clockwise about C.
Taking moments about C: Mg(4.5) + 1.2¢(2) = 4g(1.5).

3.Find M
4.5M +2.4=6,504.5M = 3.6 and M = 0.8.

4. Place the new particle E

Now the old particles are removed. Since EB = 0.9 m and AB = 6.5 m, Eis 5.6
m from A, so E is 0.6 m to the right of C.

5. Find the new particle mass from moments

At tilting about C, moments about C give Xg(0.6) = 1.2¢(2), so X = 4.

6. Find the force at C

The upward force at C balances the rod and the new particle:
Reo =1.2g+ 49 = 5.2g N, which is about 51 N.

Final answer

(a) M =0.8. (b)Rc=529gN~=51N.




WMEO1/01 MAY/JUNE 2024 14 marks

QUESthn 5 Constant Acceleration in 1D

5. A parachute is used to deliver a box of supplies. The parachute is attached to the box.

the parachute and box are dropped from rest from a helicopter that is hovering at a
height of 520 m above the ground

the parachute and box fall vertically and freely under gravity for 5 seconds, then the
parachute opens

from the instant the parachute opens, it provides a resistance to motion of magnitude
3200N

the parachute and box continue to fall vertically downwards after the
parachute opens

the parachute and box are modelled throughout the motion as a particle P of mass
250kg

(a) Find the distance fallen by P in the first 5 seconds.

09
(b) Find the speed with which P lands on the ground.
(7
(c) Find the total time from the instant when P is dropped from the helicopter to the
instant when P lands on the ground.
3

(d) Sketch a speed-time graph for the motion of P from the instant when P is dropped

from the helicopter to the instant when £ lands on the ground.

2)
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Worked Solution -

Constant Acceleration in 1D

Topic group

Question 5

1. Find the first distance
1
For the first 5 seconds, P falls freely from rest. Using s = ut + Eatz,

1
s=0+5(98)(5") =1225m.

2. Find the speed when the parachute opens

After 5 seconds of free fall, v = 0 + 9.8(5) = 49 ms™! downward.

3. Find the new acceleration

After the parachute opens, weight is 2560g = 2450 N downward and resistance is

3200 N upward. Taking downward as positive, the resultant is

—750
2450 — 3200 = — N = — = — -2
50 — 3200 750 N, so a 550 3ms

4. Use the remaining distance

The remaining distance is 520 — 122.5 = 397.5 m. Using v? = u? + 2as:
v? = 49% 4+ 2(—3)(397.5) = 16.

5. Find the landing speed

v=4ms!, so P lands with speed 4 ms!.

6. Find the time after the parachute opens

Using v = u + at, 4 = 49 — 3t, so t = 15 s after the parachute opens.

7. Find the total time and describe the graph

The total time is 5 + 15 = 20 s. The speed-time graph rises linearly from 0 to 49
over the first 5 s, then falls linearly to 4 at £ = 20; it does not meet the time-axis.



Final answer
(@) 122.5mor 123 m. (b)4ms~!. (c)20s. (d) Speed-time graph:
straight line from (0, 0) to (5,49) then straight line down to (20, 4).
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Question 6

Resolving Forces, Inclined Planes

Figure 3

A box of mass m lies on a rough horizontal plane. The box is pulled along the plane in a
straight line at constant speed by a light rope. The rope is inclined at an angle € to the
plane, as shown in Figure 3.

The coefficient of friction between the box and the plane is %
The box is modelled as a particle.
Given that tan@ :%

(a) find, in terms of m and g, the tension in the rope.

Q)

The rope is now removed and the box is placed at rest on the plane.
The box is then projected horizontally along the plane with speed w.

The box is again modelled as a particle.
When the box has moved a distance « along the plane, the speed of the box is %u.

(b) Find d in terms of u and g.
)
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Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 6

1. Use the trig ratios
3 3
Given tanf = —, inf = — and 0= —.
iven tan 1 use sin : and cos 5

2. Resolve vertically

The box moves at constant speed, so it is in equilibrium. Vertically,
R + T'sin@ = mg, hence R = mg — T'sin 6.

3. Resolve horizontally

Horizontally, the tension component balances friction: T'cos § = F.

4. Use friction

1 1 1
With p = 3 F= §R. Therefore T cos § = g(mg — T'sin6).

5.Find T

4 1
Substitute sin § = % and cos 8 = %: ET =3 (mg — %T) This gives
4 mg 1 mg

6. Find the deceleration when the rope is removed

1
On the horizontal plane without the rope, R = mg and friction is gmg. Hence

the acceleration is —%.

7. Use SUVAT to find d

When the speed has fallen from u to Eu use v2 = u? + 2as:

(5) =w+2(-3)e




8. Solve for d

u_z_uz_ng soz'qd—?)’Lllzandd—g—u2
4 3" 3 4 - 8g

Final answer
mg 9u?
T=—. = —.
@T="" ®d="



WMEO1/01 MAY/JUNE 2024 13 marks

Qu estion 7 Working with Vectors

7.

[In this question, the horizontal unit vectors i and j are directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

Two speedboats, A and B, are each moving with constant velocity.

+ the velocity of 4 is 40kmh ™' due east

+ the velocity of B is 20kmh ™' on a bearing of angle o (0° < a < 90°), where tana = %
The boats are modelled as particles.

(a) Find, in terms of i and j, the velocity of B in kmh™

2
At noon
« the position vector of 4 is 20j km
« the position vector of B is (10i + 5j)km
At time ¢ hours after noon
+ the position vector of 4 is rkm, where r = 20j + 40¢i
« the position vector of B is skim

(b) Find an expression for s in terms of ¢, i and j.

2
(c) Show that at time ¢ hours after noon,
AB = [(10 - 240)i + (12— 15)j]km
(2)

(d) Show that the boats will never collide.

3

(e) Find the distance between the boats when the bearing of B from A is 225°

“)
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Working with Vectors

Worked Solution - Question

7 Topic group

1. Resolve the velocity of B

: : . 3
For a bearing angle o with tana = 3 use sina = 5 and cosa = 5 Therefore

vp = 20sinai + 20 cos aj = 161 + 12j.

2. Write the position of B

At noon, B is at 10i 4 5j. With constant velocity 161 + 12j,
s = (10 + 16¢)i + (5 + 12¢)j.

3. Find AB vector
A has position vector r = 40ti + 20j. Hence

—
AB =s—r1 = (10 + 16t — 40t)i + (5 + 12¢ — 20)j.

4. Show the printed expression

—
This simplifies to AB = (10 — 24¢)i + (12¢ — 15)j km.

5. Show the boats do not collide
)
For collision, both components must be zero. From 10 — 24t =0, t = 12 From

5
12t —15=0,t = 1 These times are different, so the boats never collide.

6. Use the bearing 225 degrees condition

—
A bearing of 225° means B is south-west of A, so the i and j components of AB

are equal and negative. Set 10 — 24¢ = 12¢ — 15.




7. Find the distance

25 20
The equation gives t = 36 Then each component is —3 so the distance is
20\* (207
29 + 2 = —20\/5 km.
3 3 3

Final answer

20v2
3

—
(@) va=16i+12jkmh™. (b)s = (10+16t)i+ (5+ 12¢)j. (c) AB = (10— 24t)i+ (12¢t — 15)j. (d) no collision. (e) km = 9.4 km
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QueStlon 8 Resolving Forces, Inclined Planes

L om) B (3m)

Figure 4

One end of a light inextensible string is attached to a particle 4 of mass 2m. The other

end of the string is attached to a particle B of mass 3m. Particle 4 is held at rest on a

rough plane which is inclined to horizontal ground at an angle a, where tana =%

The string passes over a small smooth pulley P which is fixed at the top of the plane.
Particle B hangs vertically below P with the string taut, at a height /4 above the ground,
as shown in Figure 4.

The part of the string between 4 and P lies along a line of greatest slope of the plane.
The two particles, the string and the pulley all lie in the same vertical plane.

The coefficient of friction between A and the plane is %

The particle 4 is released from rest and begins to move up the plane.

(a) Show that the frictional force acting on A4 as it moves up the plane is 2mg

3)
(b) Write down an equation of motion for B.

2
(c) Show that the acceleration of 4 immediately after its release is % g

4)

In the subsequent motion, A comes to rest before it reaches the pulley.

(d) Find, in terms of 4, the total distance travelled by A4 from when it was released from
rest to when it first comes to rest again.

(6)
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Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 8

1. Use the trig ratios

12
Heretana = 1z sosina = iE) and cosa = EES
2. Show the frictional force on A
12 24 11
For A, R = 2mgcosa = 2mg - = % Since p = 36"
Fe uR— 11 24mg  22mg
“HRT 3 T3 T 39

3. Write the equation for B

B moves down as A moves up. Taking downward as positive for B:
3mg — T = 3ma.

4. Write the equation for A

Taking up the plane as positive for A: T' — 2mgsina — F' = 2ma. Substituting

i 22mg . 10mg 22mg
— - and F=22"F T — —
sin o 13 an 39 gives 13 39

= 2ma.

5. Show the acceleration

From B, T' = 3mg — 3ma. Substitute into A equation:

10 22
3mg — 3ma — 11:9 - 37:9 = 2ma. The constant part is , SO
5
_7?:1,9 = 5ma and a = %

6. Find the speed when B reaches the ground

While B descends distance h, A moves distance h up the plane from rest with

2
acceleration g/3. Thus v? = 2 (%)h = %h




7. Find the later deceleration of A

After B reaches the ground, the string no longer pulls A. The forces down the
10mg n 22mg  4mg
13 39

. Since A has mass

plane on A are 2mgsina + F' =

2
2m, its deceleration is ?g

8. Find the extra distance and total distance

2 2gh
Let the extra distance be d. Using 0 = v2 — 2 (?g)d with v? = % gives
h h 3h
d= 7 Total distance travelled by A is h + 7=

Final answer
22
(a) F = 39™9" (b)3mg—T =3ma. (c)a= % (d) total distance = %
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QUESth“ 1 Momentum, Impulse & Collisions

1. Particle A has mass 4m and particle B has mass 3m.

The particles are moving in opposite directions along the same straight line on a smooth
horizontal surface when they collide directly.

Immediately before the collision, the speed of A is 2x and the speed of B is x.
Immediately after the collision, the speed of 4 is v and the speed of B is 5y.
The direction of motion of each particle is reversed as a result of the collision.

(a) Show that y = %x.
3)

(b) Find, in terms of m and x, the magnitude of the impulse received by 4 in
the collision.

3)




WMEO1/01 OCTOBER 2024

Worked Solution -

Momentum, Impulse & Collisions

Topic group

Question 1

1. Choose a sign convention

Take the initial direction of A as positive. Before collision, A has velocity 2z and B
has velocity —z. After collision, both reverse direction, so A has velocity —y and B

has velocity 5y.

2. Apply conservation of momentum

4m(2z) + 3m(—z) = 4m(—y) + 3m(5y). The left side is 5ma and the right
side is 11my.

3. Show the ratio

y 5
5mz = 11my, so = = —.
mx my, so 11

4. Use change in momentum for A

The impulse received by A is the change in momentum of A:
I =4m|—y—2z| = 4m(y + 2z).

5. Substitute y

2 1
Usingy = i—? I=4m (5_3; + 2:13) =4m (%) = %mm.

Final answer

y 5 108
(a)x—ll. (b)) I= ma.
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Question 2

C %
4 E

0.91"1'1A [.8m

3m 3m

Figure 1

A non-uniform beam 4B has length 6 m and mass 50kg. The beam rests horizontally on
two supports at C and D, where AC =0.9m and DB = 1.8 m.

A child of mass 25 kg stands on the beam at E, where 4E = EB = 3m, as shown
in Figure 1.

The beam is in equilibrium.

The magnitude of the normal reaction between the beam and the support at C is
R . newtons.

The magnitude of the normal reaction between the beam and the support at D is
R, newtons.

The beam is modelled as a rod and the child is modelled as a particle.
The centre of mass of the beam is between C and D and is a distance x metres from D.
Given that 2R, = 3R .

(a) show that x = 1.38
(6)

The child remains at £ and a block of mass M kg is placed on the beam at B.
The block is modelled as a particle.
Given that the beam is on the point of tilting,

(b) find the value of M.
3)
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Worked Solution - Question 2

Topic group

1. Find the reactions from vertical equilibrium

Vertically, Rc + Rp = 50g + 259 = 75g. Given 2Rp = 3R, we have
Rp = 1.5R¢. Therefore 2.5Rc = 75g, so Rc = 30g and Rp = 45g.

2. Set the distances from D

Dis6 — 1.8 =4.2mfrom A. The support Cis 4.2 — 0.9 = 3.3 m to the left of D,
the child at Eis 4.2 — 3 = 1.2 m to the left of D, and the centre of mass is £ m to
the left of D.

3. Take moments about D

Balancing moments about D gives 50gx + 25¢(1.2) = R¢(3.3).

4. Show x is 1.38

Substitute R¢ = 30g: 50x 4 30 = 99, so 50z = 69 and z = % = 1.38.

5. Use the tilting condition with the block
When the block at B is on the point of making the beam tilt, the beam is about to

pivot about D and the reaction at C is zero.

6. Take moments about D for the block

The child and the beam act to the left of D, and the block at B acts 1.8 m to the
right of D. Hence 25¢(1.2) + 50g(1.38) = Mg(1.8).

7. Find M

30—|—69=1.8M,soM=%:55.




Final answer

(a) x =1.38. (b) M = 55.
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Qu estion 3 Working with Vectors

3.

[In this question i and j are horizontal unit vectors and position vectors are given
relative to a fixed origin.]

A ship 4 is moving with constant velocity.

At 1 pm, the position vector of 4 is (251 + 10j) km.

At 3pm, the position vector of A is (551 + 34j) km.

At time ¢ hours after 1pm, the position vector of 4 is r, km.

(a) Show thatr, = (25+ 150)i + (10 + 124)j
4

The speed of 4 is V'ms™'

(b) Find the value of V.
2

A ship B is moving with constant velocity (20i — 6j)kmh™'
At 1 pm, the position vector of B is (351 + 51j) km.
At 2:30pm, B passes through the point P.

(c) Show that 4 also passes through P.
6)
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Working with Vectors

Worked Solution - Question

3 Topic group

1. Find the velocity of A

From 1 pm to 3 pm is 2 hours. The displacement of A is
(551 + 34j) — (25i + 10j) = 30i + 24j km, so v4 = 15i + 12j kmh~!.

2. Write the position vector of A

At time t hours after 1 pm,
r4 = (25i+ 10j) + t(151 + 12j) = (25 + 15¢)i + (10 + 12¢)j.

3. Convert the speed to metres per second

The speed of A is 4/15% + 122 = /369 kmh~!. Converting toms ™,

1000  5v41
V—\/369x3600_ o ms

4. Find the point P reached by B

At 2:30 pm, t = 1.5 hours after 1 pm. For B,
rp = (35i+ 51j) + 1.5(20i — 6j) = 651 + 42j.

5. Check whether A reaches P

8
Setry = 65i + 42j. From the i-component, 25 4 15t = 65, sot = 3

6. Confirm with the j-component

8
When t = 3 10 + 12t = 10 + 32 = 42. Both components match, so A also
passes through P.




Final answer

41
(a)ra=(25+15t)i+ (10+12t)j. (b)) V = % ms~! ~53ms!. (c) A4 also passes through P
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Question 4

Kinematics Graphs




4. The points 4 and B lic on the same straight horizontal road.

Figure 2, on page 11, shows the speed-time graph of a cyclist P, for his journey from
Ato B.

At time ¢ = 0, P starts from rest at 4 and accelerates uniformly for 9 seconds until his
speed is F'ms ™'

He then travels at constant speed V'ms™
When ¢ = 42, cyclist P passes B.
Given that the distance AB is 120m,

(a) show that V'=3.2

%)
(b) Find the acceleration of cyclist P between = 0 and r =9
2)
Cyclist P continues to cycle along the road in the same direction at the same
constant speed, Fms'
When ¢ = 6, a second cyclist Q sets off from A4 and travels in the same direction as P
along the same road. She accelerates for 7 seconds until her speed is 3.6ms "
She then travels at constant speed 3.6ms '
Cyclist @ catches up with P when ¢ = 54
(c) On Figure 2, on page 11, sketch a speed-time graph showing the journeys of both
cyclists, for the interval 0<r<54
3)
(d) Find the value of T
(3)
Quesuon 4 conunued
speed
(m s’l)
V -
0 T T
9 42 t (seconds)

Figure 2
A copy of Figure 2 is on page 13 if you need to redraw your answer to part (c).
Question 4 continued

Only use this copy of Figure 2 if you need to redraw your answer to part (c).

speed
(ms™)

9 42 t (seconds)

Copy of Figure 2
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Worked Solution - Question 4

Topic group

1. Use the area under P graph
For cyclist P, the distance from A to B is the area under the speed-time graph from

0 to 42. This is %(Q)V + 33V = 120.

2. Show V is 3.2
4.5V + 33V =375V =120,50 V =32ms™".

3. Find P acceleration
Betweent = 0andt = 9, P accelerates from 0 to 3.2. Hence
3.2 16

—— =0.356... ms 2.

=79 T 5

4. Describe Q graph

Cyclist Q starts at £ = 6 from rest, accelerates in a straight line for T' seconds to

speed 3.6 ms™1, then continues horizontally at 3.6 ms™! until t = 54.

5. Find P distance by t equals 54

1
By t = 54, P has travelled 5(9)(3.2) +45(3.2) = 14.4 + 144 = 158.4 m.

6. Form Q distance in terms of T
Q travels for 48 seconds after starting at t = 6. Her distance is

1
5 T(3.6) + (48 — T)(3.6) = 172.8 — L.8T.

7. Solve for T
Q catchesPatt = 54,s0172.8 — 1.87 = 158.4. Thus 1.87 = 14.4 and T' = 8 s.




Final answer

(a) V =3.2. (b)az%ms_2%0.36ms_2. (d)T =8s.



WMEO01/01 OCTOBER 2024 13 marks

QUESthn 5 Newton's Second Law

Diagram not to scale

P (Skeg)

(3kg)
10m

Figure 3

Two particles, P and O, have masses 3 kg and 5 kg respectively. The particles are
connected by a light inextensible string which passes over a small smooth fixed pulley.

The particles are released from rest with the string taut and the hanging parts of the
string vertical, as shown in Figure 3.

Immediately after the particles are released from rest, P moves upwards with
acceleration ams” and the tension in the string is 7 newtons.

(a) Write down an equation of motion for P.

2)
(b) Find the value of T.

“)
The total force acting on the pulley due to the string has magnitude F newtons.
(c) Find the value of .

2)

Initially, Q is 10 m above horizontal ground and P is more than 2m below the pulley.

At the instant when Q has descended a distance of 2 m, the string breaks and Q falls to
the ground.

(d) Find the speed of Q at the instant it hits the ground.
)
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Newton's Second Law

Worked Solution - Question

5 Topic group

1. Write the equation for P

P has mass 3 kg and moves upwards, so taking upwards as positive gives
T —3g9g=3a.

2. Write the equation for Q

Q has mass 5 kg and moves downwards, so taking downwards as positive for Q

gives bg — T' = 5a.

3. Find acceleration and tension

Adding the two equations gives 2g = 8a, so @ = % Substitute into T' — 3g = 3a

9y 189 _g5qn
1) = 1 = 36.8 N.

T —3g+3 (
4. Find the force on the pulley
The pulley is pulled by two vertical tensions, each of magnitude T'. Hence

F=2T:%:73.5N.

5. Find Q speed when the string breaks

Before the string breaks, Q descends 2 m from rest with acceleration g/4. Thus

v2=2(%)(2)=g,sov=\/§.

6. Find the remaining fall

After the string breaks, Q is still 8 m above the ground and accelerates freely
under gravity. Let the impact speed be w. Then
w? = v% +2¢(8) = g+ 169 = 17g.

7. Calculate the impact speed
w = 4/17g = v/166.6 = 12.9 ms™! to 3 significant figures.




Final answer
(@) T—39g=3a. (b))T=368N. (c)F=735N. (d)speed=12.9ms™!
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Question 6

Resolving Forces, Inclined Planes

Figure 4
A particle P of mass 5kg lies on the surface of a rough plane.
3
The plane is inclined at an angle o to the horizontal, where tan « = —

The particle is held in equilibrium by a horizontal force of magnitude H newtons, as
shown in Figure 4.

The horizontal force acts in a vertical plane containing a line of greatest slope of the
inclined plane.

The coefficient of friction between the particle and the plane is 1

(a) Find the smallest possible value of H.
(6)
The horizontal force is now removed, and P starts to slide down the slope.

In the first T seconds after P is released from rest, P slides 1.5m down the slope.

(b) Find the value of 7.
(©6)
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Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 6

1. Use the triangle for alpha
4

Fromtana = 3 use sina = 3 and cosa = —
4 5 5

2. Resolve perpendicular to the plane
The horizontal force has a component into the plane, so

R =5gcosa+ Hsina =4g + %H

3. Resolve parallel for the smallest H

For the smallest H, the particle is on the point of sliding down, so friction acts up
the plane. Parallel to the plane, H cos a + F' = 5gsin a.

4. Use friction to find H
. 1 . 4 1 3
With F' = ZR' the parallel equation becomes EH + 1 4qg + EH = 3g.
4
Hence 0.95H +g=3g9,s0o H = —— = 20.6 N.

5. Find the acceleration after H is removed

1
When H is removed, R = bgcos a = 4g and friction is ZR = g. The component

of weight down the plane is 5gsin o = 3g, so the resultant down the plane is 2g.

6. Apply Newtons second law

2
2g = ba,soa = ?g = 3.92 ms~2 down the plane.

7. Find T from the displacement

1
From rest, the particle moves 1.5 m with acceleration 2g/5. Using s = Eatzz

1/29\,9 9o /7.5
D= —| = = — Th T: — V. .
1.5 2<5)T 5T us 98 0.875 s



Final answer
40g
(a) H = E N =~ 20.6 N. (b) T = 0.875 s.
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Question 7

Constant Acceleration in 1D

7 Attime f =0, a small ball 4 is projected vertically upwards with speed 8ms™' from a
fixed point on horizontal ground.
The ball hits the ground again for the first time at time ¢ = T, seconds.

Ball 4 is modelled as a particle moving freely under gravity.

(a) Show that 7', = 1.63 to 3 significant figures.

(2)
After the first impact with the ground, 4 rebounds to a height of 2m above the ground.
Given that the mass of 4 is 0.1kg,
(b) find the magnitude of the impulse received by A as a result of its first impact with
the ground.
6)

At time 7 = 1 second, another small ball B is projected vertically upwards from another
point on the ground with speed Sms™'

Ball B is modelled as a particle moving freely under gravity.

At time ¢ = T, seconds (7, > 1), 4 and B are at the same height above the ground for the
first time.

(c) Find the value of 7,
4
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Worked Solution -

Constant Acceleration in 1D

Topic group

Question 7

1. Find the first flight time
For ball A, take upward as positive. Returning to the ground gives
8

0=8T1T7 — 4.9T12. The non-zero solution is T = 19 = 1.63 s to 3 significant

figures.

2. Find the rebound speed

After impact, A rebounds to a maximum height of 2 m. At the top, v =0, so
0 = u? — 2g(2). Hence u = /49 = 6.261 msL.

3. Use impulse as change in momentum

Just before the first impact, A has velocity —8 ms~*. Just after impact, it has
velocity +6.261 ms~1. With mass 0.1 kg, I = 0.1[6.261 — (—8))].

4. Calculate the impulse

I =1.426... Ns, so the impulse is 1.43 N's to 3 significant figures.

5. Write the height of A before first impact

For the first meeting with B, A is still in its first flight. Its height at time T% is
hy =815 — 4.9T22.

6. Write the height of B

B starts at time t = 1, so at time T3 it has been moving for T3 — 1 seconds. Its
heightis hg = 5(T> — 1) — 4.9(T» — 1)%.

7. Set the heights equal
8T, — 4.9T2 = 5(Ty — 1) — 4.9(T>» — 1)%. Expanding and simplifying gives
6.8T> = 9.9.




8. Fmd T2
— =1.456.. ., so Ty = 1.46 s to 3 significant figures.
Final answer
(a) T1 =1.63s. (b)I=143Ns. (c)T>,=1.46s.



PAST PAPER

WMEO01/01 January 2025

January 2025 | 7 questions | 75 marks

7 75 Answers
questions marks worked solution
after each

question




WMEO01/01 JANUARY 2025

Question 1

1. A particle of mass 2.5 kg moves on a smooth horizontal plane under the action of three
horizontal forces, F , F, and F,, where

F = (6i+ 8j)N
F,=(-16i+2j)N
F,=(-2i + 8))N
(a) Find the magnitude of the acceleration of the particle.
Q)
A fourth force, F, = (pi + pj)N, where p is a constant, is added.
The resultant of the four forces acts in the direction of the vector (7i + 2j).

(b) Find the value of p.
“4)




WMEO01/01 JANUARY 2025 Forces

Worked Solution - Question 1

Topic group

1. Find the resultant of the first three forces

Fi +Fo+F3 = (6i+8j) + (—16i + 2j) + (—2i + 8j) = —12i + 18j.

2. Apply Newtons second law
The mass is 2.5 kg, so —12i + 18j = 2.5a. Hence a = —4.8i + 7.2j ms 2.

3. Find the magnitude of the acceleration

la|] = \/(—4.8)2 4 7.2% = 8.653.... ., so the magnitude is 8.7 ms~2 to 2
124/13
-

significant figures. Exactly, |a

4. Add the fourth force
With F4 = pi + pj, the new resultant is (p — 12)i + (p + 18)j.

5. Use the given direction

) L . . p—12 7
Th ltant act the d t 7 2j, —_— = —.
e resultant acts in the direction 7i + 2j Sop—|—18 5

6. Solve for p

2(p—12) = 7(p+18), so 2p — 24 = 7p + 126. Therefore —150 = 5p and
p = —30.

Final answer

(@) fal = 212

ms~2 ~87ms 2 (b)p=—30.
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QUESth“ 2 Kinematics Graphs

2. The fixed points 4, B and C lie in a straight line on a horizontal road.

At time ¢ = 0, a motorbike passes through 4 with speed Sms™'

From A4, the motorbike accelerates uniformly until it reaches B with a speed
of Vms™'

The motorbike takes 7' seconds to travel from 4 to B
From B, the motorbike decelerates uniformly until it comes to rest at C

The motorbike takes 7° 2 seconds to travel from B to C

(a) Sketch a speed-time graph for the motion of the motorbike as it moves from A4 to C.

3
The distance 48 is 132m and the distance BC is 136 m.
(b) Find, in terms of V, an expression for
1 T,
(i) T,
Q)]
Given that the motorbike takes 28 s to travel from A4 to C,
(c) find the value of V,
2

(d) find the deceleration of the motorbike.

2)



WMEO01/01 JANUARY 2025 Kinematics Graphs

Worked Solution - Question 2

Topic group

1. Sketch the speed-time graph

The graph starts at speed & when t = 0, rises linearly to speed V at time 17, then
falls linearly to speed 0 at time T + T5.

2. Use area fromA to B
The area under the first section is the distance AB = 132. Thus
264

1
— Ty =132 = —.
2(5-|—V) 1 32,s0T; Vs

3. Use area fromB to C

The second section is a triangle of height V' and base T5. Since BC = 136,

1 272
EVTz = 136, SO T2 = %
4. Use the total time
264 272
The whole journey takes 28 s, so v i z + ; = 28.

5. Solve for V

Multiplying by V(V + 5) gives 264V + 272(V + 5) = 28V (V + 5). This
simplifies to 7V2 — 99V — 340 = 0, so (V — 17)(7V + 20) = 0. Since speed is
positive, V = 17.

6. Find the deceleration

272
For the final section, Ty = q7 = 16 s. The speed falls from 17 to 0, so the
2

deceleration is 6 = 1.0625 ms—“.




Final answer

, 264 o272 B 17 L
®@E) Ty = Vs (b)(#) Ty = - () V=17. (d) deceleration = T 1.0625 ms
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QUESth“ 3 Momentum, Impulse & Collisions

3. P (3mkg)

Q (mkg)
O O

-4 »
< >

1.4m

Figure 1

A particle P of mass 3m kg and a particle O of mass m kg are at rest on a rough
horizontal surface. The distance between P and Q is 1.4 m, as shown in Figure 1.

An impulse of magnitude AN's is now applied to P in the direction PQ.
Immediately after the impulse is applied, the speed of P is 5Sms'

(a) Find 4 in terms of m.

2
Immediately before P collides with Q, the speed of P is 2.5ms™'
The coefficient of friction between P and the surface is u
(b) Find the value of u

(7

Immediately after P collides with O, the speed of Q is 2.1ms'

(c) Find the speed of P immediately after the collision.

3
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Worked Solution -

Momentum, Impulse & Collisions

Topic group

Question 3

1. Use impulse to find lambda

P starts from rest and immediately after the impulse has speed 5 ms™. Since the
mass of P is 3m, A = 3m(5 — 0) = 15m.

2. Find the acceleration before collision

1

Between the impulse and the collision, P slows from 5 to 2.5 ms™" over 1.4 m.

Using v2 = u? + 2as: (2.5)2 = 5% + 2a(1.4).

3. Calculate the acceleration
—18.75

_ )
58 6.696... ms—“.

6.25 =25+ 2.8a,s0a =

4. Connect friction to acceleration

On the horizontal surface, R = 3mg and friction is F' = pR = 3umg. This

friction is opposite the motion, so —3umg = 3ma and therefore a = —pug.
5. Find mu

— 6.696. ..
u= ga, =" 98 0.683 ..., so u = 0.68 to 2 significant figures.

6. Use momentum in the collision

Immediately before collision, P has speed 2.5 and Q is at rest. Immediately after, Q
has speed 2.1 and P has speed v. Conservation of momentum gives
3m(2.5) + m(0) = 3mv + m(2.1).

7. Find the speed after collision

75=3v+21 s03v=54andv=18ms ..




Final answer
(@) \=15m. (b) u=0.68 or 0.683. (c)speed of P =1.8ms~L.
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Question 4

P 2.1m -
. ________________________________________________________________________________________________|
A4 C B
Figure 2

A uniform rod 4B has length 3 m and weight ¥ newtons.

The rod is suspended by two light vertical ropes.

One rope is attached to the rod at 4 and the other rope is attached to the rod at C,
where AC=2.1m.

The rod is in equilibrium in a horizontal position, as shown in Figure 2.
The tension in the rope at C is 350N.

(a) Show that V= 490

3
A particle P of weight 210N is attached to the rod at a distance d metres from A.
The tension in the rope at C is now 600 N.
The rod remains in equilibrium in a horizontal position.
(b) Find the value of d.
3

Particle P is removed from the rod.

A particle O of weight X newtons is now attached at B.

The rod remains in equilibrium in a horizontal position and is now on the point
of tilting.

(c) Find the value of .X.
Q)
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Worked Solution - Question 4

Topic group

1. Use moments to find W

Take moments about A. The rope at C is 2.1 m from A and the weight of the
uniform rod acts at its midpoint, 1.5 m from A. Hence 350(2.1) = W(1.5).

2. Show W is 490
735 =1.5W,so W =490 N.

3. Set up moments with particle P

When P is attached, the tension at C is 600 N. Taking moments about A:
600(2.1) = 490(1.5) + 210d.

4.Find d
1260 = 735 + 210d, so 525 = 210d and d = 2.5.

5. Use the tilting condition

When Q is attached at B and the rod is on the point of tilting, the rope at A is just
slack. The rod is about to tilt about C.

6. Find X

Take moments about C. The rod weight acts 2.1 — 1.5 = 0.6 m to the left of C,

and Q acts 3 — 2.1 = 0.9 m to the right. Thus 490(0.6) = X/(0.9), so

980
X=—N
3

Final answer

(a) W = 490. (b)d = 2.5. (c)X=¥N%327N.




WMEO1/01 JANUARY 2025 7 marks

Qu estion 5 Working with Vectors

5.

[In this question i and j are horizontal perpendicular unit vectors and position vectors
are given relative to a fixed origin.|

In a game, a ball B is rolled across a horizontal surface towards a fixed target.
The ball is modelled as a particle moving with constant velocity.

At time ¢ =1 s, the position vector of B is (-2i + 5j)m.
At time ¢ =9 s, the position vector of B is (10i — 3j)m.

(a) Find the velocity of the ball.
3

The position vector of the target is (13i — 5j) m.

(b) Use the model to find the distance of B from the target at time ¢ = 7s.

“)
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Working with Vectors

Worked Solution - Question

Topic grou
5 picg P

1. Find the displacement over 8 seconds

Fromt =1to ¢t =9, the displacement is (10i — 3j) — (—2i + 5j) = 12i — 8j.

2. Find the velocity
12i — 8j
8

The time interval is 8 seconds, so v = =15i—jms™L
3. Find the position at t=7

Time t = 7 is 6 seconds after t = 1. Therefore
rp(7) = (—2i+5j) +6(1.51 —j) =Ti—}j.

4. Find the vector from B to the target

The target has position vector 131 — 5j. The vector from the ball to the target is
(13i — 5j) — (7i — j) = 6i — 4j.

5. Find the distance

The distance is 4/6% 4+ (—4)2 = v/52 = 24/13 m, which is about 7.2 m.

Final answer
(@) v=15i—jms™!. (b)distance =213 m ~ 7.2 m.
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QueStlon 6 Resolving Forces, Inclined Planes

P (m)

Figure 3

A particle P of mass m is held in equilibrium on a fixed rough inclined plane by a light
inextensible string.

The plane is inclined at an angle « to the horizontal, where o < 45°
The string is inclined to the plane at angle a, as shown in Figure 3.

The string lies in a vertical plane that contains a line of greatest slope of the
inclined plane.

When the tension in the string is 0.75mg, P is on the point of moving up the plane.

(a) Find an expression for the magnitude of the frictional force acting on P, giving your
answer in terms of m, g and a.

3
1
The coefficient of friction between P and the plane is 3
(b) Show that
2
ana = ¢
(6)

The string breaks.

(c) Determine whether P remains at rest. You must justify your reasoning.

3)
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Worked Solution -

Resolving Forces, Inclined Planes

Question 6 Topic group

1. Resolve parallel to the plane

P is on the point of moving up the plane, so friction acts down the plane. The
tension has component 0.75mg cos a up the plane, and the weight component is

mgsin a down the plane.

2. Find the frictional force

For equilibrium parallel to the plane, 0.75mg cos a = mgsin a + F'. Hence
F = 0.75mgcos @ — mgsin a.

3. Resolve perpendicular to the plane

The string has a component away from the plane, so

R =mgcosa — 0.75mgsin a.

4. Use the coefficient of friction

1 1
Given p = 3 limiting friction gives F' = ER. Therefore

1
0.75mgcos o — mgsina = E(mg cosa — 0.75mgsin ).

5. Show the tangent result
Divide by mg and collect terms: 0.75 cosa — sina = 0.5 cos @ — 0.375 sin a.
0.25 2

Th 2 = 0.625sin a, = —— = —.
us 0.25 cosa = 0.625sin ¢, so tan o 0.625 3

6. Check what happens when the string breaks

1
Without the string, R = mg cos a and the maximum friction is Emg cosa. The

component of weight down the plane is mgsin a.




7. Compare friction with the downslope component

2 1 1
Since tana = 5 < 2 we have mgsin a < Emgcos a. The available friction is

large enough to hold P, so P remains at rest.

Final answer

2
(a) F =0.75mgcosa — mgsina. (b) tana = 7 (c¢) P remains at rest
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QUESth“ 7 Newton's Second Law

7. N
N

A(@2m) . . B (3m) 4

0.5m

Figure 4

One end of a light inextensible string is attached to a particle 4 of mass 2m.
The other end is attached to a particle B of mass 3.

The string passes over a small smooth fixed pulley.

The string is taut and both straight parts of the string are vertical.

Both particles are held at a distance 0.5 m above a horizontal surface, as shown
in Figure 4.

The system is released from rest and B moves downwards.

(a) Find the tension in the string in terms of m and g.

©)

(b) Find the speed of B at the instant it strikes the surface.

)

In the subsequent motion, 4 does not reach the pulley and B does not rebound after it
strikes the surface.

(c) Find the time from the instant when the system is released from rest to the instant
when A first reaches a height of 1.06 m above the surface.

(6)
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Newton's Second Law

Worked Solution - Question

7 Topic group

1. Write the equations of motion

B moves down and A moves up with the same acceleration a. For A:

T — 2mg = 2ma. For B: 3mg — T = 3ma.

2. Find the acceleration

Adding the two equations gives mg = 5ma, so a = %

3. Find the tension

12
Use T — 2mg = 2ma: T = 2mg + 2m (%) = %

4. Find the speed when B hits the surface

B starts from rest and moves 0.5 m with acceleration g/5. Using v? = u? + 2as,

v? =2 (%)(0.5) - % — 1.96.

5. Calculate the impact speed

v=141.96 =1.4ms™ !

6. Find the first time interval

1
The time until B hits the surface is found from 0.5 = 3 (%)t% With g = 9.8,

t1 = g = 0.714285... s.

7. Find the extra time after B stops

After B hits the surface, A continues upwards freely under gravity. It is then at
height 1.00 m and must rise another 0.06 m with initial speed 1.4 ms™!. So
0.06 = 1.4t — 4.9t3.




8. Find the total time

Solving 0.06 = 1.4¢5 — 4.9t§ gives the first positive time to = 0.0525... s.
Therefore the total time is 0.714285... 4 0.0525... = 0.767 s.

Final answer

12
()T =19

3 (b)v=14ms™!. (c)t=0.767 s approximately
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QUESth“ 1 Momentum, Impulse & Collisions

1.
Su 2u
e —
P 0
kn 3m
Figure 1

Figure 1 shows two particles, P and @, moving in the same direction along the same
straight line on a smooth horizontal surface.

Particle P has mass km and particle O has mass 3m

The particles collide directly.

Immediately before the collision, the speed of P is 5u and the speed of O is 2u

Immediately after the collision, the speed of P is 2u and its direction of motion
is unchanged.

Immediately after the collision, the speed of Q is v
The impulse exerted on Q by P in the collision has magnitude 4.5mu

(a) Find v in terms of « only.

3)

(b) Find the value of &
3)
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Worked Solution -

Momentum, Impulse & Collisions

Question 1 Topic group

1. Part (a): Find v in terms of u - Apply impulse-momentum theorem to Q

Impulse = Final momentum — Initial momentum For particle Q: ; Mass = 3m

; Initial velocity = 2u; Final velocity = v ; Impulse received = 4.5mu

2. Part (a): Find v in terms of u - Set up equation

4.5mu = 3m X v — 3m X 2u 4.5mu = Imv — 6mu 4.5u = 3v — 6u
4.5u + 6u = 3v 10.5u = 3vv = 10 y = 3.5u

3. Part (b): Find the value of k - Apply conservation of momentum

Total momentum before = Total momentum after Before collision:

P momentum = km X bu = 5kmu Q momentum = 3m X 2u = 6mu
Total = 5kmu + 6mu After collision: P momentum = km X 2u = 2kmu
Q momentum = 3m x 3.5u = 10.5mu Total = 2kmu + 10.5mu

4. Part (b): Find the value of k - Set up equation

5kmu + 6mu = 2kmu + 10.5mu 5km + 6m = 2km + 10.5m
5k+6=2k+10.55k—2k=105—-63k=45k=5> k=15

Final answer
(a) v = 3.5u = 77“ By k=15=".
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Qu estion 2 Working with Vectors

2.

[In this question i and j are horizontal unit vectors directed due east and due north
respectively. Position vectors are given relative to a fixed origin.|

Two particles, 4 and B, are moving on a smooth horizontal surface.
Each particle is moving with constant velocity.

At time f seconds, the position vector of 4 is given by r metres.
« Whent=2,r=(5i+16j)
* Whent=5,r=(10i+4j)

(a) Find, in terms of i and j, the velocity of 4.

2)

(b) Find an expression for r at time ¢ seconds.
Give your answer in the form pi + ¢j, where p and ¢ are functions of ¢

2)

At time ¢ seconds, the position vector of B is given by s metres where
s =-5i+7j +¢(2i-3j)

(c) Find, to the nearest degree, the bearing of B from 4 when ¢t = 5

3)



WMEO01/01 MAY/JUNE 2025
Working with Vectors

Worked Solution - Question

p. Topic group

1. Part (a): Find velocity of A - Find change in position

Given positions for particle A:; Att = 2: r = —5i+ 16j; Att = 5: r = 101 + 4]
_ Ar _ (10i+4j)—(—5i+16§) _  (10+5)i+(4—16)j _ 15i—12j
V="2ar V4= 5—2 = 3 R

=5i—4jms!

2. Part (b): Find expression for r at time t - Use position-velocity
relationship

r(t) = r(to) + v(t — to) Using to = 2 with r(2) = —5i + 16j:

r(t) = (—5i+ 16j) + (51 — 4j)(t — 2) = —5i+ 16j + 5(t — 2)i — 4(t — 2)j
= —5i+ 16j + (5t — 10)i + (—4t + 8)j = (=5 + 5t — 10)i + (16 — 4t + 8)j
= (5t — 15)i + (24 — 4¢)j

3. Part (c): Find bearing of B from A when t = 5 - Find positionsatt =5
ForAatt = 5:r4 = 10i + 4j (given) ForBatt = 5:
sp=—5i+ 7j+5(2i — 3j) = —bi+ 7j + 10i — 15j = 5i — 8j

4. Part (c): Find bearing of B from A when t = 5 - Find vector from A to B

—
AB =sp —r = (5i — 8j) — (10i + 4j) = —5i — 12j

5. Part (c): Find bearing of B from A when t = 5 - Find angle and bearing

Angle from South (negative j direction): tana = % a=tan~! (%)

a = 22.619...° Bearing = 180° + a = 180" + 22.619...° = 202.619...°

Final answer
(@) va=5i—4jms L. (b)r= (5t —15)i+ (24 — 4t)j. (c) bearing = 203°
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Question 3

Constant Acceleration in 1D

3. A particle is projected vertically upwards with speed Ums ' from a point 4.
The point 4 is 12m vertically above the point B.
Point B is on horizontal ground.
The particle moves freely under gravity until it hits the ground at B.
The time taken for the particle to travel from A to B is 4 seconds.

(a) Find the value of U.

3
(b) Find the speed of the particle as it hits the ground at B.

3

(c) Sketch a speed-time graph for the motion of the particle from the instant it leaves A4
to the instant it reaches B. (No further calculations are required.)

2)
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Worked Solution -

Constant Acceleration in 1D

Topic group

Question 3

1. Part (a): Find the value of U - Identify SUVAT variables

Taking upward as positive: ; w = U m s~ (unknown, upward) ; s = —12 m
(displacement from A to B, downward) ; £ = 4 seconds ; a = —9.8 m s—2 (gravity,
downward)

2. Part (a): Find the value of U - Apply s = ut + %at2

s=ut+ 3at? —12=U(4) + 1(—9.8)(4)2 —12 = 4U + 1(—9.8)(16)
—12=4U — 78.44U = —12+ 78.44U = 66.4U = 16.6 m s~}

3. Part (b): Find speed as particle hits ground - Use SUVAT to find
velocity at B

v? = u? + 2as v? = (16.6)2 + 2(—9.8)(—12) v? = 275.56 + 235.2
v? = 510.76 v = £22.6 Since particle is moving downward at B, v = —22.6 m s

-1 (negative)

4. Part (b): Find speed as particle hits ground - Find speed

Speed = |v| = 22.6 ms ™!, or about 23 ms™! to 2 significant figures.

5. Part (c): Sketch speed-time graph - Analyze the motion

The particle: ; Starts at A with speed U = 16.6 m s~ upward ; Decelerates (speed
decreases) as it goes up ; Reaches maximum height when speed = 0 ; Accelerates
(speed increases) as it falls down ; Hits ground at B with speed 22.6 m s~ Time to
reach maximum height v=u +at0 = 16.6 — 9.8ttt = % = 1.69 seconds

6. Part (c): Sketch speed-time graph - Sketch the graph

Key Features: ; V-shaped graph (straight lines due to constant acceleration) ; First
line: negative gradient (speed decreasing) ; Second line: positive gradient (speed
increasing) ; Vertex on horizontal axis (speed = 0 at max height) ; Second line is
longer and steeper (falls from greater height)



Final answer
(@) U =16.6 ms~! (about 17ms~! to 2 s.f).
(b) speed = 22.6 ms~L. (c) Correct V-shaped velocity-time graph with

the labelled values from the working.
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Question 4

800N

500N

Figure 2

Two ropes are attached to a point on the front of a barge.
The barge is being pulled horizontally in a straight line along the centre of a long
straight canal.

One rope makes an angle of 25° with the direction of motion of the barge and has a
tension of 800 N.

The other rope makes an angle of a° with the direction of motion of the barge and has a
tension of 500N, as shown in Figure 2.

Both ropes are horizontal.

(a) Find the value of «

3)

The mass of the barge is 15 tonnes and the resistance to the motion of the barge is a
constant force of magnitude 750N,

(b) Find the acceleration of the barge.

“)
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Worked Solution - Question 4 Topic group

1. Part (a): Find the value of o - Resolve perpendicular to direction of
motion

Y>> F, =0 (no sideways motion) Perpendicular component of 800 N rope:
800sin 25° = 800 x 0.4226 = 338.1 N Perpendicular component of 500 N
rope: 500 sin o

2. Part (a): Find the value of o - Set components equal

800sin25° = 500sina 338.1 = 500sin sina = % sina = 0.6762
a = sin"1(0.6762) o = 42.5°

3. Part (b): Find acceleration of barge - Resolve parallel to direction of
motion

EFII = ma Parallel component of 800 N rope:
800 cos 25° = 800 x 0.9063 = 725.0 N Parallel component of 500 N rope:

500 cos42.5° = 500 x 0.7373 = 368.7 N Resistance force: 750 N (opposes
motion) Mass: 15 tonnes = 15000 kg

4. Part (b): Find acceleration of barge - Apply Newton's Second Law

725.0 + 368.7 — 750 = 15000 x a 343.7 = 15000a a = 33X g = 0.02291...
a=0.023 m s2 (2 sf)

Final answer
(a) a = 43° to the nearest degree.

(b) a = 0.023 ms2.
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Question 5

2a a

Figure 3

A non-uniform rod 4B of length 3a rests in equilibrium on a horizontal ledge and
overhangs the edge of the ledge at C.
The point C is such that AC = 2a and CB = a, as shown in Figure 3.

The rod has weight .
The distance of the centre of mass of the rod from 4 is d.
The rod is perpendicular to the edge of the ledge.

When a force of magnitude P, acting vertically upwards, is applied to the rod at B,
the rod is on the point of tilting about 4.

When the force applied at B is replaced by a force of magnitude 1.25P,
acting vertically downwards at B, the rod is on the point of tilting about C.

Find d in terms of a.

(6)
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Worked Solution - Question 5

Topic group

1. Setup Diagrams - Scenario 1 - Tilting about A

Taking moments about A: > M4 = 0 Clockwise moments = Anticlockwise
moments P X 3a =W x d 3aP =Wd ..(1)

2. Setup Diagrams - Scenario 2 - Tilting about C

Taking moments about C: Y Mg = 0 Distance from C to COM = (2a — d)
Distance from Cto B = a 1.25P x a = W X (2a — d) 1.25Pa = W(2a — d)
1.25Pa = 2aW — Wd ...(2)

3. Setup Diagrams - Substitute equation (1) into equation (2)

From (1): Wd = 3aP 1.25Pa = 2aW — 3aP 1.25Pa + 3aP = 2aW

4.25Pa = 2aW P = Z‘;‘gg P= % Substitute back into (1): 3a x % =Wd

6 —Wdd= & d= % d = 22 d = 1.41a (3 sf) Or in exact form:

— 24a
d=

Final answer

24a
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QueStlon 6 Resolving Forces, Inclined Planes

Figure 4

. o . 3
Figure 4 shows a rough plane inclined at an angle @ to the horizontal, where tan & = "

The points 4 and B lie on a line of greatest slope of the plane, with B above 4.

A package P of mass m is projected up the plane from 4 towards B.
The coefficient of friction between the plane and the package is i
The package P is modelled as a particle.

(a) Show that the deceleration of P, as it moves from A4 to B, is % g

(6)
The package P comes to rest at B.
Given that P is projected from 4 with speed Ums ' and that AB = 1.5m,
(b) find the value of U.

2

On reaching B, P is held at rest there by a force of magnitude X newtons acting up the
plane in the direction AB.

Given that the mass of P is 2 kg,

(c) find the smallest possible value of X.

3
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Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 6

49 |

1. Part (a): Show deceleration = 3

Find exact trig values

Given: tan @ = % Using 3-4-5 right triangle: sin @ = %, cosf = %

2. Part (a): Show deceleration = % - Resolve perpendicular to plane

1: > F=0R=mgcosd R =72

3. Part (a): Show deceleration = % - Calculate friction force

Package moving UP, so friction acts DOWN the plane: F' = pR = % X 4%

= mg
5

4. Part (a): Show deceleration = % - Resolve parallel to plane

Taking up the plane as positive: ||: Y F = ma —mgsin — F = ma

3 4 4
—mgx ¥ - =ma—L T =ma—TL =maa=-¢
Deceleration = |—4—59| = %

5. Part (b): Find initial speed U - Identify SUVAT variables

Package projected up plane, comes to rest at B:; 4 = U m s~ (unknown) ; v = 0

m s~ (comes to rest) ; @ = —% ms~2 (fromparta); s = 1.5 m

6. Part (b): Find initial speed U - Apply v> = u? + 2as
v2=u2+2a302:U2+2(—4—5g)(1.5)O:U2—2>< 498 15
0=U2— 88815 9 =2 _ 2352 U% = 23.52U = 4.85m s™! Or using
exact form: U = \/2 X 4—5;" x 1.5 =4/

5




7. Part (c): Find smallest value of X - Analyze forces when package at rest
atB

Package held at rest on slope by force X up the plane. Without X, package would
slide down (component down > friction up). For MINIMUM X, friction acts UP the

plane (at limiting friction).

8. Part (c): Find smallest value of X - Resolve perpendicular to plane

_ e _ _ 4 _ 8
Mass = 2 kg, so weight = 2g N R = 2gcos@=2gx ¢ = Z N

9. Part (c): Find smallest value of X - Calculate friction

Friction acts UP the plane (limiting): F' = pR = % X 85—9 = % N

10. Part (c): Find smallest value of X - Resolve parallel to plane

For equilibrium (package at rest): ||: > F' = 0 Taking up plane as positive:

X+F—2gsinf=0X+2% 2gx3=0x+%_%_ox=%_%

X=2X=298 Xx_784N

Final answer

4
(a) deceleration = ?g as required.

() U = 4.85 ms™! (about 4.8 ms™1).
(¢) X = 7.84 N (about 7.8 N).
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Question 7

7.

[In this question i and j are horizontal unit vectors.)]

Two boats, A and B, are cach moving with constant acceleration.

At time 7 hours after noon, boat 4 has velocity v, km h™', where
v, =2+ 3j+({-4j)

(a) Find the magnitude of the acceleration of 4.

When ¢ =2, the velocity of Bis (4i + j)kmh™

When ¢ =5, the velocity of Bis (i—5j)kmh™

(b) Find the acceleration of B, giving your answer in terms of i and j.

(c) Find the velocity of B at time = 0, giving your answer in terms of i and j.

At time 7', hours after noon, both boats are moving with the same speed.

(d) Find the exact value of 7

At time 7, hours after noon, both boats are moving in the same direction.

(¢) Show that 3]’“22 +pT,+ q =0, where p and ¢ are integers to be found.

13 marks

Working with Vectors

2)

2)

2)

“)

3
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Working with Vectors

Worked Solution - Question

7 Topic group

1. Part (a): Find magnitude of acceleration of A - Identify acceleration
from velocity function

Given: v = 2i + 3j + (i — 4j)t This is in form: v = u + at Therefore: ; Initial
velocity: ug = 2i + 3j ; Acceleration:ay = i — 4j km h—2

2. Part (a): Find magnitude of acceleration of A - Find magnitude
la| = 4/a2 —|—a§ lag| = /124 (—4)2=+v1+16 = V17 =4.123...

=4.1kmh™? (2sf)

3. Part (b): Find acceleration of B - Use two velocity points to find

acceleration
Given:;Att=2:vp=4i+j;Att=5vg=1i—5ja= %
ap = () _ (AT 5t g po?

4. Part (c): Find velocity of B at t = 0 - Use velocity equation backward
v(t) = v(to) + a(t — to) Fromt = 2 backto t = 0:

v(0) = vB(2) + ap(0 — 2) = (4i+j) + (—i— 2§)(—2) = 4i + j+ 2i + 4j
=6i+5jkmh!

5. Part (d): Find exact value of 77 when both have same speed - Express
velocities at time t

For boat A:v4(t) = 2i+ 3j + (i — 4j)t = (2 + ¢)i + (3 — 4t)j For boat B:
vp(t) = (6i+5j) + (—i—2j)t = (6 — )i+ (5 — 2t)j

6. Part (d): Find exact value of 7, when both have same speed - Find
magnitudes

[val? = (2+t)2+ (3 —4t)2 = 4 + 4t + 2 + 9 — 24t + 16>
=17t — 20t + 13 |vp|? = (6 — t)? + (5 — 2t)?
= 36 — 12t + t2 + 25 — 20t + 4t? = 5t2 — 32t + 61




7. Part (d): Find exact value of 7, when both have same speed - Set
magnitudes equal

17t2 — 20t + 13 =5t2 — 32t + 61 12t2 + 12t —48 =0t2+t—4=10

8. Part (d): Find exact value of 77 when both have same speed - Solve
using quadratic formula

t= _1i°21+16 = _H;‘/ﬁ Taking positive value: T7 = _1+‘/1—7

9. Part (e): Show 3T22 + pT5 + g = 0 - Condition for same direction

o L 24T, _ 3—4T)
Velocities parallel when: 6T, — 53T,

10. Part (e): Show 3T22 + pT5 + q = 0 - Cross-multiply

(2 + Tz)(5 — 2T2) = (3 — 4T2)(6 — Tz)

10 — 475 + 575 — 2T22 =18 — 3Ty — 24T5 + 4T22

10+ T — 2T22 =18 — 27715 + 4:T22 0= 4T22 + 2T22 — 2715 —T5+18—-10
0= 6T22 — 2875 + 8

11. Part (e): Show 3T22 + pT5 + q = 0 - Divide by 2 to get required form
0= 3T22 — 1475 + 4 Therefore:p = —14and g =4

Final answer

1+/17

(a) Jag| = VITkmh 2~ 41kmh2 (b)ap=—i—2jkmh2 (¢)vp(0)=6i+5jkmht. (d)T3 = — 5 hours. (e)3T¢ — 14Ty +4=10,p=—14, ¢=4
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QUESthn 8 Newton's Second Law




(kM)

Figure 5

Two small balls, P and Q, have masses kM and 3M respectively, where k < 3

The balls are attached to the ends of a light inextensible string that passes over a fixed
light smooth pulley.

The system is held at rest with the string taut and the hanging parts of the string vertical,
as shown in Figure 5.

The system is released from rest and, in the subsequent motion, P moves with an

. . . 1
acceleration of magnitude gg

The balls are modelled as particles.

(a) Write down an equation of motion for P.
(b) Find the value of £,

Given that M = 0.5kg,

(c) find the magnitude of the force exerted on the pulley by the string while Q is
moving downwards.

At the instant when the system is released, P is more than 2.5m from the pulley and
Q is 2.5m above horizontal ground.
After hitting the ground, O rebounds with a speed of 0.4ms’’

(d) Find the magnitude of the impulse received by Q when it hits the ground.

In the subsequent motion, P does not hit the pulley.

(e) Find the total time from when the balls are released until P first comes to rest.

(2

3

3)

C))

)
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Newton's Second Law

Worked Solution - Question

8 Topic group

1. Part (a): Write equation of motion for P - Identify forces on P

Particle P (mass kM) moves upward with acceleratlon ; Tension T (upward) ;
Weight kM g (downward)

2. Part (a): Write equation of motion for P - Apply Newton's Second Law
Taking upward as positive: Y F = ma T — kMg = kM X %

3. Part (b): Find value of k - Write equation of motion for Q

Particle Q (mass 3M) moves downward with acceleration 2 Taklng downward as

positive for Q: 3Mg — T = 3M X 33Mg T = 3M9 T 3Mg — %

__ 12Mg
T= 5

4. Part (b): Find value of k - Substitute into equation for P

From part (a): T' — kMg = M?g 12Mg — kMg = kMg 1215‘/"9 = kMg + kMg
12Mg _ 5kMg+kMg 12Mg __ 6kMg
=—5-12=6kk=2

5 5 5

5. Part (c): Find force on pulley while Q moving down - Identify tension in

string
From part (b): T' = 12?"’9 Givenn M =0.5kgT = % - % — 6><59.8
=11.76 N

6. Part (c): Find force on pulley while Q moving down - Find force on
pulley

The pulley experiences two tension forces: ; Horizontal tension from P: T' = 11.76
N ; Vertical tension from Q: T' = 11.76 N These are perpendicular, so use
Pythagoras: F' = VT2 + T2 = V2T2 = T+/2 = 11.76+/2 = 16.63. ..

=16.6 N (3sf) Or F = %—ﬁ = % = 2.4g = 23.5 N Wait, let me recalculate...
Actually: F' = 2T (both tensions pull on pulley) F = 2 X 12?"’9 = 2415‘/"9

= 200598 _ 176 — 93 5N (3sf) Or: 222 = 23.5N




7. Part (d): Find impulse when Q hits ground - Find velocity of Q just
before hitting ground

Using SUVAT with: ; u = 0 (starts from rest) ; a = <
s=25mv’=u’+2as1v? =0+2x £ x 257 = @v =g
v=,/9g=v9.8=3.130... m s~! Or exact: v = NOERY, ? Actually:
1P =2x196%x25=98s0v=198=313ms!

[S{S)
I
[
I

=
©
(=2}
3
(%]

(<4

8. Part (d): Find impulse when Q hits ground - Calculate impulse

Impulse = m(’va_fter - ’Ubefore) Taking downward as positive before impact: ;
Velocity before: vpefore = +3.13 m s~! (downward) ; Velocity after: v ger = —0.4
m s~! (upward, rebounds) ; Mass of Q: 3M = 3 x 0.5 = 1.5 kg
I=15x(-0.4—-3.13) =15 x (—3.53) = —5.295... |I| = 5.3 N's (2 sf) Or
using exact values: |I| = 1.5(,/g + 0.4) = 1.5(3.13 4+ 0.4) = 5.3N's

9. Part (e): Find total time until P first comes to rest - Time for Q to fall (
t1)

Using.s:ut—l—%atzwithu:O §=2.5m, a=%:2.5=0+%x%xt%

2.5 = % 25 — gt1 2 =25 —2551...t; =4/ & = 1.597... s Or exact:
— 5x5 5 25 2
t1 = ;f f Better: t; = 4/ 5= Actually: 2.5 = 5 x 1.96 X t§

t} = 195 = 2.551, s0¢; = 1.597 s

10. Part (e): Find total time until P first comes to rest - Velocity of P when
Q hits ground

At time 1, P has velocity: vp = 0 —I— Xt = % x 1.597 = 1.96 x 1.597
=3.13ms ! Orvp = /g (same as Q)

11. Part (e): Find total time until P first comes to rest - Time for P to come
to rest (t5)

After Q hits ground, string goes slack. P continues upward under gravity alone.
Usingv=u+atwithv=0,u=3.13ms 1, a=—g0=3.13 — 9.8t

ty= 42 =03194... sOrt, = L = 2

12. Part (e): Find total time until P first comes to rest - Total time

T =1t;+1ty =1.597+0.319 = 1.916... = 1.9 s (2 sf) or 1.92 s (3 sf)



Final answer
kMg
5

12g

(a) T — kMg = -

(B)k=2 (c)F=—"2N~235N. (d)|I|=530Ns. ()T =192s
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Question 1

&«—2m —> <xm>

8m

Figure 1

Figure 1 shows a sketch of a beam 4B, with weight 240N and length 8 m.

The beam is held in equilibrium in a horizontal position by two vertical ropes.
The ropes are attached to the beam at the points C and D, where AC =2m
and DB = x metres.

The beam is modelled as a uniform rod and the ropes are modelled as
light inextensible strings.

The tension in the rope at D is 90N.

2
(a) Show that x = 3
3)

The rope at C will break if its tension exceeds 183 N. The rope at D cannot break.
A package of weight ¥ newtons is now attached to the beam at 4.
The beam remains horizontal and in equilibrium.

The package is modelled as a particle.
It is given that the rope at C does not break.

(b) Find the greatest possible value of W.
“4)
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Worked Solution - Question 1

Topic group

1. Part (a): Show that x = 2/3 - Identify distances from C

From the diagram: ; Distance AC = 2 m; DistanceCD =8 -2 - x = (6-x) m;
Distance from A to center = 4 m, so distance from Ctocenter=4-2=2m

2. Part (a): Show that x = 2/3 - Take moments about C

> Mg = 0 Clockwise moments = Anticlockwise moments

90 x (6 — ) =240 x 2 90(6 — =) = 480 540 — 90z = 480 90z = 60

60 __

— 60 2
T=9 =3

3. Part (b): Find the greatest possible value of W - Apply vertical
equilibrium

> Fyertical =0T¢c+Tp =240+ W 183 +Tp =240+ WTp =57+ W

4. Part (b): Find the greatest possible value of W - Take moments about C

> M = 0 Clockwise moments = Anticlockwise moments Distance CD =
6—2=2mTpx L +Wx2=240x2 (57+ W) x 3 + 2W =480

16(5_2+W) + 2W = 480 22+16W 91 = 480 Multiply through by 3:

912 + 16W + 6W = 1440 22W =528 W = 24

Final answer

)= % () W = 24 N.
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Question 2

Momentum, Impulse & Collisions

Figure 2

Particle P of mass 7m and particle O of mass 3m are moving in opposite directions
along the same straight line on a smooth horizontal surface. The particles
collide directly.

Immediately before the collision, the speed of P is ku and the speed of Q is u, as shown
in Figure 2.

Immediately after the collision, the speed of P is w and the speed of O is 2w.

The direction of motion of O is reversed by the collision.
The impulse received by @ in the collision has magnitude %mu.

(a) Find w in terms of u.

3)

(b) Find the two possible values of 4.

©)
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Worked Solution -

Momentum, Impulse & Collisions

Topic group

Question 2

1. Part (a): Find w in terms of u - Apply impulse-momentum theorem to Q

Impulse = Final momentum — Initial momentum For particle Q (mass = 3m):

; Initial velocity: —u (moving left, negative) ; Final velocity: 42w (moving right,

positive) Impulse = 3m(2w) — 3m(—u) T2% = 6mw + 3mu
Tme = 3m(2w +u) 2 = 6w+ 3ubw =2 — 3ubw = "% fw =2
w= 15

2. Part (b): Find the two possible values of k - Apply conservation of
momentum

Total momentum before = Total momentum after Before collision:

P momentum = 7m x ku = Tmku (right)

Q momentum = 3m X (—u) = —3mu (left) Total = Tmku — 3mu After
collision: P momentum = 7m X w = Tmw (right)

Q momentum = 3m X 2w = 6muw (right) Total = Tmw + 6mw = 13mw

3. Part (b): Find the two possible values of k - Set up equation

Tmku — 3mu = 13mw Tku — 3u = 13w

4. Part (b): Find the two possible values of k - Substitute w = %

Ty — 3u — 13 x 1u_27ku_3u=113_2u7ku=113—2“—|—3u7ku: 13u1+236u,

_ 494 _ 49 5, 49 _ 1T
Thu= 33" Tk= 3 k=31 = 13

5. Part (b): Find the two possible values of k - Consider both directions
for P after collision

P could move either right (velocity = +w) or left (velocity = —w) Case 1: P moves
right with velocity +w Already solved: k = % Case 2: P moves left with velocity
—w Total momentum after = —7Tmw + 6mw = —mw Tmku — 3mu = —Mmw

Tku — 3u = —w Thu — 3u = — 75 7ku=3u—%7ku:3611‘—2_“7ku:315_2"

=35 _ 5
k=% =13




Final answer
u

7 5
(a)w=ﬁ. (b)k—ﬁork—ﬁ.
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Question 3

3. [In this question i and j are horizontal perpendicular unit vectors.]

A particle P of mass 2 kg moves on a smooth horizontal surface under the action of two
forces F, and F, where F = (-2i + 3j)N and F, = (4i + 2j)N.

(a) Find the acceleration of P.

At time 7 = 0, the velocity of P is (3i — 4j)ms™

(b) Find the speed of P when ¢ = 3 seconds.

An additional force, F, = (bi + cj)N, is applied to P.
The resultant of F , F, and F, is equal to A(i + j)N, where 4 is a constant.

(c) Show that b—c=3

The resultant of F,, F, and F, has magnitude IO\EN.

(d) Find the two possible F, forces.

3

“)

3)

“)
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Worked Solution - Question 3

Topic group

1. Part (a): Find the acceleration of P - Find resultant force

Fresulta.nt = Fl + F2 Fresulta.nt = (_2i + 3j) + (4i + 2j)
=(—24+4)i+(3+2)j=2i+5jN

2. Part (a): Find the acceleration of P - Apply Newton's Second Law

F=ma2i—|—5j:2><aa=@a=i—|—2.5jms_20r:a=i—|—%jms_2

3. Part (b): Find the speed of P when t = 3 seconds - Find velocity att = 3
v=u-+atGiven;u=3i—4jms!;a=1i+25jms%;t=3seconds

v=(3i—4j)+([i+25j)x3=31—4j+3i+7.5j=6i+3.5jms?

4. Part (b): Find the speed of P when t = 3 seconds - Find the speed
(magnitude of velocity)

[v| = 4/v2 + v2 Speed = /62 + 3.52 = /36 + 12.25 = /48.25 = 6.946. ..
=6.95ms™! (3s.f.)

5. Part (c): Show that b - ¢ = 3 - Find resultant of F{, F5, and F;3

Fresulta.nt = F1 + F2 =+ F3 = (_2i+ 3j) + (4i‘|‘ 2j) + (bi-l- Cj)
=(—2+4+b)i+B+2+¢c)j=(2+b)i+ (5+c)j

6. Part (c): Show that b - c = 3 - Apply the condition
Given that resultant = A(i + j), we can write: (2 +b)i+ (5 +¢)j = Ai+ Aj

7. Part (c): Show that b - ¢ = 3 - Compare coefficients

For this to be in the form A(i + j), the coefficients must be equal: 2+ b= A
54+ c= ATherefore:2+b=5+¢cb=5+c—2b=3+cb—c=3



8. Part (d): Find the two possible F'; forces - Use the magnitude condition

Resultant = (2 + b)i + (5 + ¢)j Since resultant = A(i + j), we have
24+b=>5+c=\|Fresutant| = AV12 4+ 12 = AV2 Given: | Fresuttant| = 10v/2
AM/2=10/2X=10 or X = —10 (The negative value comes from

considering the opposite direction)

9. Part (d): Find the two possible F'; forces - Find b and ¢ for each value
of \

Case :A=102+b=10 = b=85+4+c¢c=10 = ¢ =5Check
b—c=8—5=3V Therefore: F3 =8i+ 5j N Case 2. A = —10
2+b=-10 = b=-125+c=-10 = c¢= —15 Check:
b—c=—12—(—15) = 3 v Therefore: F3 = —12i — 15§ N

Final answer

(a)a=i+25jms™2.  (b)speed =6.95ms™!. (c)b—c=3. (d)F;3;=(8i+5j)Nor(—12i—15j) N



WMEO01/01 OCTOBER 2025 9 marks

Question 4

Constant Acceleration in 2D

4. The point 4 is 10m above horizontal ground.
At time ¢ = 0, a particle P is projected vertically upwards with speed Sms ' from 4.
Particle P moves freely under gravity.

(a) Find the greatest height above 4 reached by P.
3

The point B is on the ground, vertically below A.
At time ¢ = 1 second, a particle Q is projected vertically upwards with speed 7ms™
from B.

Particle O moves freely under gravity.
Particles P and Q collide at time ¢ = T seconds.

(b) Find the value of 7.
“4)

(c) Find the speed of P at the instant immediately before the particles collide.

2
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Worked Solution -

Constant Acceleration in 2D

Question 4 Topic group

1. Part (a): Find the greatest height above A reached by P - Identify the
SUVAT variables

At maximum height, velocity =0; 4 =5 m s~ 1 (initial velocity) ;v =0m s71 (at

maximum height) ; a = —9.8 m s—2 (gravity, downward) ; s =7 (displacement
above A)

2. Part (a): Find the greatest height above A reached by P - Apply
v? = u? + 2as

v? = u? + 2as 02 = 52 + 2(—9.8)s 0 = 25 — 19.65 19.65 = 255 = 155
§=1.276...s=128m (3s.f.)

3. Part (b): Find the value of T - Position of P at time ¢

Taking upward as positive, with origin at ground level: s = 8¢ + ut + %at2 For P
(starting at A, 10 m above ground): sp = 10 + 5t + %(—9.8)t2

sp =10 + 5t — 4.9¢

4. Part (b): Find the value of T - Position of Q at time ¢

Q starts att = 1, so Q has been moving for (¢ — 1) seconds: For Q (starting at B,
ground level): sg =0+ 7(t — 1) + 3(—9.8)(t — 1)2
sq=Tt—1)—49(t—1)2sq=Tt—T7—49(> -2t +1)
sQ="Tt—T—49t> + 9.8t — 4.9 sg = —4.9t> + 16.8¢t — 11.9

5. Part (b): Find the value of T - Set sp = s at collision (when ¢t =T)
10 + 5T — 4.9T2 = —4.9T2 + 16.8T — 11.9 10 + 57 = 16.87 — 11.9

10+ 11.9 = 16.87 — 57 21.9 = 11.87 T' = 333 T = 1.855...
T =1.86s (3s.f)



6. Part (c): Find the speed of P immediately before collision - Find
velocity of Pat time 7' = 1.86 s

v=1u+ at Forparticle P:; u =5ms™';a=—-98ms"2;t=1.86s
vp =5+ (—0.8)(1.86) = 5 — 18.228 = —13.228...= —13.2m s~ The

negative sign indicates P is moving downward.

7. Part (c): Find the speed of P immediately before collision - Find speed

Speed = |v| Speed = | — 13.2| = 13.2 m 5!

Final answer

(a) maximum height above A = 1.28 m. (b) T =1.86s. (c)speed of P =13.2ms™!
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Question 5

Resolving Forces, Inclined Planes

Figure 3

A box of mass 4kg is placed on a rough horizontal surface.

A force of magnitude /> newtons, acting at 30° to the horizontal, is applied to the box,
as shown in Figure 3.

2
The coefficient of friction between the box and the surface is 3
The box is modelled as a particle.

(a) Find the value of P when the box is on the point of sliding along the surface.

(6)
The value of P is now increased to 25 and the box moves along the surface.
Find
(b) the acceleration of the box,

)

(c) the speed of the box when it has moved 1.5m.

2)
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Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 5

1. Part (a): Find P when box is on point of sliding - Resolve vertically

13 Fyerticat = 0 R+ Psin30° =mg R+ 0.5P = 4 x 9.8
R=392-05P ..(1)

2. Part (a): Find P when box is on point of sliding - Apply friction law
At limiting equilibrium (on point of sliding): F' = uR F = % X R
F=2(392—-05P)F=26.133...—- % ..(2)

3. Part (a): Find P when box is on point of sliding - Resolve horizontally
Box on point of sliding means @ = 0: —: Y Fhorizontal = 0 Pc0os30° = F

P x 4 = 26.133... —% 0.866 P = 26.133 — 0.333P

0.866P + 0.333P = 26.133 1.199P = 26.133 P = 21.8 N (3 s.f.)

4. Part (b): Find acceleration when P = 25 N - Find normal reaction when
P=25N

From equation (1) in part (a): R = 39.2 — 0.5P R = 39.2 — 0.5(25)
R=392-125R=26.7TN

5. Part (b): Find acceleration when P = 25 N - Find friction force

Box is now moving, so: F'= uR F' = % X 26.7TF =178 N

6. Part (b): Find acceleration when P = 25 N - Resolve horizontally and
apply F = ma

—: Y . F=ma Pcos30° — F = ma 25 x 0.866 — 17.8 = 4a

21.65 — 17.8 = 4a 3.85 = 4da ¢ = 0.9625 a = 0.96 m s 2 (2s.f.)

7. Part (c): Find speed when box has moved 1.5 m - Identify SUVAT
variables

u = 0 ms~! (starts from rest) ; @ = 0.9625 m s~2 (from partb); s =1.5m;
v ="




8. Part (c): Find speed when box has moved 1.5 m - Apply v? = u? + 2as

v? = u? + 2as v? = 02 + 2(0.9625)(1.5) v% = 2.8875 v = /2.8875
v=1.699...v=17ms™!(2s.f)

Final answer

(a) P=218N. (b)a=0.96ms2 (c)v=17ms™ .
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QUESthn 6 Kinematics Graphs

6. yvms!' 4

30

0 10 30 35 s

Figure 4

The point O lies on a straight horizontal road.
At time ¢ = 0, a car leaves O and travels along the road.

The velocity-time graph in Figure 4 shows the velocity, vms ', of the car at time
i seconds for the first 35 seconds of its journey.

(a) Find
(1) the acceleration of the car for the period 0 < ¢ < 10

(i) the deceleration of the car for the period 30 < t < 35

2
(b) Sketch an acceleration-time graph for the car for the period 0 < ¢ < 35

(2
(c) Find the distance travelled by the car for the period 0 < ¢ < 35

(2)

When ¢ =5, a motorcycle starts from rest at O.
The motorcycle travels along the same road as the car and in the same direction.

For the period 5 < ¢ < 20, the acceleration of the motorcycle is Ams’z, where 4 is a
positive constant.

The motorcycle catches up with the car when 7= 20

(d) Find the value of 4.
C))
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Worked Solution - Question 6

Topic group

1. Part (a): Find accelerations

(i) Acceleration for 0 < ¢t < 10 Acceleration = % = gradient of v-t graph

a= % a = 3 m s 2 (ji) Deceleration for30 < t < 35 a = 305__33% a= _T?’O
2

a = —6 m s~2 Deceleration = |—6| = 6 m s~

2. Part (b): Sketch acceleration-time graph

Analysis of each section:; 0 < t < 10: Constant acceleration = 3 m s72;
10 < ¢ < 30: Constant velocity, so acceleration =0ms~2; 30 < t < 35:

Constant deceleration = —6 m s—2

3. Part (c): Find distance travelled for 0 < ¢t < 35 - Calculate area under v-
t graph

Distance = Area under v-t graph The shape is a trapezium. We can split it into
regions: Method 1: Trapezium formula Area = %(a + b)h Where the parallel
sides are the time intervals and height is velocity. Better to calculate as sum of
shapes: Method 2: Sum of triangle + rectangle + triangle

Area; = 7 x 10 x 30 = 150 m Areas = 20 x 30 = 600 m

Areag = 7 x 5 x 30 = 75 m Total distance = 150 + 600 + 75 = 825 m

4. Part (d): Find value of A - Distance travelled by car (0 to 20 seconds)

Area under v-t graph fromt = 0 to t = 20:
Distancec, = Triangle + Rectangle = +(10)(30) + (10)(30) = 150 + 300
= 450 m

5. Part (d): Find value of A - Distance travelled by motorcycle (5 to 20
seconds)

Motorcycle starts at £ = 5 with constant acceleration A. Time of travel:

20 — 5 = 15 seconds s = ut + 3 at? Distancemotorcycte = 0 + 3 A(15)?

= 2254 _ 11254 m




6. Part (d): Find value of A - Set distances equal

Motorcycle catches up with car when t = 20: 112.54 = 450 A = %
A=4ms2

Final answer

2

(a)(i) a = 3ms~2, (ii) deceleration = 6 ms~2.  (b) correct acceleration-time graph with levels 3,0, —6. (c) distance =825m. (d) A=4ms™2
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Question 7

Resolving Forces, Inclined Planes

Figure 5
A block P of mass 2m is held at rest on a fixed rough plane.

The plane is inclined to the horizontal at an angle &, where tana = B

One end of a light inextensible string is attached to P.

The string is parallel to a line of greatest slope of the plane and passes over a smooth
light pulley which is fixed at the top of the plane.

The other end of the string is attached to a block O of mass Sm.

Block O hangs vertically below the pulley, as shown in Figure 5.

The system is released from rest with the string taut and block P moves up the plane.

Immediately after the system is released, the tension in the string is 7" and the
acceleration of the blocks is a.

The blocks arec modelled as particles and air resistance is ignored.

(a) Write down an equation of motion for Q.

(2)
The coefficient of friction between P and the plane is %
(b) Find T in terms of m and g.

)
(c) State how the solution to part (b) uses the fact that the string is inextensible.

(1)

The magnitude of the force exerted on the pulley by the string is kmg.

(d) Find the value of & to 3 significant figures.
)
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Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 7

1. Part (a): Write equation of motion for Q

Forces on Q (mass = 5m): Taking downward as positive for Q: For Q: > F = ma
5mg — T = bma

2. Part (b): Find T in terms of m and g - Resolve perpendicular to plane

1 toplane: Y. F =0 R =2mgcosa R = 2mg x %R: 2417;19

3. Part (b): Find T in terms of m and g - Find friction force

24mg

P is moving UP the plane, so friction acts DOWN the plane: F' = uR = % X =3

— 3mg
13

4. Part (b): Find T in terms of m and g - Resolve parallel to plane

Taking up the plane as positive: | to plane: Y F = ma
T —2mgsina — F = 2ma T — 2mg X % — 31% = 2ma

T _ 1017;9 _31_"?29 =2maT—%?:g =2maT —mg =2ma ...(1)

5. Part (b): Find T in terms of m and g - Combine with equation for Q

From part (a): 5mg — T' = 5ma ...(2) Add equations (1) and (2):
(T — mg) + (5mg — T) = 2ma + 5ma 4mg = Tma a = £

6. Part (b): Find T in terms of m and g - Substitute back to find T

From equation (1): T' = mg + 2ma = mg + 2m X 4_79 = mg + 87,?9 — 7mg-;8mg
15mg
7




7. Part (c): State how solution uses fact that string is inextensible

An inextensible string means the string cannot stretch. This has the following
consequence: For an inextensible string over a pulley: The magnitude of
acceleration of both connected particles must be equal. In this problem:

lap| = |ag| = a How this was used in part (b): When we wrote the equations of
motion: ; For P: T' — mg = 2ma ; For Q: bmg — T' = bma We used the same
acceleration a for both particles because the string is inextensible. If the string

could stretch, the two particles could have different accelerations.

8. Part (d): Find value of k (force on pulley = kmg) - Identify the angle
between tensions

The string from Q is vertical (downward). The string from P is along the plane at

angle a to horizontal. Angle between the two strings = 90° + a

9. Part (d): Find value of k (force on pulley = kmg) - Use vector
components

Let's take horizontal (right) and vertical (up) as positive directions. Tension from Q:
15mg

; Horizontal component: 0 ; Vertical component: —T' = — =~ (downward)
Tension from P along plane: The plane makes angle a with horizontal, so: ;
: 15 180 :
Horizontal component: —T'cos o = —% X % = — ging ; Vertical
. . 15mg 5 __ Tsmg
component: T'sina = —= X 33 = 57—

10. Part (d): Find value of k (force on pulley = kmg) - Find resultant

15 75
R,=0- 1831”9 = — 183;11,9 R, = + =72 Convert 15;719 to
denominator 91: 15;”"’ = 19;’;"9 R, 195mg —|— 75mg = — 123;”g

11. Part (d): Find value of k (force on pulley = kmg) - Find magnitude

2
|R| = 4/R2+ R2 = \/ 180’“9 (_12;’;”9) = 72/1807 + 120?
o4/32400 + 14400 = —\/46800 = 52 x 216.333...=2.377...mg
= 2.38mg (3 s.f.) Therefore: k = 2.38

Final answer

15mg

(a) 5mg—T =5ma. (b)T = — (¢) both particles have the same magnitude of acceleration. (d) k = 2.38
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Question 1

Momentum, Impulse & Collisions

1. A particle P of mass 3m and a particle Q of mass Sm are on a smooth horizontal surface.
The particles move towards each other in opposite directions along the same straight
line and collide.

Immediately before the collision, the speed of P is 3u and the speed of O is 4u
The magnitude of the impulse exerted on P by Q in the collision is 33 mu
Find

(1) the speed of P immediately after the collision,

(ii) the speed of Q immediately after the collision.

(6)
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Worked Solution -

Momentum, Impulse & Collisions

Topic group

Question 1

1. Choose a sign convention

Take the initial direction of P as positive. Then before impact, vp = 3u and

vg = —4u. The impulse on P acts opposite to P\'s initial motion, so its signed

33

impulse is —?mu.

2. Use impulse on P

33
For P, impulse equals change in momentum: —Tmu = 3m(vp — 3u). Dividing
11u du

by 3m gi —3u=——" = ——.
y 3m gives vp — 3u 5 ' SO VP 5

3. Interpret the speed of P

The negative sign means P has reversed direction. Its speed is therefore
‘ ou|l  Su
2| 2
4. Use the equal and opposite impulse on Q
33
Q receives impulse —|—7m'u, in the positive direction. Hence
33

5 mu = 5m(vg — (—4u)) = 5m(vg + 4u).

5. Interpret the speed of Q

., : 33u w N
Dividing by 5m gives vg + 4u = 0 sovg = BETE Q is still moving in its
. o : . Tu
original direction, and its speed is 10

Final answer

() speed of P = 5711' (i) speed of Q = Tu

E.
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QUESth“ 2 Kinematics Graphs

2.
speed (m Si]).u
30U
204
T T >
0 12 31 41 time (s)

Figure 1

A particle P starts from rest at time ¢ = 0 and moves in a straight line

« from¢=0tot=12s, P accelerates uniformly until it reaches a speed of 3Ums
« from¢=12sto¢=31s, P moves with constant speed 3Ums '

« from¢=31stot=41s, P decelerates uniformly until it has speed 2Ums '

as shown on the speed-time graph in Figure 1.
The distance travelled by P between /=0 and ¢ = 415 is 600m.

(a) Show that U= 6

3
(b) Find the distance travelled by P whilst moving from rest to a speed of 6ms™

(2)
(c) Find the acceleration of P between =0 and ¢ = 125,

(1)
(d) Find the deceleration of P between ¢t = 31s and ¢t = 41s.

(2)

(e) Sketch an acceleration-time graph to represent the motion of P from¢t=0to t =41s.

2)
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Worked Solution - Question 2

Topic group

1. Use area under the speed-time graph

Distance is the area under a speed-time graph. The three areas are a triangle from

0 to 12, a rectangle from 12 to 31, and a trapezium from 31 to 41.

2. Show that U is 6

1 1
5(12)(3U) +19(30) + 5(3U + 2U)(10) = 600. This gives
18U + 57U + 25U = 600, so 100U = 600 and U = 6.

3. Find the distance to speed 6

Since U = 6, the final speed 6 ms~! occurs during the first section. The

= 1.5 ms ™2, so the time to reach 6 is 4 s. The

acceleration there is

1
distance is 5(4)(6) =12 m.

4. Find the acceleration and deceleration

18
From0to 12, a = 7 = 1.5 ms~2. From 31 to 41, the speed falls from 18 to 12,
8 —12
= 0.6 ms~2.

so the deceleration is

5. Describe the acceleration-time graph

The acceleration-time graph has three horizontal sections: 1.5 from 0 <t < 12,0
from 12 < t < 31, and —0.6 from 31 < t < 41.

Final answer
(a)U=6. (b)12m. (c)1.5ms 2 (d)0.6ms2 (e)a(t)=1.5,0,—0.6
on the three intervals.
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Question 3

3. A particle moves on a smooth horizontal plane under the action of three horizontal
forces, F , F, and F,, where

F, = (2pi-3pj)N

F,=(qi+j)N

F,=QGi—gj)N
where p and ¢ are constants.
The resultant force acts in the direction of the vector (4i — 5j)
(a) Show that

2p—q=19
Q)

The mass of the particle is 0.5kg.

Given that p =7

(b) find the acceleration of the particle.

“)
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Worked Solution - Question 3

Topic group

1. Add the three forces

The resultant force is
(2pi — 3pj) +(gi+J) + (Bi—gj) = (2p+g+3)i+ (-3p+1—q)

2. Use the direction vector

The resultant acts in the direction 4i — 5j, so the ratio of the components is the
—3p+1—q -5
2p+q+3 4

same:

3. Show the required relation

Cross-multiplying gives 4(—3p + 1 — q) = —5(2p + g + 3). Therefore
_12p+4—4g= —10p—5g— 15,50 2p — g = 19.

4. Find q when pis 7
With p = 7, the relation gives 14 — ¢ = 19, hence ¢ = —5.

5. Apply Newtons second law

Substitute p = 7 and ¢ = —5 into the resultant: F = 12i — 15j. Since the mass is
0.5 kg, F = ma gives 12i — 15j = 0.5a.

6. Find the acceleration

Dividing by 0.5 gives a = 24i — 30j ms~2,

Final answer
(a)2p—q=19. (b)a=24i—30jms 2
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Question 4

0.4m

v

F 3

6m

Figure 2

Figure 2 shows a uniform rod 4B of length 6 m suspended by two light vertical ropes.

The first rope is attached to the rod at A.
The second rope is attached to the rod at the point C, where CB = 0.4m.

The rod has mass 30kg.

A particle of mass 20kg is now attached to the rod at B.
The rod is in equilibrium in a horizontal position.

(a) Find

(1) the tension in the rope attached to the rod at C,
(i) the tension in the rope attached to the rod at 4.

(6)
The particle of mass 20kg at B is removed and replaced by a particle of mass M kg.
The rod remains in equilibrium in a horizontal position.

(b) Find the exact maximum value of M.

3)
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Worked Solution - Question 4

Topic group

1. Set the distances

The rod is 6 m long and C is 0.4 m from B, so AC' = 5.6 m. The rod is uniform, so
its weight 30g acts at the midpoint, 3 m from A. The 20 kg particle at B has weight
20g.

2. Take moments about A

Moments about A remove the tension at A. Clockwise moments from the rod and
particle equal the anticlockwise moment from the rope at C:
TC(5.6) = 30g(3) + 209(6).

3. Find the tension at C

Tc(5.6) = 210g, so T¢ = 37.5g = 367.5 N. To suitable accuracy, Te = 368 N,
or 370 N to 2 significant figures.

4. Use vertical equilibrium
Vertically, T4 + T¢c = 30g + 20g = 50g. Therefore

Ty =509 —37.59g=12.59g =122.5 N,soTy =123 N,or 120 N to 2
significant figures.

5. Use the limiting case for maximum M

For the greatest possible mass at B, the rope at A is just slack, so Ty = 0. Take
moments about C: the clockwise moment of Mg at B balances the anticlockwise

moment of the rod weight.

6. Solve for M

The distance from C to B is 0.4 m and the rod weight acts 5.6 — 3 = 2.6 m to the

left of C. Hence Mg(0.4) = 30g(2.6), so M = g—i = 195.



Final answer
(a)(?1) To =368 Nor 370 N. (a)(it) T4y =123 Nor120N. (b) M =195
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QueStlon 5 Resolving Forces, Inclined Planes

5. The points O, 4, B and C are on a rough horizontal surface where OABC'is a
straight line.

A particle is projected horizontally from O and slides across the surface, passing through
A, B and C in that order.

The particle passes through

+ A with speed Ums’'

* B with speed % ms’'
The coefficient of friction between the particle and the surface is %

It takes 0.75s for the particle to move from A4 to B.

(a) Show that U = 2.1 to 2 significant figures.
(6)

The particle passes through C with speed % ms’'

(b) Find the time taken to move from B to C.

3)

(c) Find the distance AC.
3
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Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 5

1. Find the acceleration from friction

1
On a horizontal surface, R = mg and the friction is F' = pR = 7mg. The friction

is the only horizontal force, so the acceleration is opposite the motion with
F

magnitude — = g _ 1.4ms2.

m

7

2.Use Ato B to find U

FromAtoB u=U,v= E,a=—g andt = 0.75. Using v = u + at:
U 2 7

—y_9
5 = U~ = (0.75).

3. Show the value of U

With g = 9.8, %(0.75) = 1.05, so % = U — 1.05. Hence U = 2.10 ms~},

which is 2.1 ms™ to 2 significant figures.

4. Find the time from B to C

u U
From B to C, the speed falls from 5 to 3 with the same acceleration —1.4. Thus

% = % — 1.4¢. With U = 2.1, this gives 0.7 = 1.05 — 1.4¢, sot = 0.25 s.

5. Find the distance AC

U+U/2

Use average speed on each section. AB = (0.75) = 1.18125 m and

U/2+U/3
BC = %(0.25) = 0.21875 m. Therefore

AC =1.18125+0.21875 = 1.4 m.




Final answer
(a)U=21ms'to2s.f. (b)0.25s. (c)AC=14m.
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Qu estion 6 Working with Vectors

6.

[In this question i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

At 9 am, a ship S leaves a harbour and moves with constant velocity (10i + 15j)kmh™

(a) Find the exact speed of §

(2
The harbour is at the origin O.
At 9 am, a boat B leaves the point with position vector (50i + 10j)km and moves with
constant velocity (—8i + 10j)kmh™
(b) Find the direction in which B is moving, giving your answer as a bearing to the
nearest degree.
3)
(c) Show that at time ¢ hours after 9 am,
—_—
SB =[(50—18¢)i+ (10 — 5¢)j] km
Q)
(d) Show that B and S do not collide.
3)

When B is north-cast of S, the distance between S and B is dkm.

(e) Find the value of d.
“4)
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Working with Vectors

Worked Solution - Question

6 Topic group

1. Find the speed of S
The velocity of S is 101 + 15j. Its speed is the magnitude:

V102 + 152 = /325 = 54/13kmh L.

2. Find the bearing of B
B has velocity —81 + 10j, so it moves west and north. The angle west of north

satisfies tan§ = % giving 8 = 38.66°. The bearing is 360° — 38.66° = 321° to

the nearest degree.

3. Write both position vectors

At time ¢ hours after 9 am, rg = (10t)i + (15¢)j. Also
rp = (50i+ 10j) + t(—8i + 10j) = (50 — 8t)i + (10 + 10t)j.

4. Find the relative position vector

_)
SB=rp—rg=[(50 — 8t) — 10t]i + [(10 + 10t) — 15¢]j = (50 — 18t)i + (10 —

5. Show they do not collide

—
For a collision, both components of §B must be zero at the same time. From

50— 18t =0,t = 29—5 From 10 — 5t = 0, t = 2. These are different, so Band S

do not collide.

6. Find the north-east or south-west instant

When the separation is along a 45° diagonal, the two components have equal

magnitude. Using the given condition, set 50 — 18 = 10 — 5¢, so 40 = 13t and
40

t=—.
13




7. Find the distance d

0 70
At t = —, both components are BETE Therefore

13
70\* [(70\® 70v2 R
d= \/(1—3) + (1—3) =3 = 7.6 km to 2 significant figures.

Final answer

H
(@) 5¥/13kmh~1. (b) 321°. (c) SB = (50 — 18t)i + (10 — 5t)j. (d) no collision. (e) d = % km ~ 7.6 km
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Question 7

Resolving Forces, Inclined Planes

0
Figure 3
A rough plane is inclined at an angle # to the horizontal, where tanf = g

One end of a light inextensible string is attached to a package P.

The string passes over a smooth pulley that is fixed at the top of the plane.

The string from P to the pulley lies along a line of greatest slope of the plane.

The other end of the string is attached to a bucket.

The package P has mass 1kg and is held at rest on the plane.

The bucket has mass 0.45 kg and hangs vertically below the pulley with the string taut,
as shown in Figure 3.

The coefficient of friction between P and the plane is u

When a small block of mass 0.2kg is placed in the bucket, the system is released and
remains at rest in limiting equilibrium, with P on the point of slipping down the plane.

(a) Show that u = 1
4 (7)

Additional identical blocks of mass 0.2kg are added one at a time into the bucket until
P starts to move up the plane.

At the instant when P starts to move up the plane, there are a total of n blocks in
the bucket.

(b) Find
(i) the value of n

(i1) the magnitude of the initial acceleration of P

(7)
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Worked Solution -

Resolving Forces, Inclined Planes

Topic group

Question 7

1. Find the trigonometric ratios

Since tan @ = % use a 3-4-5 triangle: sinf = % and cos 0 = %

2. Use limiting equilibrium in part (a)
With one 0.2 kg block in the bucket, the bucket side has mass 0.45 + 0.2 = 0.65
kg. Since the package is on the point of slipping down the plane, friction on P acts

up the plane.

3. Find the friction force

The tension equals the bucket weight, so T' = 0.65g. Along the plane for P in
4 3
equilibrium, T'+ F' = gsin 0. Hence 0.65g + F' = gg, so F' = %

4. Find the normal reaction and mu

3
Perpendicular to the plane, R = gcos 8 = gg. Since F' = uR,
F 39/20 1

R 3g/5 4

5. Set the condition for upward motion

When P is about to move up the plane, friction acts down the plane. With n blocks
in the bucket, the bucket-side mass is 0.45 + 0.2n. The bucket weight must
exceed the downslope resistance: (0.45 4+ 0.2n)g > gsinf + uR.

6. Find n
4 1 3 3
Using gsinf = —gand uR = 1 gg = 2—‘3 the condition is
3
0.454 0.2n > 5 + 20 = 0.95. Hence 0.2n > 0.50, so n > 2.5 and the least

integerisn = 3.




7. Apply Newtons second law after motion begins

For n = 3, the bucket-side mass is 0.45 4+ 0.6 = 1.05 kg and the total moving

4
mass is 1 4 1.05 = 2.05 kg. The driving force is 1.05g — gg — g—‘g = 0.10g.
8. Find the acceleration
1 2
Using F' = ma, 0.10g = 2.05a, so a = 02—0059 = 4—2 =0.478 ms™2 to 3

significant figures.

Final answer

(o) p= % B)(E)n=3. (b)(it)a= % = 0.478 m s~ 2 approximately



