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WME01/01 OCTOBER 2019 m Quantities, Units & Modelling

QLI eStlon 6 Main topic: Kinematics Graphs

6. An athlete runs a 200 m race along a straight horizontal track.
In a model of the motion of the athlete, air resistance is ignored, the athlete starts from rest
at time 7 = 0 seconds and moves with uniform acceleration 0.8 ms™ for T seconds, reaching
a speed of 'ms™!. She then maintains this speed until she crosses the finishing line.

The total time from when the athlete starts to when she crosses the finishing line is 30s.

(a) Sketch a speed-time graph for the model of the motion of the athlete from the instant
when she starts to the instant when she crosses the finishing line.

(2)
(b) Write down an expression for V' in terms of 7.

(1)
(c) Show that 72 — kT + 500 = 0, where £ is a constant to be found.

4)
(d) Hence find the value of 7, justifying your answer carefully.

3)

(e) Considering your speed-time graph or otherwise, state two ways, apart from including
air resistance, in which the model could be made to be more realistic.

(2)

WORKED SOLUTION Question 6 - WME01/01 October 2019

0 Describe the speed-time graph
The graph starts at (0, 0), rises in a straight line with gradient 0.8 until time T and speed V, then stays horizontal at speed V until £ = 30.

v (m s*‘)A

» t(s)
30

o Write Vin terms of T

Uniform acceleration gives V' = 0.8T".

o Use area for the distance
The distance is the area under the speed-time graph: %TV + V(30 — T') = 200.



° Substitute V
Using V = 0.8T" %T(O.ST) + (0.87°)(30 — T') = 200.

° Form the quadratic
0.4T2 4 24T — 0.8T% = 200, so —0.4T' + 24T — 200 = 0. Multiplying by —2.5 gives T — 60T + 500 = 0, so k = 60.

G Solve and choose the valid root
T2 — 60T + 500 = (T — 10)(T — 50) = 0, so T’ = 10 or 50. Since the whole race lasts 30 s, T' = 10.

e Give two model improvements

A more realistic model could include reaction time at the start, and could replace the instantaneous change from acceleration to constant
speed with a smoother transition.

@ FiNAL ANSWER
(a) Speed-time graph rises linearly to V' at t = T, then is horizontal until ¢ = 30.
(b)) V=08T. (c)T?— 60T +500=0,sok=60.

(d) T = 10. (e) For example, include reaction time at the start and avoid the instantaneous change to constant speed.
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QLI eStiOI'I 7 Main topic: Moments

7.
8am
A C D
< 2am—>
am
Figure 2

A non-uniform beam 4B, of mass 60kg and length 8a metres, rests in equilibrium in a
horizontal position on two vertical supports. One support is at C, where AC = ¢ metres
and the other support is at D, where DB = 2a metres, as shown in Figure 2.
The magnitude of the normal reaction between the beam and the support at D is three
times the magnitude of the normal reaction between the beam and the support at C.
By modelling the beam as a non-uniform rod whose centre of mass is at a distance
x metres from A,
(a) find an expression for x in terms of a.

)
A box of mass M kg is placed on the beam at E, where AE = 2a metres.
The beam remains in equilibrium in a horizontal position.
The magnitude of the normal reaction between the beam and the support at C is now equal
to the magnitude of the normal reaction between the beam and the support at D.
By modelling the box as a particle,
(b) find the value of M.

&)

WORKED SOLUTION Question 7 - WME01/01 May/June 2021

o Set the support positions
The beam length is 8a. C is at distance a from A, and D is at distance 6a from A because DB = 2a.

Name the reactions
Let the reaction at C be R. The reaction at D is 3R.

Use vertical equilibrium
R+ 3R = 60g so 4R = 60g and R = 15g.

Take moments about A
The beam's weight acts at distance & from A. Hence 60gz = R(a) + 3R(6a).

Find x

2 1
Substitute R = 15¢g: 60gz = 15ga + 45g(6a) = 285ga. Thus « = 2(5)a = %.




o Use equal reactions with the box
When the box is added, let each support reaction be S. Vertical equilibrium gives 28 = (60 + M)g.

e Take moments about A again

The box is at AE = 2a. Moments about A give 60g (%) + Mg(2a) = S(a) + S(6a) = 7aS.

e Solve for M

Substitute S = M

3 and cancel ag: 285 + 2M = ;(60 + M) =210+ ;M Hence 75 = %M and M = 50.

@ rinaL ANswER

@z="g2 (5)M=50
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. m Quantities, Units & Modelling Main topic: Forces
Question 6

riverbank

riverbank

Figure 3
A boat is pulled along a river at a constant speed by two ropes.

The banks of the river are parallel and the boat travels horizontally in a straight line,
parallel to the riverbanks.

+ The tension in the first rope is S00N acting at an angle of 40° to the direction of
motion, as shown in Figure 3.

= The tension in the second rope is P newtons, acting at an angle of ¢° to the direction
of motion, also shown in Figure 3.

+  The resistance to motion of the boat as it moves through the water is a constant
force of magnitude 900N

The boat 1s modelled as a particle. The ropes are modelled as being light and lying in a
horizontal plane.

Use the model to find
(i) the value of

(i1) the value of P
(8)

WORKED SOLUTION Question 6 - WMEO01/01 January 2023

o Resolve perpendicular to the motion

The boat travels straight, so the sideways components balance: 500 sin 40° = Psin .

Resolve along the motion

The speed is constant, so the forward components balance the resistance: 500 cos 40° 4+ P cos a = 900.

Eliminate P
From the two equations, Psin a = 500 sin 40° and P cos a = 900 — 500 cos 40°.

Find alpha
500 sin 40°

Divide the si tion by th i tion:tana = ———————
ivide the sine equation by the cosine equation a 900 — 500 cos 40°

. This gives @ = 31.9°, so @ = 32° approximately.

Find P
Use Psina = 500sin40°%: P = 50,087]1140 = 608.7... N.Hence P~ 610 N.
sin 31.9°



@ FinaL ANswER
(£) @ = 32° approximately. (i¢) P = 610 N approximately.
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QLI eStIOI'I 7 Main topic: Newton's Second Law

Figure 4

A simple lift operates by means of a vertical cable which is attached to the top of the lift.
The lift has mass m

A box Q is placed on the floor of the lift.

A box P is placed directly on top of box Q, as shown in Figure 4.

The cable is modelled as being light and inextensible and air resistance is modelled as
being negligible.
42mg

The tension in the cable is

. . . . .2
The lift and its contents move vertically upwards with acceleration ?g
Using the model,

(a) find, in terms of m, the combined mass of boxes P and Q

4)
. . . . 14mg
During the motion of the lift, the force exerted on box P by box Q is
Using the model,
(b) find, in terms of m, the mass of box P
3)
WORKED SOLUTION Question 7 - WMEO01/01 January 2023

Define the box mass

Let the combined mass of boxes P and Q be M. The lift itself has mass m, so the total moving mass is m + M.

o Apply Newtons second law to the whole system
Taking upward as positive, %mg —(m+M)g=(m+ M)%

e Find M

42 2
Move the weight term to the right: 5 M= (m+ M) (g +34

5 ) = %(m—i—M). Hence 42m = 7(m + M) and M = 5m.

° Let the mass of P be p

14 2
For box P alone, the upward force from Q is ?mg, while its weight is pg. The acceleration is still ?g upward.



e Apply Newtons second law to P

1 m 2
5 9 PI=P
o Find p
14 2
Divide by g: ?m =p+ ?p = 75_p Therefore p = 2m.

@ rinAL ANSWER

(@) combined mass of P and Q = 5m. (b) mass of P = 2m.

TOPIC

Working with Vectors

Every past-paper question on this topic, October 2019 to January 2026.
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Question 7 Working with Vectors

7. Two forces, F and G, act on a particle. The force F has magnitude 4N and acts in a
direction with a bearing of 120° and the force G has magnitude 6 N and acts due north.

Given that P = 2F + G, find
(i) the magnitude of P

(i1) the direction of P, giving your answer as a bearing to the nearest degree.

(7

WORKED SOLUTION Question 7 - WME01/01 October 2019

Resolve 2F
Since F has magnitude 4 N on a bearing of 120°, 2F has magnitude 8 N on the same bearing.

Write the components
2F = 85in 120°i + 8 cos 120°j = 4+/3i — 4j. Also G = 6j.

Find P
P =2F + G = 4/3i+2j.

Find the magnitude

|P|=1/(4v3)? +22 = V48 +4 = V52 N.

Find the bearing angle

43

The vector is in the north-east quadrant. The angle east of north satisfies tan § = - 2v/3.

State the bearing
0 = 73.9° approximately, so the bearing is 074° to the nearest degree.

@ rinaL ANswER
(i) |P| = V52N~ 7.21 N.  (ii) bearing = 074°.
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Question 8

m Working with Vectors

8. [In this question, the horizontal unit vectors i and j are directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

Two speedboats, 4 and B, are each moving with constant velocity. The velocity of 4 is
20kmh™ due west and the velocity of B is 40kmh™ on a bearing of 150°. The boats are
modelled as particles.

At noon, the position vector of 4 is 60ikm and B is at the origin O. At time ¢ hours after
noon, the position vector of 4 is rkm and the position vector of B is s km.

(a) Find the velocity of B in the form (pi + gj)kmh™
3

(b) Find expressions for r and s in terms of 7, i and j.

3)

(c) Find the time, to the nearest minute, at which the distance between the boats is the
same as it was at noon.

®)

WORKED SOLUTION Question 8 - WME01/01 October 2019

Resolve B’'s velocity
A bearing of 150° is 30° east of south. Therefore the east component is 40 sin 150° = 20 and the north component is
40 cos 150° = —20+/3.

Write B's velocity
vp = 20i — 20/3j kmh~1,

Write A's position
Boat A starts at 60i and travels due west at 20 kmh~!, so r = 60i — 20ti = (60 — 20¢)i.

Write B's position
Boat B starts at O, so s = #(20i — 20\/§j) = 20ti — 20V/3tj.

Find the separation vector

—
AB =s —r = (20t — (60 — 20t))i — 20+/3tj = (40t — 60)i — 20+/3t;.

Use the noon distance
At noon the distance between the boats is 60 km. Set the later distance equal to 60: (40t — 60)? + (—20+/3t)? = 602.

Solve for t

Expanding gives 2800¢% — 4800t = 0, so ¢(2800t — 4800) = 0. The later time is ¢ = % = % hours.

Convert to clock time

12
- hours is 1 hour and 42.857 . .. minutes after noon, which rounds to 1:43 pm, or 13:43.



@ FinaL ANswER
(a) vp =20i—20v/3jkmh~t. (b) r = (60 — 20t)i, s = 20ti — 20+/3¢j. (c) 13:43, or 1:43 pm.
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Question 6 m Working with Vectors

6. A force F is given by F = (10i + j)N.

(a) Find the exact value of the magnitude of F.

(2)

(b) Find, in degrees, the size of the angle between the direction of F and the direction of
the vector (i + j).

“4)

The resultant of the force F and the force (—15i + aj)N, where « is a constant, is parallel
to, but in the opposite direction to, the vector (2i — 3j).

(c) Find the value of a.

()

WORKED SOLUTION Question 6 - WMEO01/01 January 2020

Find the magnitude

ForF =10i +j, |F| = v/10% 4+ 12 = V101 N.

Find the direction angle of F

. 1
The angle that F makes with the positive 1 direction is @, where tana = 10 Thus @ = 5.71° approximately.

Compare with i plus j

The vector i+ j makes an angle of 45° with the positive i direction.

Find the angle between the vectors
So the required angle is 45° — 5.71° = 39.29°, approximately 39.3°.

Write the resultant
The resultant of 10i + j and —15i + aj is —5i + (a + 1)j.

Use the parallel opposite direction

Parallel but opposite to 2i — 3j means the resultant is a positive multiple of —2i + 3j.

Solve for a
Let —5i + (a + 1)j = A(—2i + 3j). From the i component, =5 = —2)\, so A = 2.5. Thena + 1 = 3(2.5) = 7.5, hence a = 6.5.

@ FINAL ANSWER
(a) |F| = V101 N. (b) 39.3° approximately. (c)a = 6.5.
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Question 6 m Working with Vectors

6. Two girls, Agatha and Brionie, are roller skating inside a large empty building. The girls
are modelled as particles.

At time ¢t = 0, Agatha is at the point with position vector (11i + 11j)m and Brionie is at
the point with position vector (7i + 16j)m. The position vectors are given relative to the
door, O, and i and j are horizontal perpendicular unit vectors.

Agatha skates with constant velocity (3i — j)ms™'

Brionie skates with constant velocity (4i — 2j)ms™!

(a) Find the position vector of Agatha at time ¢ seconds.

(2)
At time ¢ = 6 seconds, Agatha passes through the point P.
(b) Show that Brionie also passes through P and find the value of ¢ when this occurs.
4)
At time ¢ seconds, Agatha is at the point 4 and Brionie is at the point B.
(c) Show that AB = [(z—4)i+ (5-0)j]m
(2)
(d) Find the distance between the two girls when they are closest together.
4)
WORKED SOLUTION Question 6 - WMEO01/01 January 2021

Write Agatha position
rg = (111 4+ 115) + ¢(3i — j) = (11 + )i + (11 — ¢)j.

Find point P
Att = 6, Agatha is at (11 + 18)i + (11 — 6)j = 291 + 5j.

Write Brionie position
rp = (7i + 16) + (41 — 2j) = (7 + 4t)i + (16 — 2¢)j.

Show Brionie passes P
Set 7+ 4t = 29 to gett = 5.5. Also 16 — 2t = b gives t = 5.5. So Brionie also passes through P at £ = 5.5 s.

Find AB vector

—
AB=rtp—r14=[T+4t— (11 +3t)]i +[16 — 2t — (11 — ¢)]j.

Simplify AB
—
SoAB=(t—4)i+ (5 —¢)jm.



Minimise distance squared
AB? = (t—4)*+ (5—t)2 =2(t —4.5)> + 0.5.

State the minimum distance
The minimum occurs when t = 4.5, giving AB? = 0.5. Hence the minimum distance is 4/0.5 = 0.707 ... m.

@ FinaL ANswER

—
(@)rga=(114+3¢)i+(A1-¢t)j. (b)t=5.5s (c)AB=(t—4)i+(5—1t)j. (d)minimum distance =+/0.5m =~ 0.71 m.
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Question 8

m Working with Vectors

8. [In this question i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin.]

At 7am a ship leaves a port and moves with constant velocity. The position vector of the
port is (—2i + 9j) km.

At 7.36 am the ship is at the point with position vector (4i + 6j) km.

(a) Show that the velocity of the ship is (10i — 5j)kmh™!

(2)
(b) Find the position vector of the ship ¢ hours after leaving port.

(2)
At 8.48 am a passenger on the ship notices that a lighthouse is due east of the ship.
At 9am the same passenger notices that the lighthouse is now north east of the ship.
(c) Find the position vector of the lighthouse.

4)
(d) Find the position vector of the ship when it is due south of the lighthouse.

4)

(Total 12 marks)

WORKED SOLUTION Question 8 - WME01/01 October 2021

Convert the time
From 7:00 to 7:36 is 36 minutes, which is 0.6 hours.

Find velocity
Displacement = (4i + 6j) — (—2i + 9j) = 6i — 3j. Divide by 0.6: v = 10i — 5j.

Write the ship position
r = (—2i+ 9j) + ¢(10i — 55) = (—2 + 10)i + (9 — 5t)j.

Use 8:48
At 8:48, t = 1.8. The ship position is (—2 + 18)i + (9 — 9)j = 16i. The lighthouse is due east, so it has the same j-component, 0.

Use 9:00
At 9:00, £ = 2. The ship position is 18i — j. The lighthouse is north-east of the ship, so its east and north displacements from the ship are
equal.

Find the lighthouse position
Since the lighthouse has j-component 0, from 18i — j it is 1 km north, so it is also 1 km east. Hence its position is 19i.

Find when the ship is due south
Due south of the lighthouse means the ship has i-component 19. Set —2 + 10 = 19, so t = 2.1.



Find the ship position
Att=21r=(—2421)i+ (9 — 10.5)j = 19i — 1.5j.

@ FinAL ANSWER
(@) v=10i —55kmh~!. (b)r=(—2+10t)i+ (9 —5t)j. (c)lighthouse = 19i. (d) ship position = 19i — 1.5j.



WMEO01/01 JANUARY 2022

Question 6

m Working with Vectors

6. [In this question i and j are horizontal unit vectors.]

A particle P of mass 2kg moves under the action of two forces, (pi + ¢j)N and
(2¢i + pj)N, where p and g are constants.

Given that the acceleration of P is (i — j)ms™

(a) find the value of p and the value of g.

B
(b) Find the size of the angle between the direction of the acceleration and the vector j.
(2)
At time 7 = 0, the velocity of P is (3i — 4j)ms™
At ¢ = T seconds, P is moving in the direction of the vector (11i — 13j).
(c) Find the value of T.
3)
WORKED SOLUTION Question 6 - WME01/01 January 2022

Use F =ma
The total force is (pi + gj) + (24i + 2j) = (p + 2¢)i + (p + g)j- Since the mass is 2 kg and acceleration is i — j, the total force is 2i — 2j.

e Equate components
p+2¢g=2andp+g=-2

e Find p and q
Subtract the equations to getg = 4. Thenp +4 = —2, sop = —6.

° Find the angle with j
The acceleration is 1 — j. Its dot product with j is —1, so the angle with the positive j direction is obtuse. Since the components are equal in

magnitude, the angle is 135°.

e Write the velocity at time T
v=0Bi—-4)+T@i-j)=B+D)i+(—-4-T1)j.

o Use the direction vector
3+T —4-T
11 -13

The velocity is parallel to 11i — 13§, so

° Solve for T

13(3 + T) = 11(4 + T), 50 39 + 13T = 44 + 117" Hence 2T = 5 and T = 2.5.

@ rinaL answEr
(@) p=—-6, g=4. (b)135°. (c)T =225.
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Question 8 m Working with Vectors

8. [In this question 1 and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin.]

A ship 4 moves with constant velocity (3i — 10j)kmh™
At time ¢ hours, the position vector of 4 is rkm.
At time ¢ = 0, 4 is at the point with position vector (13i + 5j)km.

(a) Find r in terms of 7.

2)
Another ship B moves with constant velocity (15i + 14j)kmh™
At time ¢ = 0, B is at the point with position vector (3i — 5j) km.
(b) Show that, at time ¢ hours,

AB = [(121 - 10)i + (24— 10)j ] km

4)
Given that the two ships do not change course,
(c) find the shortest distance between the two ships,

(6)
(d) find the bearing of ship B from ship 4 when the ships are closest.

(2)

(Total 14 marks)

WORKED SOLUTION Question 8 - WME01/01 January 2022

o Write the position of A
r = (13i+ 5j) + ¢(3i — 10j) = (13 + 3¢)i + (5 — 10¢)j.

o Write the position of B
s = (31 — 5j) + t(15i + 14j) = (3 + 15¢)i + (—5 + 14¢)j.

Find AB
—
AB=s—r=[3+15t— (134 3¢t)]i+ [-5 4 14¢t — (5 — 10¢)]j.

Show the expression

—
This simplifies to AB = (12t — 10)i + (24¢ — 10)j km.

Use distance squared
The square of the distance is d? = (12¢ — 10)2 + (24¢ — 10)2.

Expand and minimise

720 1

d? = 720t% — 720t + 200. Thi ic is mini = = _.
+ This quadratic is minimum at ¢ 2720 2




° Find the shortest distance
1 —
Att = 3 AB = (—4)i + 2j, 50 the shortest distance is 1/(—4)2 + 22 = v/20 = 2v/5 km.

e Find the bearing
4
At closest approach, B is west and north of A. The angle west of north satisfies tan@ = 3= 2, 50 8 = 63.4°. Bearing

= 360° — 63.4° = 296.6°, which is 297°.

@ FinaL ANswER

(@)t = (13+36)i+ (5 — 100)j. (b) AB = (12t — 10)i+ (24t — 10)j. (c) 2v5km ~ 45km. (d) 297"
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Question 6 m Working with Vectors

6. A particle P is moving with constant acceleration.
At time 7 = 1 second, P has velocity (-i +4j)ms™
At time 7 = 4 seconds, P has velocity (5i — 8j)ms™

Find the speed of P at time ¢ = 3.5 seconds.

(6)

WORKED SOLUTION Question 6 - WME01/01 May/June 2022

° Find the acceleration
The velocity changes from —i+ 4j at t = 1 to 5i — 8j at £ = 4. The time difference is 3 s.

o Calculate acceleration
a (51— 8j) — (—i+4j) _ 6i—12j
N 3 -3

=2i —4j.
Find velocity at t = 3.5

Fromt=1tot=3.5is2.5s s0o v = (—i+4j) + 2.5(2i — 4j).

v = —i+4j + 5i — 10j = 4i — 6j.

o
o Simplify the velocity
o

Find the speed
Speed = /4% 4+ (—6)2 = v/52 = 2v/13 ms ™%, about 7.2 msL.

@ FINAL ANSWER
speed = v/52 =213 ms ! ~ 7.2ms~ L
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. Working with Vectors
Question 8

8. [In this question, i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

Two boats, P and Q, are moving with constant velocities.
The velocity of P is 15ims ™' and the velocity of Q is (20i — 20j)ms’

(a) Find the direction in which Q is travelling, giving your answer as a bearing.

(2)
The boats are modelled as particles.
At time ¢ = 0, P is at the origin O and Q is at the point with position vector 200j m.
At time ¢ seconds, the position vector of P is pm and the position vector of O is qm.
(b) Show that
—_—
PO =[5ti + (200 —20¢)j]m
%)
(c) Find the bearing of P from O when 7= 10
()
(d) Find the distance between P and Q when Q is north east of P
3)
(e) Find the times when P and Q are 200 m apart.
3)

(Total 17 marks)

A A e O T AT TR A TREITR MY e RN L TR WSO

WORKED SOLUTION Question 8 - WME01/01 May/June 2022

° Find the bearing of Q

Q has velocity 20i — 20j, so it travels south-east with equal east and south components. Its bearing is 135°.

Write P position
P starts at the origin and has velocity 15i, so p = 15¢i.

Write Q position
Q starts at 200§ and has velocity 20i — 20j, so q = 20ti + (200 — 20¢)j.

Show PQ
—
PQ = q— p = (20t — 15t)i + (200 — 20¢)j = 5¢i + (200 — 20¢)j.

Find the bearing at t = 10

—
Att = 10, PQ = 50i. This means Q is east of P, so P is west of Q. The bearing of P from Q is 270°.



Use the north-east condition

—
Q is north-east of P when the i and j components of PQ are equal and positive. So 5t = 200 — 20¢.

Find the distance then

—
The equation gives t = 8. Then PQ = 40i + 40j, so the distance is 4/40% + 402 = 40v/2 m.

Set the 200 m distance equation
For distance 200 m, (5¢)2 + (200 — 20t)? = 2007

Solve for t

This simplifies to 425t2 — 8000t = 0, so t(425t — 8000) =0.Hencet=0ort =

8000_@S
425 — 17 7

@ FiNAL ANSWER

(a)135°. (b) PQ = 5ti+ (200 208)5. (c) 270°. (d) 40v2 m. @t=0sar 08
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Question 6

m Working with Vectors

6. [In this question, i and j are horizontal unit vectors.]
A particle A of mass 0.5kg is at rest on a smooth horizontal plane.

At time ¢ = 0, two forces, F, = (-3i+ 2j)N and F, = (pi + ¢gj) N, where p and g are constants,
are applied to 4.

Given that A moves in the direction of the vector (i — 2j),

(a) show that2p + ¢ —4 =0

4)
Given that p = 5
(b) find the speed of 4 at time 7 = 4 seconds.
3
WORKED SOLUTION Question 6 - WME01/01 October 2022

Find the resultant force
F=(-31+2j)+®i+d)=0p-3)i+(g+2)i

Use the direction of motion

Since the particle starts from rest, its motion is in the direction of the resultant force. This direction is 1 — 2j, so g 3 = 2.

Show the relation
g+2=-2(p—3)=—-2p+6hence2p+qg—4=0.

Findqwhenp =5
Substitutep=>5into2p+qg—4=0:10+g—4=0,s0g = —6.

Find the resultant force
The resultant force is (5 — 3)i+ (—6 + 2)j = 2i — 4j N.

Find acceleration
—4j
0.5

The mass is 0.5 kg, so a = 2 =4i — §j.

Find velocity att =4
Starting from rest, v = at = (4i — 8j)4 = 16i — 32j.

Find the speed
Speed = 4/162 + (—32)2 = +/1280 = 16v/5 ms~, about 36 ms ',

@ FinaL ANswWER
(@)2p+q—4=0. (b)speed =16v/5ms™!~36ms..
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Question 8 m Working with Vectors

8. [In this question, i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

Two ships, 4 and B, are moving with constant velocities.
The velocity of 4 is (3i + 12j)kmh ™" and the velocity of B is (pi + ¢gj)kmh'

(a) Find the speed of 4.
(2)

The ships are modelled as particles.
At 12 noon, A4 is at the point with position vector (-9i + 6j)km and B is at the point with
position vector (16i + 6j)km.

At time ¢ hours after 12 noon,
—_—

AB =[(25— 12)i — 9%j]km

(b) Find the value of p and the value of ¢.

)

(c) Find the bearing of 4 from B when the ships are 15km apart, giving your answer to the
nearest degree.

(7
(Total 16 marks)

WORKED SOLUTION Question 8 - WME01/01 October 2022

Find the speed of A
|val = v/32 + 122 = /153 = 3v/17 kmh~L.

Write A position
Attime t, a = (—9i + 6j) + ¢(3i + 12j) = (—9 + 3¢)i + (6 + 12t)].

Write B position
b = (161 + 6j) + t(pi + ¢j) = (16 + pt)i+ (6 + qt)j.

Use AB vector

_>
AB=b—a=[25+ (p—3)tli+ [(¢ — 12)t]j.

Compare components

—
Given AB = (25 — 12t)i — 9tj, compare coefficients: p — 3 = —12 and ¢ — 12 = 9.

Find p and q
Thereforep = —9 and ¢ = 3.

Find the time when the distance is 15

—
Use |AB| = 15: (25 — 12¢)% + (—9¢)% = 152



e Solve the distance equation
4
This gives 225¢% — 600t + 400 = 0, so (3t —4)2 =0and t = 3

o Find BA at this time
4 — —
Att = 3 AB = 9i — 12j. Therefore BA = —9i + 12j.

0 Convert to a bearing

9
A is north-west of B. The angle west of north satisfies tan 8 = kX s0 0 = 36.9°. Bearing = 360° — 36.9° = 323° to the nearest degree.

@ rinaL ANswER
(a) 3V/17kmh!. (b)p=—9, ¢=3. (c)bearing = 323°.
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Question 8 m Working with Vectors

8.
D 50m C
o 50m
A B
Figure 5

A square floor space ABCD, with centre O, is modelled as a flat horizontal surface
measuring 50m by 50m, as shown in Figure 5. _ .
The horizontal unit vectors i and j are in the direction of 4B and AD respectively.

All position vectors are given relative to O.

A small robot R is programmed to travel across the floor at a constant velocity.
« Attime =0, R is at the point with position vector (-2i + j)m

+ Attime = l1s, R is at the point with position vector (9 + 23j)m

+ At time f seconds, the position vector of R is r metres

(a) Find, in terms of ¢, i and j, an expression for r

3)
A second robot S is at the point C.
« Attime =0, S leaves C and moves with constant velocity (i — jyms™
« At time 7 seconds, the position vector of S is s metres
(b) Write down, in terms of #, i and j, an expression for s

@
(c) Show that

SR =[(2t—27)i+ (3r—24)j] m

2)
(d) Find the time when the distance between R and § is a minimum.

3)

WORKED SOLUTION Question 8 - WME01/01 May/June 2023

Find the velocity of R
R moves from —2i + j to 9i + 23j in 11 s. Its displacement is 111 + 22j, so its velocity is i + 2j.

Write r
r=(-2i+j)+t(i+2j) =(—-2)i+(2t+1)j

Write s
Point C has position vector 251 4- 25j. Since S moves with velocity —i — j, s = (25 — £)i + (25 — t)j.

Find SR vector

_>
SR=r—s=[(t—2)— (25— )i+ [(2t+1)— (25— t)]j

Simplify SR

H
Therefore SR = (2t — 27)i + (3t — 24)j m.



° Minimise the distance squared
The distance squared is d? = (2t — 27)% + (3t — 24)2.

e Expand the quadratic
d? = 442 — 108t + 729 + 9¢% — 144¢ + 576 = 13¢> — 252t + 1305.

e Find the minimum time
252 126

Th dratic is mini tt= =—=09.69...s.
e quadratic is minimum at ¢ 213 3 9.69...s

@ FinNAL ANSWER

] ; ; ; T . . 126
(@)r=(@t—2)i+(2t+1)j. (b)s=(25—-1)i+(25—1t)j. (c)SR=(2t—27)i+ (3t—24)j. (d)t= =g °¥ 9.7s.
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Question 6 m Working with Vectors

6. [In this question i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

At 12:00, a ship P sets sail from a harbour with position vector (151 + 36j)km.
At 12:30, P 1s at the point with position vector (20i + 34j)km.

Given that P moves with constant velocity,

(a) show that the velocity of P is (10i — 4j)kmh
2)

At time ¢ hours after 12:00, the position vector of P is pkm.

(b) Find an expression for p in terms of i, j and ¢.

(2)
A second ship O is also travelling at a constant velocity.

At time ¢ hours after 12:00, the position vector of Q is given by qkm, where
q=(42 - 8)i+(9+ 140)j

Ships P and Q are modelled as particles.

If both ships maintained their course,

(c) (i) verify that they would collide at 13:30

(ii) find the position vector of the point at which the collision would occur.

@)
At 12:30 O changes speed and direction to avoid the collision,
Ship Q now travels due north with a constant speed of 15kmh™
Ship P maintains the same constant velocity throughout.

(d) Find the exact distance between P and O at 14:30
7

WORKED SOLUTION Question 6 - WME01/01 October 2023

Find the velocity of P
From 12:00 to 12:30, the displacement of P is (20i 4+ 34j) — (15i + 36j) = 5i — 2j km. The time is 0.5 hours, so

CBi-2j
=05 =W0i-4

vp

Write the position of P
At t hours after 12:00, p = (151 + 36j) + ¢(10i — 4j) = (15 + 10t)i + (36 — 4t)j.

Verify the collision time
At 13:30, ¢ = 1.5. Then p = (15 + 15)i + (36 — 6)j = 30i + 30j. Also q = (42 — 8(1.5))i + (9 + 14(1.5))j = 30i + 30j.

State the collision position

Since both position vectors are the same, the collision point has position vector 30i 4+ 30j km.

Find P at 14:30
At 14:30, t = 2.5, so p = (15 + 25)i + (36 — 10)j = 40i + 26j.



Find Q after changing course
At 12:30, t = 0.5, so q = 381 + 16j. From 12:30 to 14:30 is 2 hours due north at 15 kmh™!, so the extra displacement is 30j. Thus Q is at

38i + 46j.

Find the distance
The separation vector is (40 — 38)i 4 (26 — 46)j = 2i — 20j. The distance is v/22 + 20? = v/404 = 24/101 km.

@ rinaL ANswER
(@) vp = 10i — 4jkmh1. (b) p = (15 + 10£)i + (36 — 48)j. (c)(4é) 308+ 30j. (d) 2v/101 km.
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Question 7 m Working with Vectors

7. [In this question i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

At midnight, a ship S is at the point with position vector (191 + 22j)km
The ship travels with constant velocity (12i — 16j)kmh™

(a) Find the speed of S.

(2)
At time ¢ hours after midnight, the position vector of § is skm.
(b) Find an expression for s in terms of i, j and .
(2)
A lighthouse stands on a small rocky island. The lighthouse is modelled as being at the
point with position vector (26i + 15j) km.
It is not safe for ships to be within 1.3 km of the lighthouse.
(c) (1) Find the value of ¢ when § is closest to the lighthouse.
(11) Hence determine whether it is safe for § to continue its course.
(7)
WORKED SOLUTION Question 7 - WMEO01/01 January 2024

o Find the speed
The velocity is 12i — 164, so the speed is 4/12% + (—16)2 = 20 kmh~".

o Write the ship position vector
At time £ hours after midnight, s = (19i + 22§) + £(12i — 16j) = (19 + 12t)i + (22 — 16t)j.

Form the vector from lighthouse to ship

_)
The lighthouse is at 261 + 15§. Therefore LS = s — 1= (12¢ — 7)i + (7 — 16%)j.

Use distance squared
The square of the distance is d? = (12t — 7)% + (7 — 16t)% = 400¢> — 392¢ + 98.

Find the time of closest approach

392
2.400 — 0.49.

This quadratic is minimum when ¢t =

Find the minimum distance
Att=0.49,d> =1.96,s0d = 1.4 km.

Decide if the course is safe
The unsafe distance is 1.3 km. Since 1.4 > 1.3, it is safe for the ship to continue its course.



@ FinaL ANswER
(@)20kmh~t. (B)s= (19 + 12t)i + (22 — 16t)j. (c)(¢)t =0.49. (c)(é%) minimum distance = 1.4 km, so it is safe.
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Question 7 m Working with Vectors

7. |In this question, the horizontal unit vectors i and j are directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

Two speedboats, 4 and B, are each moving with constant velocity.

+ the velocity of 4 is 40kmh ™' due ecast

+ the velocity of B is 20kmh ' on a bearing of angle a (0° < a < 90°), where tana = §
The boats are modelled as particles.

(a) Find, in terms of i and j, the velocity of B in kmh™

(2)
At noon
* the position vector of 4 is 20jkm
* the position vector of B is (10i + 5j) km
At time ¢ hours after noon
* the position vector of 4 is rkm, where r = 20j + 40¢i
* the position vector of B is skm
(b) Find an expression for s in terms of ¢, i and j.
(2)
(c) Show that at time ¢ hours after noon,
—
AB =[(10 - 240)i + (12¢ — 15)j] km
()
(d) Show that the boats will never collide.
3)
(¢) Find the distance between the boats when the bearing of B from 4 is 225°
@
WORKED SOLUTION Question 7 - WME01/01 May/June 2024

o Resolve the velocity of B

4 4 3
For a bearing angle @ with tan o = 3 use sina = 5 and cosa = 5 Therefore vp = 20 sin ai + 20 cos o = 16i + 12j.

o Write the position of B
At noon, B is at 10i + 5j. With constant velocity 16i + 12j, s = (10 + 16¢)i + (5 + 12t)j.

° Find AB vector

—
A has position vector r = 40¢i + 20j. Hence AB =s — r = (10 + 16¢ — 40t)i + (5 + 12t — 20)j.

° Show the printed expression
—
This simplifies to AB = (10 — 24¢)i + (12t — 15)j km.



Show the boats do not collide
For collision, both components must be zero. From 10 — 24t =0, t = % From12t —15=0,¢t = % These times are different, so the

boats never collide.

Use the bearing 225 degrees condition

—
A bearing of 225° means B is south-west of A, so the i and j components of AB are equal and negative. Set 10 — 24t = 12¢ — 15.

Find the distance

20

25 20 2
The equation gives t = 36" Then each component is —3 so the distance is \/(—) + (

3

2)' 02,
3/ 3

@ rinaL ANswER

—
(@) vg=16i+12jkmh~t. (b)s = (10 + 16¢)i + (5 + 12t)j. (c) AB = (10 — 24t)i+ (12t — 15)j. (d) no collision. (e)

20v/2

3 km = 9.4 km
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Question 7

m Working with Vectors

7. [In this question i and j are horizontal unit vectors.|
Two boats, 4 and B, are each moving with constant acceleration.

At time ¢ hours after noon, boat 4 has velocity v, kmh ', where
v, =2i+3j + (i—4j)t

(a) Find the magnitude of the acceleration of A.

(2)
When ¢ = 2, the velocity of Bis (4i+ j)kmh™
When ¢ =5, the velocity of Bis (i— 5j)kmh™
(b) Find the acceleration of B, giving your answer in terms of i and j.

(2)
(c) Find the velocity of B at time ¢ = 0, giving your answer in terms of i and j.

(2)
At time 7' hours after noon, both boats are moving with the same speed.
(d) Find the exact value of T,

“4)
At time T, hours after noon, both boats are moving in the same direction.
(e) Show that 3T22 +pT, + g =0, where p and g are integers to be found.

3)

WORKED SOLUTION Question 7 - WME01/01 May/June 2025

0 Part (a): Find magnitude of acceleration of A - Identify acceleration from velocity function
Given: v4 = 2i+ 3j+ (i — 4j)t

This is in form: v =u + at
Therefore:

; Initial velocity: ug = 2i + 3j
; Acceleration: a4 = i — 4j km h=2

o Part (a): Find magnitude of acceleration of A - Find magnitude
= Ja2 T a2

lag| = /124 (—4)2= /1416 = V17 =4.123...=4.1kmh % (2 5f)




° Part (b): Find acceleration of B - Use two velocity points to find acceleration

Given:

Attt =2:vp=4i+]
;Att=05:vp=1i—5j

a=A4r
ap = (i_sjg:gﬁﬂ') _ (1_4)i+3(—5—1)j _ —3i3—6j =—i—2jkmh2

° Part (c): Find velocity of B at t = 0 - Use velocity equation backward
V(t) = V(to) + a(t — to)

Fromt =2 backtot =0:
vp(0) =vp(2) +ap(0—2) = (4i+j) + (=i—2j)(-2) =4i+j+2i+4j=6i+5jkmh!

° Part (d): Find exact value of T, when both have same speed - Express velocities at time t
For boat A:
va(t) =2i+3j+ (i —4j)t=(2+t)i+ (3—4)j

For boat B:
vp(t) = (6i+5j) + (-i—2j)t= (6 —t)i+ (5 — 2t)j

o Part (d): Find exact value of 77 when both have same speed - Find magnitudes
[val?=(2+¢t)>+ (3 —4t)> =4+ 4t +t> + 9 — 24t + 16¢> = 17t> — 20t + 13

[vB|? = (6 — t)% + (5 — 2t)% = 36 — 12t + £ + 25 — 20t + 4t% = 5% — 32t + 61

e Part (d): Find exact value of 77 when both have same speed - Set magnitudes equal
172 — 20t + 13 = 5¢2 — 32t + 6112t> + 12t —48 =0t>+¢t -4 =0

o Part (d): Find exact value of 7; when both have same speed - Solve using quadratic formula
$ = ZlEVIHI6 _ 117
= 2 =T 2

Taking positive value:
Ty = —1+2\/ﬁ

o Part (e): Show 372 + pT} + g = 0 - Condition for same direction
Velocities parallel when:
24T, _ 34T
6-T, — 5-2T
@ Part (e): Show 3T22 + pT5 4+ ¢ = 0 - Cross-multiply
(2+ To)(5 — 2T) = (3 — 4T5)(6 — T2) 10 — 4T} + 5T, — 2T2 = 18 — 3T, — 24T, + 4T2 10 + Ty — 2T2 = 18 — 27T, + 4T
0=A4T2 +2T7 — 27T, — T, +18 —100 = 6T — 28T + 8

° Part (e): Show 3T22 + pT5 4+ ¢ = 0 - Divide by 2 to get required form
0=3T7 — 14T, + 4

Therefore:p = —14and g = 4

@ FinaL ANswWER

(@) |aa| = V17kmh2 ~ 41kmh=2. (b)ap=—i—2jkmh=2 (c)vp(0) =6i+5jkmh™t. (d)Ti= o hours. (e) 377 —14T>+4=0,p=-14, g=4

+
2
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Question 6 m Working with Vectors

6. [In this question i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

At 9 am, a ship § leaves a harbour and moves with constant velocity (10i + 15j)kmh™

(a) Find the exact speed of S

(2)
The harbour is at the origin O.
At 9 am, a boat B leaves the point with position vector (50i + 10j) km and moves with
constant velocity (—8i + 10j)kmh™’
(b) Find the direction in which B is moving, giving your answer as a bearing to the
nearest degree.
3)
(c) Show that at time ¢ hours after 9 am,
—_—
SB =[(50 — 18¢)i + (10 — 5¢)j] km
C))
(d) Show that B and S do not collide.
3
When B is north-east of S, the distance between S and B is dkm.
(e) Find the value of d.
C))
WORKED SOLUTION Question 6 - WMEO01/01 January 2026

Find the speed of S
The velocity of S is 10i ++ 15]. Its speed is the magnitude: 4/10% + 152 = /325 = 54/13 kmh™L.

Find the bearing of B

B has velocity —8i + 10j, so it moves west and north. The angle west of north satisfies tan § = % giving 8 = 38.66°. The bearing is
360° — 38.66° = 321° to the nearest degree.

Write both position vectors
At time ¢ hours after 9 am, rg = (10¢)i + (15¢)j. Also rg = (50i + 10§) + £(—8i + 10j) = (50 — 8¢)i + (10 + 10t)j.

Find the relative position vector

_)
SB=rp—rg=[(50 — 8) — 10¢]i + [(10 4 10¢) — 15¢]j = (50 — 18t)i + (10 — 5¢);.

Show they do not collide

_) 2
For a collision, both components of SB must be zero at the same time. From 50 — 18t =0, t = ?5 From 10 — 5¢ = 0, t = 2. These are

different, so B and S do not collide.



Find the north-east or south-west instant

When the separation is along a 45° diagonal, the two components have equal magnitude. Using the given condition, set

50—18t=10—5t,so40:13tandt=‘11—g.

6 Find the distance d

= 7.6 km to 2 significant figures.

70)2+ (70)2: 0V2

Att = 4]1-_3 both components are —I—g. Therefore d = \/(E ﬁ 13

@ FinNAL ANSWER

H
() 5vI3kmh. (b)321°. (c)SB= (50— 18t)i+ (10— 5¢)j. (d)no collision. (e)d= %‘f km ~ 7.6 km
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QLI eStIOI'I 6 Main topic: Kinematics Graphs

6. An athlete runs a 200 m race along a straight horizontal track.
In a model of the motion of the athlete, air resistance is ignored, the athlete starts from rest
at time 7 = 0 seconds and moves with uniform acceleration 0.8 ms™ for T seconds, reaching
a speed of 'ms™!. She then maintains this speed until she crosses the finishing line.

The total time from when the athlete starts to when she crosses the finishing line is 30s.

(a) Sketch a speed-time graph for the model of the motion of the athlete from the instant
when she starts to the instant when she crosses the finishing line.

(2)
(b) Write down an expression for V' in terms of 7.

(1)
(c) Show that 72 — kT + 500 = 0, where £ is a constant to be found.

4)
(d) Hence find the value of 7, justifying your answer carefully.

3)

(e) Considering your speed-time graph or otherwise, state two ways, apart from including
air resistance, in which the model could be made to be more realistic.

(2)

WORKED SOLUTION Question 6 - WME01/01 October 2019

0 Describe the speed-time graph
The graph starts at (0, 0), rises in a straight line with gradient 0.8 until time T and speed V, then stays horizontal at speed V until £ = 30.

v (m s*‘)A

» t(s)

o Write Vin terms of T

Uniform acceleration gives V' = 0.8T".

o Use area for the distance
The distance is the area under the speed-time graph: %TV + V(30 — T') = 200.



° Substitute V
Using V = 0.8T" %T(O.ST) + (0.8T)(30 — T') = 200.

° Form the quadratic
0.4T2 4- 24T — 0.8T% = 200, so —0.4T'2 + 24T — 200 = 0. Multiplying by —2.5 gives T — 60T + 500 = 0, so k = 60.

G Solve and choose the valid root
T2 — 60T + 500 = (T — 10)(T — 50) = 0, so T’ = 10 or 50. Since the whole race lasts 30 s, T' = 10.

e Give two model improvements

A more realistic model could include reaction time at the start, and could replace the instantaneous change from acceleration to constant
speed with a smoother transition.

@ FiNAL ANSWER
(a) Speed-time graph rises linearly to V' at t = T, then is horizontal until ¢ = 30.
(b)) V=0.8T. (c)T?— 60T +500=0,sok=60.

(d) T = 10. (e) For example, include reaction time at the start and avoid the instantaneous change to constant speed.
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- m Working with Vectors Main topic: Forces
Question 6

riverbank

riverbank

Figure 3
A boat is pulled along a river at a constant speed by two ropes.

The banks of the river are parallel and the boat travels horizontally in a straight line,
parallel to the riverbanks.

+ The tension in the first rope is SO0N acting at an angle of 40° to the direction of
motion, as shown in Figure 3.

= The tension in the second rope is P newtons, acting at an angle of ¢° to the direction
of motion, also shown in Figure 3.

+  The resistance to motion of the boat as it moves through the water is a constant
force of magnitude 900N

The boat 1s modelled as a particle. The ropes are modelled as being light and lying in a
horizontal plane.

Use the model to find
(i) the value of

(i1) the value of P
(8)

WORKED SOLUTION Question 6 - WMEO01/01 January 2023

o Resolve perpendicular to the motion

The boat travels straight, so the sideways components balance: 500 sin40° = Psin .

Resolve along the motion

The speed is constant, so the forward components balance the resistance: 500 cos 40° 4+ P cos & = 900.

Eliminate P
From the two equations, Psina = 500 sin 40° and P cos a = 900 — 500 cos 40°.

Find alpha
500 sin 40°

Divide the si tion by th i tion:tana = —————
ivide the sine equation by the cosine equation a 900 — 500 cos 40°

. This gives @ = 31.9°, so & = 32° approximately.

Find P
Use Psina = 500sin40°%: P = M = 608.7... N.Hence P~ 610 N.
sin 31.9°



@ FinaL ANswER
(£) @ = 32° approximately. (i¢) P = 610 N approximately.

TOPIC

Kinematics Graphs

Every past-paper question on this topic, October 2019 to January 2026.
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Question 6

m Kinematics Graphs

6. An athlete runs a 200 m race along a straight horizontal track.
In a model of the motion of the athlete, air resistance is ignored, the athlete starts from rest
at time 7 = () seconds and moves with uniform acceleration 0.8 ms™ for 7'seconds, reaching
a speed of 'ms™'. She then maintains this speed until she crosses the finishing line.

The total time from when the athlete starts to when she crosses the finishing line is 30s.

(a) Sketch a speed-time graph for the model of the motion of the athlete from the instant
when she starts to the instant when she crosses the finishing line.

(2)
(b) Write down an expression for V in terms of 7.

(1)
(c) Show that 72 — kT + 500 = 0, where £ is a constant to be found.

4)
(d) Hence find the value of 7, justifying your answer carefully.

3)

(e) Considering your speed-time graph or otherwise, state two ways, apart from including
air resistance, in which the model could be made to be more realistic.

(2)

WORKED SOLUTION Question 6 - WME01/01 October 2019

0 Describe the speed-time graph
The graph starts at (0, 0), rises in a straight line with gradient 0.8 until time T and speed V, then stays horizontal at speed V until ¢ = 30.

v (m s’l)A

»t(s)

30

e Write Vin terms of T

Uniform acceleration gives V' = 0.8T".

° Use area for the distance
1
The distance is the area under the speed-time graph: ETV + V(30 — T) = 200.



° Substitute V
Using V = 0.8T" %T(O.ST) + (0.8T°)(30 — T') = 200.

° Form the quadratic
0.4T2 4- 24T — 0.8T% = 200, so —0.4T' + 24T — 200 = 0. Multiplying by —2.5 gives T — 60T + 500 = 0, so k = 60.

G Solve and choose the valid root
T2 — 60T + 500 = (T — 10)(T — 50) = 0, so T’ = 10 or 50. Since the whole race lasts 30 s, T' = 10.

e Give two model improvements

A more realistic model could include reaction time at the start, and could replace the instantaneous change from acceleration to constant
speed with a smoother transition.

@ FiNAL ANSWER
(a) Speed-time graph rises linearly to V' at t = T, then is horizontal until ¢ = 30.
(b)) V=0.8T. (c)T?— 60T +500=0,sok=60.

(d) T = 10. (e) For example, include reaction time at the start and avoid the instantaneous change to constant speed.
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Question 7 m Kinematics Graphs

7. A helicopter is hovering at rest above horizontal ground at the point H. A parachutist steps
out of the helicopter and immediately falls vertically and freely under gravity from rest for
2.5s. His parachute then opens and causes him to immediately decelerate at a constant
rate of 3.9ms* for 7 seconds (7 < 6), until his speed is reduced to 'ms™'. He then moves
with this constant speed V'ms' until he hits the ground. While he is decelerating, he falls
a distance of 73.75m. The total time between the instant when he leaves H and the instant
when he hits the ground is 20s.

The parachutist is modelled as a particle.

(a) Find the speed of the parachutist at the instant when his parachute opens.

(1)

(b) Sketch a speed-time graph for the motion of the parachutist from the instant when he
leaves H to the instant when he hits the ground.

(2)
(c) Find the value of 7.
(6))
(d) Find, to the nearest metre, the height of the point A above the ground.
)
WORKED SOLUTION Question 7 - WMEO01/01 January 2021

Find speed when parachute opens
The parachutist falls freely from rest for 2.5's, so v = gt = 9.8(2.5) = 24.5ms™1.

Describe the graph
The speed-time graph starts at 0, rises linearly to 24.5 at ¢ = 2.5, then decreases linearly with smaller gradient for T seconds, then stays
horizontal at speed V until ¢ = 20.

v (m s*‘)A

L yt(s)

Use the deceleration distance

During the deceleration phase, initial speed is 24.5, acceleration is —3.9, time is T', and distance is 73.75.



° Form the equation for T
73.75 = 24.5T + %(—3.9)T2 = 24.5T — 1.95T2%

° Choose the valid T
Solving givesT =5 orT = 7.56....Since T < 6, take T' = 5.

G Find V

V=245-39(5)=5ms L.
Q Find the total height

Height is the total area under the speed-time graph: first triangle %(2.5)(24.5) = 30.625, deceleration distance 73.75, and final rectangle
(20 — 2.5 — 5)(5) = 62.5.

o Round the height
Total height = 30.625 + 73.75 4+ 62.5 = 166.875 m, which rounds to 167 m.

@ FiNAL ANSWER
(a) 24.5ms™t.  (b) Speed-time graph rises to 24.5 at t = 2.5, falls to V at ¢t = 2.5 + T, then is horizontal to ¢ = 20.
(¢)T=5. (d)H =167 m to the nearest metre.



WMEO01/01 MAY/JUNE 2021

Question 8 m Kinematics Graphs

8. Two trams, tram 4 and tram B, run on parallel straight horizontal tracks. Initially the two
trams are at rest in the depot and level with each other.

At time ¢t = 0, tram A starts to move. Tram 4 moves with constant acceleration 2ms 2 for
5 seconds and then continues to move along the track at constant speed.

At time ¢ = 20 seconds, tram B starts from rest and moves in the same direction as
tram A. Tram B moves with constant acceleration 3 ms 2 for 4 seconds and then continues
to move along the track at constant speed.

The trams are modelled as particles.

(a) Sketch, on the same axes, a speed-time graph for the motion of tram A4 and a
speed-time graph for the motion of tram B, from ¢ = 0 to the instant when tram B
overtakes tram A.

3)

At the instant when the two trams are moving with the same speed, tram 4 is d metres in
front of tram B.

(b) Find the value of d.

)
(c) Find the distance of the trams from the depot at the instant when tram B overtakes
tram 4.
)
(Total 13 marks)
WORKED SOLUTION Question 8 - WME01/01 May/June 2021

° Describe tram A graph

Tram A starts at ¢ = 0, accelerates at 2 ms~2 for 5 s, reaching speed 10 ms ™1, then continues at this constant speed.

e Describe tram B graph

Tram B starts at ¢ = 20, accelerates at 3 ms~2 for 4 s, reaching speed 12 m ™1, then continues at this constant speed. Its graph crosses A's
distance later.

° Find when speeds are equal

10 10 70
Tram A's constant speed is 10. Tram B reaches speed 10 after 3 s of acceleration, so the time from t = 0 is 20 + 3 =3 s.

3

° Distance of A then

1 625
A travels 5(5)(10) = 25 m in its acceleration phase, then 10 (7?0 — 5) = 53ﬂ m. Total = 5 m

e Distance of B then

1/10 50
B is still accelerating from rest, so its distance is 2 (?) (10) = 3 m.



Find d
g 5% 50 _ 575
) 3 3

Set overtake distances equal

1
Fort > 24, A's distance is 25 + 10(¢ — 5) = 10¢ — 25. B's distance is 5(4)(12) +12(¢ — 24) = 12t — 264.

Find the overtake time
Set 10t — 25 = 12t — 264. Then 2t =239 and t = 119.5 s.

Find the distance from the depot
Using A's distance, 10(119.5) — 25 = 1170 m.

@ FiNAL ANSWER

(a) Tram A reaches speed 10 at t = 5; tram B starts at ¢ = 20, reaches speed 12 at ¢ = 24, then later overtakes A.

(b)d= ? m~192m. (c)1170m.



WMEO01/01 MAY/JUNE 2022

Question 7 m Kinematics Graphs

7. Two small children, Ajaz and Beth, are running a 100 m race along a straight horizontal track.
They both start from rest, leaving the start line at the same time.

Ajaz accelerates at 0.8 ms~ up to a speed of 4ms ' and then maintains this speed until he
crosses the finish line.

Beth accelerates at 1 ms~ for T seconds and then maintains a constant speed until she
crosses the finish line.

Ajaz and Beth cross the finish line at the same time.

(a) Sketch, on the same axes, a speed-time graph for each child, from the instant when they
leave the start line to the instant when they cross the finish line.

3)
(b) Find the time taken by Ajaz to complete the race.
4)
(c) Find the value of T
4)
(d) Find the difference in the speeds of the two children as they cross the finish line.
(2)
WORKED SOLUTION Question 7 - WME01/01 May/June 2022

Describe Ajaz graph

Ajaz starts from rest, accelerates linearly to speed 4 ms~2, then continues with a horizontal speed-time line at speed 4.

Describe Beth graph
Beth starts from rest, has a steeper straight acceleration line for 1" seconds, then a horizontal line. Both graphs finish at the same final time.

Find Ajaz acceleration time

4
Ajaz reaches speed 4 with acceleration 0.8, so the time is 8= 5s.

Find Ajaz total time
1
Distance during acceleration is 5(5)(4) = 10 m. The remaining 90 m at speed 4 takes 22.5 s, so Ajaz's total time is 27.5 s.

Set Beth distance equation

1
Beth accelerates for T" seconds to speed T, then runs at speed 7" until time 27.5. Her distance is ETz + T(27.5 - T).

Solve for T

100 = %Tz +27.5T —T? = 27.5T — %Tz. Thus T2 — 55T + 200 = 0. The valid root is T' = 3.915.... s.

Find the finish speeds

Ajaz finishes at 4 m s L. Beth's constant speed is T = 3.915... ms™..



Find the difference
Difference = 4 — 3.915... = 0.085 ms™! approximately.

@ rinaL ANswER
(a) Ajaz reaches speed 4 then runs horizontally; Beth has a steeper initial line to speed T, then horizontal, both ending at the same time.

(b) 27.55. (c) T = 3.92 s approximately. (d) 0.085 ms~ approximately.
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Question 6 m Kinematics Graphs

0 10 30 35 s

Figure 4

The point O lies on a straight horizontal road.
At time 7= 0, a car leaves O and travels along the road.

The velocity-time graph in Figure 4 shows the velocity, vms ™', of the car at time
t seconds for the first 35 seconds of its journey.

(a) Find
(1) the acceleration of the car for the period 0 < ¢ < 10

(i1) the deceleration of the car for the period 30 <t < 35

2)
(b) Sketch an acceleration-time graph for the car for the period 0 < ¢ < 35

)
(¢) Find the distance travelled by the car for the period 0 < ¢ < 35

2

When ¢ =5, a motorcycle starts from rest at O.
The motorcycle travels along the same road as the car and in the same direction.

For the period 5 < ¢ < 20, the acceleration of the motorcycle is Ams”, where 4 is a
positive constant.

The motorcycle catches up with the car when ¢ = 20

(d) Find the value of 4.
)



WORKED SOLUTION Question 6 - WME01/01 October 2025

Part (a): Find accelerations
(i) Acceleration for0 < ¢t < 10

Acceleration = A—z = gradient of v-t graph
_ 300 , _ -2
a=irye=3ms

(i) Deceleration for 30 <t < 35

_ 0-30 . _ -30 , _ _ -2
a=gpa== a=—6ms
Deceleration = |6 = 6 m s~2

° Part (b): Sketch acceleration-time graph

Analysis of each section:

;0 <t < 10: Constant acceleration = 3 m s—2
; 10 < t < 30: Constant velocity, so acceleration =0m s™
130 < t < 35: Constant deceleration = —6 m s—2

2

a(m 5*2)A

» t(s)

10 30 35

° Part (c): Find distance travelled for 0 < ¢ < 35 - Calculate area under v-t graph
Distance = Area under v-t graph

The shape is a trapezium. We can split it into regions:

Method 1: Trapezium formula
Area = 1(a+Db)h
Where the parallel sides are the time intervals and height is velocity.

Better to calculate as sum of shapes:

Method 2: Sum of triangle + rectangle + triangle
Area; = % % 10 x 30 = 150 m Areas; = 20 x 30 = 600 m Areaz = % Xx5x30=75m

Total distance = 150 + 600 + 75 = 825 m



° Part (d): Find value of A - Distance travelled by car (0 to 20 seconds)
Area under v-t graph fromt = 0 to ¢ = 20:

Distancec, = Triangle + Rectangle = 1 (10)(30) + (10)(30) = 150 + 300 = 450 m

e Part (d): Find value of A - Distance travelled by motorcycle (5 to 20 seconds)

Motorcycle starts at ¢ = § with constant acceleration A.
Time of travel: 20 — 5 = 15 seconds

s=ut+ %at2

Distancemotorcycie = 0 + %A(IB)2 = % =112.5Am

o Part (d): Find value of A - Set distances equal

Motorcycle catches up with car when ¢ = 20:

4! _
1125A=450 A= {3 A=4ms?

@ FINAL ANSWER

2

(a)(3) @ = 3ms~2, (i) deceleration = 6 ms~2.  (b) correct acceleration-time graph with levels 3,0, —6. (c) distance = 825 m. (d) A =4 ms™2
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Qu eStlon 8 Main topic: Working with Vectors

8. [In this question, the horizontal unit vectors i and j are directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

Two speedboats, 4 and B, are each moving with constant velocity. The velocity of 4 is
20kmh™ due west and the velocity of B is 40kmh™ on a bearing of 150°. The boats are
modelled as particles.

At noon, the position vector of 4 is 60ikm and B is at the origin O. At time ¢ hours after
noon, the position vector of 4 is rkm and the position vector of B is s km.

(a) Find the velocity of B in the form (pi + gj)kmh™
3)

(b) Find expressions for r and s in terms of ¢, i and j.

3)

(c) Find the time, to the nearest minute, at which the distance between the boats is the
same as it was at noon.

3)

WORKED SOLUTION Question 8 - WME01/01 October 2019

Resolve B's velocity
A bearing of 150° is 30° east of south. Therefore the east component is 40 sin. 150° = 20 and the north component is
40 cos 150° = —20v/3.

Write B's velocity
vp = 20i — 20/3j kmh 1,

Write A's position
Boat A starts at 60i and travels due west at 20 kmh~?, so r = 60i — 20ti = (60 — 20¢)i.

Write B's position
Boat B starts at O, so s = £(20i — 20+/3j) = 20ti — 20+/3¢j.

Find the separation vector

—
AB =s —r = (20t — (60 — 20t))i — 20+/3tj = (40t — 60)i — 20+/3t;.

Use the noon distance
At noon the distance between the boats is 60 km. Set the later distance equal to 60: (40t — 60)% + (—20+/3t)? = 602.

Solve for t

4800 12
= — hours.

Expanding gives 2800¢% — 4800t = 0, so ¢(2800t — 4800) = 0. The later time is ¢ = 2800 — 7

Convert to clock time

12
- hours is 1 hour and 42.857 . .. minutes after noon, which rounds to 1:43 pm, or 13:43.



@ FinaL ANswER
(a) vp =20i—20v/3jkmh~!. (b) r = (60 — 20t)i, s = 20ti — 20+/3¢j. (c) 13:43, or 1:43 pm.
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QLI eStIOI'I 6 Main topic: Constant Acceleration in 1D

6.
vms™
A
0 | | >
25 7 t seconds
Figure 3
A small ball is thrown vertically upwards at time ¢ = 0 from a point 4 which is above
horizontal ground. The ball hits the ground 7 s later.
The ball is modelled as a particle moving freely under gravity.
The velocity-time graph shown in Figure 3 represents the motion of the ball for 0 < ¢ < 7
(a) Find the speed with which the ball is thrown.
(2)
(b) Find the height of 4 above the ground.
3)
WORKED SOLUTION Question 6 - WMEO01/01 October 2021

0 Use the velocity-time graph

The velocity becomes zero at t = 2.5 s. Since acceleration is —g = —9.8 ms~2, the initial velocity is u = 9.8(2.5).

o Find the initial speed
uw=245ms™ L.

Use displacement to the ground

1
From launch to £ = 7, the displacement is the area under the velocity-time graph. Algebraically, 8 = ut — 59752 witht =T7.

s =24.5(7) — 1 9.8)(7?) = 171.5 — 240.1 = —68.6 m.
2

o
° Calculate displacement
0

State the height
The negative sign shows the ground is below A, so the height of A above the ground is 68.6 m.

@ FINAL ANSWER
(a) 24.5ms™t. (b) 68.6 m approximately.
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QLI eStIOI'I 6 Main topic: Constant Acceleration in 1D

6. A particle is projected vertically upwards from a point A with speed 24ms™'
The point A is 2.5 m vertically above the point B.
Point B lies on horizontal ground.
The particle moves freely under gravity until it hits the ground at B with speed Vms"
After hitting the ground the particle does not rebound.

(a) Find the value of V.

(3)
(b) Find the time taken for the particle to reach B.
3
The point C is 10m vertically above A.
(c) Find the length of time for which the particle is above C.
(4)
(d) Sketch a speed-time graph for the motion of the particle from projection to the
instant that it reaches B. (No further calculations are required.)
(2)
WORKED SOLUTION Question 6 - WMEO01/01 January 2024

Find the impact speed
Take upward as positive from A. At B, the displacement is —2.5 m, with u = 24 and @ = —9.8. Use v> = u? 4 2as:
V? =242 4 2(—9.8)(—2.5) = 625.

State V
V=25ms1

Find the time to reach B
The velocity at B is —25 ms~L. Using v = u + at, —25 = 24 — 9.8¢, sot = 5 5.

Set up the height C equation
Cis 10 m above A. The particle is above C between the two times when s = 10: 10 = 24¢ — 4.9t2.

Solve for the two crossing times
4.9t — 24t +10 =0, givingt = 0.459...andt = 4.438.....

Find the time above C
The length of time above Cis 4.438... —0.459... =3.98... s, about 4.0 s.



Describe the speed-time graph
The graph starts at speed 24, decreases linearly to 0 at the highest point, then increases linearly to speed 25 at ¢ = 5. It is a V-shaped
speed-time graph.

v (ms)

24

» t(s)
2.45 5

@ rinAL ANSWER
(@) V=25ms™l. (b)t=>5s. (c)4.0sapproximately. (d) Speed-time graph is V-shaped, from speed 24 to 0, then to speed 25 at
=5

TOPIC

Constant Acceleration in 1D

Every past-paper question on this topic, October 2019 to January 2026.
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- m Constant Acceleration in 1D
Question 6

6.
vms'
A
0 | | >
2.5 7 t seconds
Figure 3
A small ball is thrown vertically upwards at time ¢ = 0 from a point 4 which is above
horizontal ground. The ball hits the ground 7 s later.
The ball is modelled as a particle moving freely under gravity.
The velocity-time graph shown in Figure 3 represents the motion of the ball for 0 < ¢ <7
(a) Find the speed with which the ball is thrown.
(2)
(b) Find the height of 4 above the ground.
3)
WORKED SOLUTION Question 6 - WMEO01/01 October 2021

° Use the velocity-time graph

The velocity becomes zero at t = 2.5 s. Since acceleration is —g = —9.8 ms~2, the initial velocity is u = 9.8(2.5).

o Find the initial speed
u=245ms™ 1

Use displacement to the ground

1
From launch to ¢ = 7, the displacement is the area under the velocity-time graph. Algebraically, s = ut — Egt2 witht =T.

s = 24.5(7) — 1 9.8)(7?) = 171.5 — 240.1 = —68.6 m.
2

State the height
The negative sign shows the ground is below A, so the height of A above the ground is 68.6 m.

o
° Calculate displacement
o

@ FiNAL ANSWER

(a) 24.5ms™t, (b) 68.6 m approximately.
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- m Constant Acceleration in 1D
Question 6

6. A particle is projected vertically upwards from a point A with speed 24ms™'
The point A is 2.5 m vertically above the point B.
Point B lies on horizontal ground.
The particle moves freely under gravity until it hits the ground at B with speed Vms™'
After hitting the ground the particle does not rebound.

(a) Find the value of V.

(3)
(b) Find the time taken for the particle to reach B.
(3)
The point C is 10m vertically above A.
(c) Find the length of time for which the particle is above C.
(4)
(d) Sketch a speed-time graph for the motion of the particle from projection to the
instant that it reaches B. (No further calculations are required.)
(2)
WORKED SOLUTION Question 6 - WMEO01/01 January 2024

Find the impact speed
Take upward as positive from A. At B, the displacement is —2.5 m, with u = 24 and @ = —9.8. Use v® = u? 4 2as:
V? =242 + 2(—9.8)(—2.5) = 625.

State V
V=25msL

Find the time to reach B
The velocity at B is —25 ms™. Using v = u + af, —25 = 24 — 9.8t, sot =5 s.

Set up the height C equation
Cis 10 m above A. The particle is above C between the two times when s = 10: 10 = 24¢ — 4.9t2.

Solve for the two crossing times
4.9t% — 24t 4+ 10 = 0, giving t = 0.459... and t = 4.438.... ..

Find the time above C
The length of time above Cis 4.438... —0.459... =3.98... s, about 4.0 s.



Describe the speed-time graph
The graph starts at speed 24, decreases linearly to 0 at the highest point, then increases linearly to speed 25 at ¢ = 5. It is a V-shaped
speed-time graph.

-1
v(ms )A

» t(s)

@ rinaL ANswER
(@) V=25ms™l. (b)t=>5s. (c)4.0sapproximately. (d) Speed-time graph is V-shaped, from speed 24 to 0, then to speed 25 at
=5



WMEO01/01 OCTOBER 2024

. m Constant Acceleration in 1D
Question 7

7 At time ¢ = 0, a small ball 4 is projected vertically upwards with speed 8ms ' from a
fixed point on horizontal ground.
The ball hits the ground again for the first time at time 7 = 7| seconds.

Ball 4 is modelled as a particle moving freely under gravity.

(a) Show that 7| = 1.63 to 3 significant figures.

(2)
After the first impact with the ground, 4 rebounds to a height of 2m above the ground.
Given that the mass of 4 is 0.1kg,
(b) find the magnitude of the impulse received by A as a result of its first impact with
the ground.
()
At time ¢ = 1 second, another small ball B is projected vertically upwards from another
point on the ground with speed Sms"’
Ball B is modelled as a particle moving freely under gravity.
At time ¢ = T, seconds (7, > 1), A and B are at the same height above the ground for the
first time.
(c) Find the value of T,
4)
WORKED SOLUTION Question 7 - WMEO01/01 October 2024
o Find the first flight time
For ball A, take upward as positive. Returning to the ground gives 0 = 8T} — 4.9T12. The non-zero solution is Ty = % =1.63sto3

significant figures.

Find the rebound speed
After impact, A rebounds to a maximum height of 2 m. At the top, v = 0, 50 0 = u2 — 29(2). Hence u = 4/4g = 6.261 ms~2.

Use impulse as change in momentum

Just before the first impact, A has velocity —8 ms™. Just after impact, it has velocity +-6.261 ms™1. With mass 0.1 kg,
I=0.1[6.261 — (—8)].

Calculate the impulse
I =1.426... Ns, so the impulse is 1.43 N s to 3 significant figures.

Write the height of A before first impact
For the first meeting with B, A is still in its first flight. Its height at time Ty is hq = 8T — 4.9T22.

Write the height of B
B starts at time ¢ = 1, so at time T% it has been moving for Ty — 1 seconds. Its height is kg = 5(T> — 1) — 4.9(T> — 1)2.



° Set the heights equal
8Ty — 4.9T2 = 5(T> — 1) — 4.9(T> — 1)2. Expanding and simplifying gives 6.8T5 = 9.9.

e Find T2

T 9.9

=58 1.456. .., so Tp = 1.46 s to 3 significant figures.

@ FINAL ANSWER
(¢) T1 =1.63s. (b)) I=143Ns. (c)T>=1.46s.
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Question 7

WORKED SOLUTION

w Constant Acceleration in 1D

2m

~

A (4kg) .‘

B (3kg)

14m

Figure 3

A particle 4 of mass 4kg is held at rest on a rough horizontal table. Particle 4 is attached
to one end of a string that passes over a pulley P. The pulley is fixed at the edge of the
table. The other end of the string is attached to a particle B, of mass 3kg, which hangs
freely below P.

The part of the string from A4 to P is perpendicular to the edge of the table and 4, P and B
all lie in the same vertical plane.

The string is modelled as being light and inextensible and the pulley is modelled as being
small, smooth and light.

The system is released from rest with the string taut. At the instant of release, 4 is 2m
from the edge of the table and B is 1.4m above a horizontal floor, as shown in Figure 3.

After descending with constant acceleration for 2 seconds, B hits the floor and does not
rebound.

(a) Show that the acceleration of 4 before B hits the floor is 0.7 ms?

(2)
(b) State which of the modelling assumptions you have used in order to answer part (a).

(6]
(c) Find the magnitude of the resultant force exerted on the pulley by the string.

)
The coefficient of friction between 4 and the table is z.
(d) Find the value of z.

(6)
(e) Determine, by calculation, whether or not 4 reaches the pulley.

(5)

(Total 18 marks)

Main topic: Newton's Second Law

Question 7 - WME01/01 January 2020

Use B's descent

1 1
Before B hits the floor, it descends 1.4 m from restin 2 s. Use s = ut + Eatzz 14 = 5(1(2)2. Hencea = 0.7 ms~2.

Name the modelling assumption

The string is inextensible, so A and B have the same magnitude of acceleration while the string is taut.

Find the tension

For B, taking downward as positive: 3g — T' = 3(0.7). Thus T'= 3g — 2.1 = 27.3 N.

Find the resultant force on the pulley
The pulley is pulled by two perpendicular tensions of magnitude T Therefore the resultant is v/T'2 + T2 = T+/2 = 27.3v/2 = 38.6 N

approximately.

Find the frictionon A

For A before B hits the floor, T — F' = 4(0.7). Hence F = 27.3 — 2.8 = 24.5 N\.



ind
° Find mu .

24
On the horizontal table, R = 49 =39.2Nand F = uR.So p = 392 = 0.625.
° Find A’'s speed when B hits the floor
At this instant, v = at = 0.7(2) = 1.4 ms~L. A has also moved 1.4 m towards the pulley.

e Find the extra stopping distance
After B hits the floor, A is slowed only by friction. Its deceleration is pg = 0.625(9.8) = 6.125 ms~2. Use 0 = (1.4)2 — 2(6.125)s, giving
s=10.16 m.

° Compare with the distance to the pulley
A's total distance is 1.4 4+ 0.16 = 1.56 m, which is less than 2 m. Therefore A does not reach the pulley.

@ rinaL ANswER
(@) a=0.7ms2. (b) Inextensibility of the string.
(c) 38.6 N. (d) p=0.625. (e) A does not reach the pulley.
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QLI eStIOI'I 7 Main topic: Kinematics Graphs

7. A helicopter is hovering at rest above horizontal ground at the point H. A parachutist steps
out of the helicopter and immediately falls vertically and freely under gravity from rest for
2.5s. His parachute then opens and causes him to immediately decelerate at a constant
rate of 3.9ms* for 7 seconds (7 < 6), until his speed is reduced to 'ms™'. He then moves
with this constant speed V’'ms ' until he hits the ground. While he is decelerating, he falls
a distance of 73.75m. The total time between the instant when he leaves H and the instant
when he hits the ground is 20s.

The parachutist is modelled as a particle.

(a) Find the speed of the parachutist at the instant when his parachute opens.

(1)

(b) Sketch a speed-time graph for the motion of the parachutist from the instant when he
leaves H to the instant when he hits the ground.

(2)
(c) Find the value of 7.
(6))
(d) Find, to the nearest metre, the height of the point A above the ground.
C))
WORKED SOLUTION Question 7 - WMEO01/01 January 2021

Find speed when parachute opens
The parachutist falls freely from rest for 2.5's, so v = gt = 9.8(2.5) = 24.5ms ..

Describe the graph
The speed-time graph starts at 0, rises linearly to 24.5 at t = 2.5, then decreases linearly with smaller gradient for T seconds, then stays
horizontal at speed V until ¢ = 20.

v (m 5’1)A

; »t(s)
20

Use the deceleration distance

During the deceleration phase, initial speed is 24.5, acceleration is —3.9, time is T', and distance is 73.75.



° Form the equation for T
73.75 = 24.5T + %(—3.9)T2 = 24.5T — 1.95T2%

e Choose the valid T
Solving givesT =5 orT = T7.56....Since T < 6, take T' = 5.

° Find V

V=245-39(5)=5ms L.
Q Find the total height

Height is the total area under the speed-time graph: first triangle %(2.5)(24.5) = 30.625, deceleration distance 73.75, and final rectangle
(20 — 2.5 — 5)(5) = 62.5.

o Round the height
Total height = 30.625 + 73.75 4+ 62.5 = 166.875 m, which rounds to 167 m.

@ FiNAL ANSWER
(a) 24.5ms™t.  (b) Speed-time graph rises to 24.5 at t = 2.5, falls to V at t = 2.5 + T, then is horizontal to ¢ = 20.
(¢)T=5. (d)H =167 m to the nearest metre.
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A (2kg) B (4kg)

hm

Figure 3
Two particles, 4 and B, have masses 2 kg and 4 kg respectively. The particles are connected
by a light inextensible string. The string passes over a small smooth pulley which is fixed
at the top of a rough plane. The plane is inclined to the horizontal ground at an angle &
3
where tana = 7 The particle 4 is held at rest on the plane at a distance d metres from

the pulley. The particle B hangs freely at rest, vertically below the pulley, at a distance
h metres above the ground, as shown in Figure 3. The part of the string between A and
the pulley is parallel to a line of greatest slope of the plane. The coefficient of friction

1
between 4 and the plane is 2

The system is released from rest with the string taut and B descends.

(a) Find the tension in the string as B descends.

(&)
On hitting the ground, B immediately comes to rest.
Given that A comes to rest before reaching the pulley,

(b) find, in terms of 4, the range of possible values of d.

()]

(c) State one physical factor, other than air resistance, that could be taken into account to
make the model described above more realistic.

(1)
(Total 17 marks)

WORKED SOLUTION Question 8 - WMEO01/01 January 2021

Use the trig ratios

Since tana = 1 sina = 5 and cosa = 5
Find frictionon A

8g .. T T 1
For A, R =2gcosa = 5 With coefficient 1 friction is F' = ZR =5

Equation for A
A moves up the plane. Taking up the plane as positive: T' — 2gsina — F' = 2a.

Simplify A's equation
2
T—2g-%—?‘q =2a,soT—% = 2a.

Equation for B
B descends. Taking downward as positive: 4g — T' = 4a.



Solve for T

12 2 2 12
From A, T = 2a + 8—59 From B, T' = 4g — 4a. Equating gives 6a = Tg' soa= ?g ThenT =4g—4 (_g) = Tg N.

Find speed when B reaches the ground

2 2 4gh
Before B hits the ground, both particles move distance h from rest with acceleration ?g Thus v2 = 2 (?g)h = —‘g
Find extra distance after B stops
6 2 8
After B hits the ground, A continues up the plane. The forces down the plane on A are 2gsina + F = ?g + ?g = ?g so its deceleration
. 4g
is —.
5

Calculate extra distance

4 4 h
Let the extra distance be s. Then 0 = %h -2 (?g)s, so 8§ = 5

Find the range for d

h 3h
A travels total distance h + 2= 9 before stopping. Since it comes to rest before reaching the pulley, d > -

Name a more realistic factor

A more realistic model could include friction at the pulley.

@ FiNAL ANSWER

12
()T = Tg N=235N. (b)d> % (¢) A more realistic model could include friction at the pulley.
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5
6. A fixed rough plane is inclined at an angle & to the horizontal, where tan 6 = T

A particle of mass 6kg is projected with speed 5 ms™' from a point 4 on the plane, up a
line of greatest slope of the plane.

- o . .1
The coefficient of friction between the particle and the plane is 2

(a) Find the magnitude of the frictional force acting on the particle as it moves up

the plane.
3)
The particle comes to instantaneous rest at the point B.
(b) Find the distance AB.
6

The particle now slides down the plane from B. At the instant when the particle passes
through the point C on the plane, the speed of the particle is again 5 ms ™

(¢) Find the distance BC.
(3)

WORKED SOLUTION Question 6 - WME01/01 May/June 2021

0 Use the trig ratios

. 5 5 12
Since tan @ = 1 sinf = 3 and cosf = CTR

o Find the normal reaction

12 T2
R =6gcosf = 6g- 3= 13
Find friction
) 1 1 18¢g .
With g = 1 F = ZR =53 = 13.6 N approximately.

Find acceleration while moving up

While moving up, both friction and the component of weight act down the plane. Taking up the plane as positive: 6a = —6gsinf — F..

Simplify the upward acceleration

B 5 18 485  8g
ba=—6g- 33~ 13 = 3% "3

Find AB
Use v2 = u?2 +2aswithu=5andv=0:0=25+2 (—?—g)AB. Hence AB=2.07... m.

Find acceleration while sliding down
30g 18g 12g

29

When sliding down, friction acts up the plane. Taking down the plane as positive: 6a = 6gsinf — F = — = —.Thusa = —.

13 13 13

13



e Find BC

2
Starting from rest at B and reaching speed 5 at C: 25 = 2 (%)BC. Hence BC = 8.29... m.

@ FinNAL ANSWER
() F=136N. (b))AB=2.0Tm~21m. (¢)BC=829m=~83m
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7.
8am
y C D
< 2am—>
am
Figure 2

A non-uniform beam AB, of mass 60kg and length 8a metres, rests in equilibrium in a
horizontal position on two vertical supports. One support is at C, where AC = ¢ metres
and the other support is at D, where DB = 2a metres, as shown in Figure 2.
The magnitude of the normal reaction between the beam and the support at D is three
times the magnitude of the normal reaction between the beam and the support at C.
By modelling the beam as a non-uniform rod whose centre of mass is at a distance
x metres from A4,
(a) find an expression for x in terms of a.

()
A box of mass M kg is placed on the beam at E, where AE = 2a metres.
The beam remains in equilibrium in a horizontal position.
The magnitude of the normal reaction between the beam and the support at C is now equal
to the magnitude of the normal reaction between the beam and the support at D.
By modelling the box as a particle,
(b) find the value of M.

3

WORKED SOLUTION Question 7 - WME01/01 May/June 2021

o Set the support positions

The beam length is 8a. C is at distance @ from A, and D is at distance 6a from A because DB = 2a.

Name the reactions
Let the reaction at C be R. The reaction at D is 3R.

Use vertical equilibrium
R+ 3R = 60g so 4R = 60g and R = 15g.

Take moments about A
The beam's weight acts at distance & from A. Hence 60gz = R(a) + 3R(6a).

Find x

2 1
Substitute B — 15g: 60gz — 15ga + 45g(6a) — 285ga. Thus & — ~oos — 194

60 4




° Use equal reactions with the box
When the box is added, let each support reaction be S. Vertical equilibrium gives 28 = (60 + M)g.

e Take moments about A again

The box is at AE = 2a. Moments about A give 60g (%) + Mg(2a) = S(a) + S(6a) = 7aS.

e Solve for M

Substitute S = M

3 and cancel ag: 285 + 2M = ;(60 +M) =210+ ;M Hence 75 = %M and M = 50.

@ rinaL ANswER

@z="g2 (5)M=50
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8. Two trams, tram 4 and tram B, run on parallel straight horizontal tracks. Initially the two
trams are at rest in the depot and level with each other.

At time ¢t = 0, tram A starts to move. Tram 4 moves with constant acceleration 2ms 2 for
5 seconds and then continues to move along the track at constant speed.

At time ¢ = 20 seconds, tram B starts from rest and moves in the same direction as
tram 4. Tram B moves with constant acceleration 3 ms ~ for 4 seconds and then continues
to move along the track at constant speed.

The trams are modelled as particles.

(a) Sketch, on the same axes, a speed-time graph for the motion of tram A4 and a
speed-time graph for the motion of tram B, from ¢ = 0 to the instant when tram B
overtakes tram A.

3)

At the instant when the two trams are moving with the same speed, tram A is d metres in
front of tram B.

(b) Find the value of d.

(3)
(c) Find the distance of the trams from the depot at the instant when tram B overtakes
tram 4.
©)
(Total 13 marks)
WORKED SOLUTION Question 8 - WME01/01 May/June 2021

° Describe tram A graph

Tram A starts at ¢ = 0, accelerates at 2 ms ™2 for 5 s, reaching speed 10 ms ™1, then continues at this constant speed.

o Describe tram B graph

Tram B starts at ¢ = 20, accelerates at 3 ms~2 for 4 s, reaching speed 12 ms™1, then continues at this constant speed. Its graph crosses A's
distance later.

e Find when speeds are equal
10 70

10
Tram A's constant speed is 10. Tram B reaches speed 10 after 3 s of acceleration, so the time fromt = 0is 20 + 3 =3 s.

° Distance of A then

1 625
A travels 5(5)(10) = 25 m in its acceleration phase, then 10 (7?0 - 5) = 53ﬂ m. Total = -5 m

e Distance of B then

B is still accelerating from rest, so its distance is % (1—30) (10) = % m.



Find d
g 5% 50 _ 575
-3 3 3

Set overtake distances equal

1
Fort > 24, A's distance is 25 + 10(¢ — 5) = 10¢ — 25. B's distance is 5(4)(12) +12(¢ — 24) = 12t — 264.

Find the overtake time
Set 10t — 25 = 12t — 264. Then 2t =239 and t = 119.5 s.

Find the distance from the depot
Using A's distance, 10(119.5) — 25 = 1170 m.

@ FiNAL ANSWER

(a) Tram A reaches speed 10 at t = 5; tram B starts at ¢ = 20, reaches speed 12 at ¢ = 24, then later overtakes A.

(b)d= % m~192m. (c)1170m.
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7. Two small children, Ajaz and Beth, are running a 100 m race along a straight horizontal track.
They both start from rest, leaving the start line at the same time.

Ajaz accelerates at 0.8 ms > up to a speed of 4ms ' and then maintains this speed until he
crosses the finish line.

Beth accelerates at 1 ms~ for T seconds and then maintains a constant speed until she
crosses the finish line.

Ajaz and Beth cross the finish line at the same time.

(a) Sketch, on the same axes, a speed-time graph for each child, from the instant when they
leave the start line to the instant when they cross the finish line.

3)
(b) Find the time taken by Ajaz to complete the race.
4)
(c) Find the value of T
4)
(d) Find the difference in the speeds of the two children as they cross the finish line.
2)
WORKED SOLUTION Question 7 - WME01/01 May/June 2022

Describe Ajaz graph

Ajaz starts from rest, accelerates linearly to speed 4 ms™1, then continues with a horizontal speed-time line at speed 4.

Describe Beth graph

Beth starts from rest, has a steeper straight acceleration line for T" seconds, then a horizontal line. Both graphs finish at the same final time.

Find Ajaz acceleration time

4
Ajaz reaches speed 4 with acceleration 0.8, so the time is 8= 5s.

Find Ajaz total time

1
Distance during acceleration is 5(5)(4) = 10 m. The remaining 90 m at speed 4 takes 22.5 s, so Ajaz's total time is 27.5 s.

Set Beth distance equation

1
Beth accelerates for T' seconds to speed T, then runs at speed T" until time 27.5. Her distance is 5T2 +T(27.5-T).

Solve for T

100 = %Tz +27.5T — T?% = 27.5T — %T? Thus T2 — 55T + 200 = 0. The valid root is T' = 3.915...s.

Find the finish speeds

Ajaz finishes at 4 ms~1. Beth's constant speed is T = 3.915... ms™.



Find the difference
Difference = 4 — 3.915... = 0.085 ms™! approximately.

@ rinaL ANswER
(a) Ajaz reaches speed 4 then runs horizontally; Beth has a steeper initial line to speed T, then horizontal, both ending at the same time.

(b) 27.55. (c) T = 3.92 s approximately. (d) 0.085 ms~ approximately.
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Figure 4

A simple lift operates by means of a vertical cable which is attached to the top of the lift.
The lift has mass m

A box Q is placed on the floor of the lift.

A box P is placed directly on top of box Q, as shown in Figure 4.

The cable is modelled as being light and inextensible and air resistance is modelled as
being negligible.
42mg

The tension in the cable is

. . . . .2
The lift and its contents move vertically upwards with acceleration ?g
Using the model,

(a) find, in terms of m, the combined mass of boxes P and Q

4)
. . . . 14mg
During the motion of the lift, the force exerted on box P by box Q is
Using the model,
(b) find, in terms of m, the mass of box P
3)
WORKED SOLUTION Question 7 - WMEO01/01 January 2023

Define the box mass

Let the combined mass of boxes P and Q be M. The lift itself has mass m, so the total moving mass is m + M.

o Apply Newtons second law to the whole system
Taking upward as positive, %mg —(m+M)g=(m+ M)%

e Find M

42 2
Move the weight term to the right: 5 M= (m+ M) (g +4

5 ) = %(m—i—M). Hence 42m = 7(m + M) and M = 5m.

° Let the mass of P be p

14 2
For box P alone, the upward force from Q is ?mg, while its weight is pg. The acceleration is still ?g upward.



° Apply Newtons second law to P

1 m 2
59 PI=P
o Find p
14 2
Divide by g: ?m =p+ ?p = 75_p Therefore p = 2m.

@ rinAL ANSWER

(@) combined mass of P and Q = 5m. (b) mass of P = 2m.
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Figure 5

A parcel of mass 2 kg is pulled up a rough inclined plane by the action of a constant
force.

The force has magnitude 18 N and acts at an angle of 40° to the plane.

The line of action of the force lies in a vertical plane containing a line of greatest slope
of the inclined plane.

The plane is inclined at an angle of 30° to the horizontal, as shown in Figure 5.
The coefficient of friction between the plane and the parcel is 0.3
The parcel is modelled as a particle P

(a) Find the acceleration of P

®)
The points A4 and B lie on a line of greatest slope of the plane, where AB = 5m and B is
above A. Particle P passes through 4 with speed 2ms ' in the direction AB.
(b) Find the speed of P as it passes through B.

(3)
The force of 18 N is removed at the instant P passes through B. As a result, P comes to
rest at the point C.
(c) Determine whether P will remain at rest at C. You must show all stages of your

working clearly.
(4)
WORKED SOLUTION Question 8 - WMEO01/01 January 2023

o Resolve perpendicular to the plane
The force of 18 N is angled away from the plane, so R + 18 sin40° = 2gcos 30°. Hence R = 2g cos 30° — 18 5in 40°.

Use friction
The parcel moves up the plane, so friction acts down the plane. With 4 = 0.3, FF = 0.3R.

Resolve parallel to the plane
Taking up the plane as positive: 18 cos 40° — F — 2gsin 30° = 2a.

Substitute for R and F
18 cos 40° — 0.3(2g cos 30° — 185in40°) — 2g5sin 30° = 2a.

Find the acceleration

Using g = 9.8, this gives a = 1.18... ms~2 up the plane.



° Find the speed at B
FromAtoB u=2 s=>5anda = 1.18.... Use v? = u? + 2as: v2 = 22 + 2(1.18...)(5).

e State the speed
v=23.98... ms™!, about 4.0 ms~L.

G Check rest after the force is removed
At C, with the pulling force removed, R = 2gcos 30°. The maximum friction is 0.3R = 0.3(2g cos 30°) = 5.09... N.

6 Compare with the downslope weight component
The component of weight down the plane is 2gsin 30° = 9.8 N. Since 9.8 > 5.09... ., friction is not large enough to hold P at rest, so P will
not remain at rest at C.

@ rinaL answEr
(a) a=1.18 ms~2 up the plane. (b)) v=3.98ms™! ~4.0ms . (c) P will not remain at rest at C.
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7.
Al
Figure 4
A car of mass 1200kg is towing a trailer of mass 600kg up a straight road, as shown in
Figure 4.
L . . 1
The road is inclined at an angle ¢ to the horizontal, where sine = m
The driving force produced by the engine of the car is 3000N.
The car moves with acceleration 0.75ms *
The non-gravitational resistance to motion of
+ the car is modelled as a constant force of magnitude 2R newtons
« the trailer is modelled as a constant force of magnitude R newtons
The car and the trailer are modelled as particles.
The tow bar between the car and trailer is modelled as a light rod that is parallel to the
direction of motion.
Using the model,
(a) show that the value of R is 60
)
(b) find the tension in the tow bar.
3
When the car and trailer are moving at a speed of 12ms ', the tow bar breaks.
Given that the non-gravitational resistance to motion of the trailer remains unchanged,
(c) use the model to find the further distance moved by the trailer before it first comes
to rest.
)
WORKED SOLUTION Question 7 - WME01/01 May/June 2023

o Use the whole system
For car plus trailer, the total mass is 1800 kg and the total resistance is 2R + R = 3R. Taking up the slope as positive:
3000 — 1800gsin & — 3R = 1800(0.75).

° Show R is 60

Since sina = % 1800gsinca = 1800 - 9.8 - % = 1470. So 3000 — 1470 — 3R = 1350, giving 180 = 3R and R = 60 N.

e Apply Newtons second law to the trailer
For the trailer while it is being towed, T' — 600gsin & — R = 600(0.75).

° Find the tow-bar tension
T—-600-9.8- 1—12 — 60 =450, so T — 490 — 60 = 450 and T' = 1000 N.



e Find the trailer acceleration after the break
After the tow bar breaks, the trailer is still moving up the slope, but the component of weight and resistance act down the slope. Taking up

the slope as positive: —600gsin a — 60 = 600a.

° Simplify the acceleration
550 11 s
—490 — 60 = 600a, so a = ~%00 = 13 %

e Find the stopping distance

864
With initial speed 12 ms~! and final speed 0, use ¥ =u2+2as:0=122+2 (—%)d. Henced = ETR =78.5... m.

@ rinaL ANSWER
(@) R=60N. (b)T=1000N. (c)d = 78.5m approximately.
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8.
P(m)
Q(0.5m)
o
Figure 5
. L . 5
A fixed rough plane is inclined at an angle « to the horizontal, where tana = I
A small smooth pulley is fixed at the top of the plane.
One end of a light inextensible string is attached to a particle P which is at rest on the
plane. The string passes over the pulley and the other end of the string is attached to a
particle QO which hangs vertically below the pulley, as shown in Figure 5.
Particle P has mass m and particle Q has mass 0.5m
The string from P to the pulley lies along a line of greatest slope of the plane.
The coeflicient of friction between P and the plane is z.
The system is in limiting equilibrium with the string taut and P is on the point of
slipping up the plane.
(a) Find the value of u.
(8)
The string breaks and P begins to move down the plane.
When particle P has travelled a distance of 0.8 m down the plane, the speed of P
is Vms™'
(b) Find the value of V.
4)
WORKED SOLUTION Question 8 - WMEO01/01 January 2024

o Use the trig ratios
5
Given tana = T use sina = - and cosa = 3

o Find the tension

Q has mass 0.5m and the system is in equilibrium, so the tension is T = 0.5mg.

e Resolve P parallel to the plane
P is on the point of slipping up the plane, so friction acts down the plane. Along the plane, T' = mgsina + F'.

° Find the friction force
.1 5 3
F—T—mgsma—zmg 13mg— 26mg.



Find the normal reaction and mu
3mg/26 1

12
R =mgcosa = ™ Since F = pR, p = Tomg/13 =3

Find acceleration after the string breaks

5 1 12 7
P moves down the plane, so friction acts up the plane. The resultant down the plane is mgsina — F' = 1—3mg -3 1—3m =%

Apply Newtons second law

7
As P has massm, a = 2—‘2 down the plane.

Find V

From rest over 0.8 m, V2 = 2 (;—‘g) (0.8). with g = 9.8, V = 2.05 ms™! to 3 significant figures.

@ rinAL ANSWER

(a) p= % (b) V = 2.05 ms~! approximately.

mg.
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6.
(m)
Figure 3
A box of mass m lies on a rough horizontal plane. The box is pulled along the plane in a
straight line at constant speed by a light rope. The rope is inclined at an angle @ to the
plane, as shown in Figure 3.
The coefficient of friction between the box and the plane is %
The box is modelled as a particle.
. 3
Given that tanf = 1
(a) find, in terms of m and g, the tension in the rope.
(7)
The rope is now removed and the box is placed at rest on the plane.
The box is then projected horizontally along the plane with speed .
The box is again modelled as a particle.
When the box has moved a distance d along the plane, the speed of the box is %u.
(b) Find d in terms of « and g.
6
WORKED SOLUTION Question 6 - WME01/01 May/June 2024

0 Use the trig ratios

3 3 4
Given tanf = 1 use sinf = 5 and cos § = 5

° Resolve vertically

The box moves at constant speed, so it is in equilibrium. Vertically, R + T'sin @ = mg, hence R = mg — T'sin 6.

Resolve horizontally

Horizontally, the tension component balances friction: T'cos § = F'.

1 1
With = 3 F= ER' Therefore T'cos 6 = E(mg — T'sin#).

o
° Use friction .
o

Find T

SIS

4 3 4 1
=T = — =T ). Thisgives = T'= —= — =T, s0T = —=.
5T (mg 5T) This gives 5 5T so

wW| =

Substitute sin 8 = % and cos @ =



° Find the deceleration when the rope is removed

1
On the horizontal plane without the rope, R = mg and friction is —mg. Hence the acceleration is —g.

° Use SUVAT to find d
1 2
When the speed has fallen from u to —u, use v* = u? + 2as: (%) =u2+2 (—g)d.

2 3
o Solve for d
2

u s 29d  2gd  3u? 9u?
W 298 290 W ga= 2
T 3 ° 3 Yok 8

@ FinaL ANswER
mg 9u?

(a)TzT. (b)d:s—g.
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Figure 4
A particle P of mass 5Skg lies on the surface of a rough plane.
o . 3
The plane is inclined at an angle « to the horizontal, where tan a = —

The particle is held in equilibrium by a horizontal force of magnitude H newtons, as
shown in Figure 4.

The horizontal force acts in a vertical plane containing a line of greatest slope of the
inclined plane.

The coefficient of friction between the particle and the plane is 1

4

(a) Find the smallest possible value of H.

(6)
The horizontal force is now removed, and P starts to slide down the slope.
In the first T seconds after P is released from rest, P slides 1.5m down the slope.
(b) Find the value of T.

(6)

WORKED SOLUTION Question 6 - WMEO01/01 October 2024

Use the triangle for alpha
3
F t = -, i = — d = —.
rom tan o 4 use sin o 5 and cos & 5
Resolve perpendicular to the plane

3
The horizontal force has a component into the plane, so R = 5gcosa + Hsina = 49 + EH

Resolve parallel for the smallest H

For the smallest H, the particle is on the point of sliding down, so friction acts up the plane. Parallel to the plane, H cos a. + F' = 5gsin o.

Use friction to find H

4 1
With F = %R, the parallel equation becomes 3H+ 1 (4g+ %H) = 3¢g. Hence 0.95H + g = 3g,so H = 41—(31 =20.6 N.



° Find the acceleration after H is removed
1
When H is removed, R = 5gcos o = 4g and friction is ZR = g. The component of weight down the plane is 5gsin a = 3g, so the

resultant down the plane is 2g.

° Apply Newtons second law

2
2g=5a,s0a = ?g = 3.92 ms~2 down the plane.

° Find T from the displacement

1 1/2 /7.
From rest, the particle moves 1.5 m with acceleration 2g/5. Using 8 = Eatzz 1.5= 2 (?‘q)T2 = %TZ. Thus T = % = 0.875s.

@ FINAL ANSWER

4
(a) H = 1%" N~206N. (b)T=0875s.
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)
\_/

A (2m) . . B (3m)

0.5m

Figure 4

One end of a light inextensible string is attached to a particle 4 of mass 2m.
The other end is attached to a particle B of mass 3m.

The string passes over a small smooth fixed pulley.

The string is taut and both straight parts of the string are vertical.

Both particles are held at a distance 0.5 m above a horizontal surface, as shown
in Figure 4.

The system is released from rest and B moves downwards.

(a) Find the tension in the string in terms of m and g.

(3

(b) Find the speed of B at the instant it strikes the surface.

@

In the subsequent motion, 4 does not reach the pulley and B does not rebound after it
strikes the surface.

(c) Find the time from the instant when the system is released from rest to the instant
when A first reaches a height of 1.06 m above the surface.

(6)

WORKED SOLUTION Question 7 - WMEO01/01 January 2025

o Write the equations of motion

B moves down and A moves up with the same acceleration a. For A: T' — 2mg = 2ma. For B: 3mg — T = 3ma.

Find the acceleration

Adding the two equations gives mg = 5ma, so a = %

Find the tension
g) _ 12mg

UseT—2mg=2ma,:T=2mg+2m(5 5

Find the speed when B hits the surface
B starts from rest and moves 0.5 m with acceleration g/5. Using v = u2 + 2as, v2 = 2 (%)(05) = % = 1.96.

Calculate the impact speed
v=4+196=14ms™ L



° Find the first time interval
I\,2 ) 5
(—5 )t1- With g =9.8, ¢t; = 7= 0.714285...s.

N | =

The time until B hits the surface is found from 0.5 =

° Find the extra time after B stops
After B hits the surface, A continues upwards freely under gravity. It is then at height 1.00 m and must rise another 0.06 m with initial speed
14ms™1 50 0.06 = 1.4¢, — 4.9t2.

° Find the total time
Solving 0.06 = 1.4t — 4.9t§ gives the first positive time t3 = 0.0525.. .. s. Therefore the total time is
0.714285...40.0525... = 0.767 s.

@ rinaL ANSWER

() T = 125ﬂ ())v=1.4ms1. (c)t=0.767 s approximately.
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QLI eStIOI'I 6 Main topic: Resolving Forces, Inclined Planes

Figure 4

Figure 4 shows a rough plane inclined at an angle & to the horizontal, where tan 8 =

B

The points 4 and B lie on a line of greatest slope of the plane, with B above 4.

A package P of mass m is projected up the plane from 4 towards B.
The coefficient of friction between the plane and the package is %
The package P is modelled as a particle.

(a) Show that the deceleration of P, as it moves from 4 to B, is % g

(6)
The package P comes to rest at B.
Given that P is projected from 4 with speed Ums ' and that AB = 1.5m,

(b) find the value of U.
(2)

On reaching B, P is held at rest there by a force of magnitude X newtons acting up the
plane in the direction AB.

Given that the mass of P is 2kg,

(¢) find the smallest possible value of X.
3)

WORKED SOLUTION Question 6 - WME01/01 May/June 2025

o Part (a): Show deceleration = % - Find exact trig values

Given:tanf = %

Using 3-4-5 right triangle:

sinf = %, cosf = %
° Part (a): Show deceleration = % - Resolve perpendicular to plane
L:3>F=0

4
R=mgcos R= =<

e Part (a): Show deceleration = % - Calculate friction force
Package moving UP, so friction acts DOWN the plane:

4mg mg

F=pR=37x7 =3

N[

X



° Part (a): Show deceleration = % - Resolve parallel to plane

Taking up the plane as positive:

|: X F =ma

. . )
_mgs1n0—F=ma_mgX%_% :ma_Sr;Lg _% — ma— ,gg =maa=—?9
Deceleration = |—%| = %

° Part (b): Find initial speed U - Identify SUVAT variables

Package projected up plane, comes to rest at B:

cu=Ums! (unknown)

;v =0ms"1 (comes to rest)

= —% m s~2 (from part a)

;8=15m

o Part (b): Find initial speed U - Apply v? = u? + 2as
v? =u?+2as

02=U?+2(-4%)(15)0 =07 —2x £28 x 1,50 = U? — 8085 0= U2 23,520 = 23.52U = 485 m s~

Or using exact form: U = 4/2 x 4?9 x 1.5 = ‘/%

° Part (c): Find smallest value of X - Analyze forces when package at rest at B
Package held at rest on slope by force X up the plane.

Without X, package would slide down (component down > friction up).
For MINIMUM X, friction acts UP the plane (at limiting friction).

o Part (c): Find smallest value of X - Resolve perpendicular to plane
Mass = 2 kg, so weight = 2g N

R=2gcos0=2gx%=8—59N

o Part (c): Find smallest value of X - Calculate friction
Friction acts UP the plane (limiting):

Q0

g EN

F=pR= 3B

N[

X

0 Part (c): Find smallest value of X - Resolve parallel to plane

For equilibrium (package at rest):

[:>F=0
Taking up plane as positive:

X+F—2gsinf=0X+2-2gx 3 =0X+%2-%-0x=%-2x="2X=4%08 x_74N

@ rinaL ANSWER
4
a) deceleration = —g, as required.
5

(0) U = 4.85 ms™! (about 4.8 ms™2).
(¢) X = 7.84 N (about 7.8 N).
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QLI eStIOI'I 6 Main topic: Kinematics Graphs

0 10 30 35 s

Figure 4

The point @ lies on a straight horizontal road.
At time ¢ =0, a car leaves O and travels along the road.

The velocity-time graph in Figure 4 shows the velocity, vms ™', of the car at time
t seconds for the first 35 seconds of its journey.

(a) Find
(i) the acceleration of the car for the period 0 < ¢ < 10

(ii) the deceleration of the car for the period 30 < ¢ < 35

)
(b) Sketch an acceleration-time graph for the car for the period 0 < ¢ < 35

2
(c) Find the distance travelled by the car for the period 0 < ¢ < 35

2)

When ¢ =5, a motorcycle starts from rest at O.
The motorcycle travels along the same road as the car and in the same direction.

For the period 5 < ¢ < 20, the acceleration of the motorcycle is Am s, where A isa
positive constant.

The motorcycle catches up with the car when = 20

(d) Find the value of A.
)



WORKED SOLUTION Question 6 - WME01/01 October 2025

Part (a): Find accelerations
(i) Acceleration for0 < ¢t < 10

Acceleration = A—z = gradient of v-t graph
_ 300 , _ -2
a=JH—pa=3ms

(i) Deceleration for 30 <t < 35

_ 0-30 ,_ -30 , _ _ -2
a=gpa== a=—6ms
Deceleration = |6 = 6 m s~2

° Part (b): Sketch acceleration-time graph

Analysis of each section:

;0 <t < 10: Constant acceleration = 3 m s—2
; 10 < t < 30: Constant velocity, so acceleration =0m s™
130 < t < 35: Constant deceleration = —6 m s—2

2

a(m 5*2)A

» t(s)

10 30 35

° Part (c): Find distance travelled for 0 < ¢ < 35 - Calculate area under v-t graph
Distance = Area under v-t graph

The shape is a trapezium. We can split it into regions:

Method 1: Trapezium formula
Area = 1(a+Db)h
Where the parallel sides are the time intervals and height is velocity.

Better to calculate as sum of shapes:

Method 2: Sum of triangle + rectangle + triangle
Area; = % % 10 x 30 = 150 m Areas = 20 x 30 = 600 m Areaz = % Xx5x30=75m

Total distance = 150 + 600 + 75 = 825 m



° Part (d): Find value of A - Distance travelled by car (0 to 20 seconds)
Area under v-t graph fromt = 0 to ¢ = 20:

Distancec, = Triangle + Rectangle = 1 (10)(30) + (10)(30) = 150 + 300 = 450 m

e Part (d): Find value of A - Distance travelled by motorcycle (5 to 20 seconds)

Motorcycle starts at ¢ = § with constant acceleration A.
Time of travel: 20 — 5 = 15 seconds

s=ut+ %at2

Distancemotorcycie = 0 + %A(IB)2 = % =112.5Am

o Part (d): Find value of A - Set distances equal

Motorcycle catches up with car when ¢ = 20:

4! _
11254 =450 A= {3 A=4ms?

@ FINAL ANSWER

2

(a)(3) @ = 3ms~2, () deceleration = 6 ms~2.  (b) correct acceleration-time graph with levels 3,0, —6. (c) distance =825 m. (d) A=4ms™?

TOPIC

Constant Acceleration in 2D

Every past-paper question on this topic, October 2019 to January 2026.
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Qu eStlon 6 Main topic: Working with Vectors

6. Two girls, Agatha and Brionie, are roller skating inside a large empty building. The girls
are modelled as particles.

At time ¢t = 0, Agatha is at the point with position vector (11i + 11j)m and Brionie is at
the point with position vector (7i + 16j)m. The position vectors are given relative to the
door, O, and i and j are horizontal perpendicular unit vectors.

Agatha skates with constant velocity (3i — jyms!

Brionie skates with constant velocity (4i — 2j)ms™

(a) Find the position vector of Agatha at time ¢ seconds.

(2)
At time ¢ = 6 seconds, Agatha passes through the point P.
(b) Show that Brionie also passes through P and find the value of ¢ when this occurs.
4)
At time ¢ seconds, Agatha is at the point 4 and Brionie is at the point B.
(¢) Show that AB = [(z—4)i+ (5-0j]m
(2)
(d) Find the distance between the two girls when they are closest together.
4)
WORKED SOLUTION Question 6 - WMEO01/01 January 2021

Write Agatha position
rg = (1184 11j) + ¢(3i — j) = (11 + 3¢)i + (11 — ¢)j.

Find point P
Att = 6, Agatha is at (11 + 18)i + (11 — 6)j = 29i + 5j.

Write Brionie position
rp = (7i+ 16§) + t(4i — 2j) = (7 + 4t)i + (16 — 2¢)j.

Show Brionie passes P
Set 7 + 4t = 29 to gett = 5.5. Also 16 — 2t = 5 gives t = 5.5. So Brionie also passes through P at £ = 5.5 s.

Find AB vector

—
AB=rtp—r4=[T+4 — (114 3t)]i + [16 — 2t — (11 — 8)]j.

Simplify AB

—
SoAB=(t—4)i+ (5 —t)jm.



Minimise distance squared
AB? = (t—4)*+ (5—t)2 =2(t —4.5)> + 0.5.

State the minimum distance
The minimum occurs when t = 4.5, giving AB? = 0.5. Hence the minimum distance is 4/0.5 = 0.707... m.

@ FinaL ANswER

—
(@)ra=(114+3¢)i+(A1-1¢t)j. (b)t=55s (c)AB=(t—4)i+(5—1t)j. (d)minimum distance =+/0.5m =~ 0.71 m.
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8. [In this question i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin.]

At 7am a ship leaves a port and moves with constant velocity. The position vector of the
port is (—2i + 9j) km.

At 7.36 am the ship is at the point with position vector (4i + 6j)km.

(a) Show that the velocity of the ship is (10i — 5j)kmh™!

(2)
(b) Find the position vector of the ship ¢ hours after leaving port.

(2)
At 8.48 am a passenger on the ship notices that a lighthouse is due east of the ship.
At 9am the same passenger notices that the lighthouse is now north east of the ship.
(c) Find the position vector of the lighthouse.

4)
(d) Find the position vector of the ship when it is due south of the lighthouse.

4)

(Total 12 marks)

WORKED SOLUTION Question 8 - WME01/01 October 2021

Convert the time
From 7:00 to 7:36 is 36 minutes, which is 0.6 hours.

Find velocity
Displacement = (4i + 6j) — (—2i + 9j) = 6i — 3j. Divide by 0.6: v = 10i — 5j.

Write the ship position
r = (—2i+ 9j) + £(10i — 5j) = (—2 + 10t)i + (9 — 5t)j.

Use 8:48
At 8:48, ¢ = 1.8. The ship position is (—2 + 18)i + (9 — 9)j = 16i. The lighthouse is due east, so it has the same j-component, 0.

Use 9:00
At 9:00, t = 2. The ship position is 18i — j. The lighthouse is north-east of the ship, so its east and north displacements from the ship are
equal.

Find the lighthouse position

Since the lighthouse has j-component 0, from 181 — j it is 1 km north, so it is also 1 km east. Hence its position is 19i.

Find when the ship is due south
Due south of the lighthouse means the ship has i-component 19. Set —2 + 10t =19, sot = 2.1.



Find the ship position
Att =21 r=(—2421)i+ (9 — 10.5)j = 19i — 1.5j.

@ rinAL ANSWER
(@) v=10i —55kmh~!. (b)r=(—2+10t)i+ (9 —5t)j. (c)lighthouse = 19i. (d) ship position = 19i — 1.5j.
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6. [In this question i and j are horizontal unit vectors.]

A particle P of mass 2kg moves under the action of two forces, (pi + ¢j)N and
(2¢i + pj)N, where p and g are constants.

Given that the acceleration of P is (i — j)ms™

(a) find the value of p and the value of g.

3)
(b) Find the size of the angle between the direction of the acceleration and the vector j.
(2
At time 7 = 0, the velocity of P is (3i — 4j)ms™
At t = T seconds, P is moving in the direction of the vector (11i — 13j).
(c) Find the value of T.
3)
WORKED SOLUTION Question 6 - WME01/01 January 2022

The total force is (pi + gj) + (24i + 2j) = (p + 2¢)i + (p + @)j- Since the mass is 2 kg and acceleration is i — j, the total force is 21 — 2j.

e Equate components
p+2¢g=2andp+g=-2

e Find p and q
Subtract the equations to getq = 4. Thenp +4 = —2,sop = —6.

° Find the angle with j
The acceleration is 1 — j. Its dot product with j is —1, so the angle with the positive j direction is obtuse. Since the components are equal in

magnitude, the angle is 135°.

e Write the velocity at time T
v=@Bi—-4)+Ti-j)=CB+D)i+ (—4—-D)j

° Use the direction vector
3+T —-4-T
11 -13

The velocity is parallel to 11i — 13j, so

a Solve for T

13(3+T) =11(4+T), 50 39 4 13T = 44 4 11T Hence 2T = 5and T' = 2.5.

@ FinaL ANswER
(a) p=—-6, g=4. (b)135°. (c)T =25.
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8. [In this question i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin.]

A ship 4 moves with constant velocity (3i — 10j)kmh™
At time ¢ hours, the position vector of 4 is rkm.
At time ¢ = 0, 4 is at the point with position vector (13i + 5j)km.

(a) Find r in terms of 7.

2)
Another ship B moves with constant velocity (15i + 14j)kmh™
At time ¢ = 0, B is at the point with position vector (3i — 5j) km.
(b) Show that, at time ¢ hours,

AB = [(12¢ - 10)i + (24— 10)j ] km

4)
Given that the two ships do not change course,
(c) find the shortest distance between the two ships,

(6)
(d) find the bearing of ship B from ship 4 when the ships are closest.

(2)

(Total 14 marks)

WORKED SOLUTION Question 8 - WME01/01 January 2022

° Write the position of A
r — (131 + 55) + £(3i — 10§) = (13 + 38)i + (5 — 108)j

o Write the position of B
s = (31 — 5j) + t(151 + 14j) = (3 + 156)i + (=5 + 148)j.

Find AB
—
AB=s—r=[3+15t— (134 3¢t)]i+ [-5+ 14t — (5 — 10¢)]j.

—
This simplifies to AB = (12t — 10)i + (24t — 10)j km.

o
° Show the expression
o

Use distance squared
The square of the distance is d% = (12t — 10)2 + (24t — 10)2.



° Expand and minimise
720 1

2.720 ° 2’

d? = 720t% — 720t + 200. This quadratic is minimum at t =

° Find the shortest distance
1 —
Att = 5 AB = (—4)i + 2j, so the shortest distance is 1/(—4)2 + 22 = v/20 = 2v/5 km.

e Find the bearing

4
At closest approach, B is west and north of A. The angle west of north satisfies tan@ = 3= 2, so 8 = 63.4°. Bearing

= 360° — 63.4° = 296.6°, which is 297°.

@ FINAL ANSWER

_)
(a)r = (134 3t)i+ (5 — 108)j. (b) AB = (12t — 10)i + (24t — 10)j. (c)2V5km~45km. (d) 297°.
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6. A particle P is moving with constant acceleration.
At time 7 = 1 second, P has velocity (-i +4j)ms™
At time ¢ = 4 seconds, P has velocity (5i — 8j)ms™'

Find the speed of P at time ¢ = 3.5 seconds.

(6)

WORKED SOLUTION Question 6 - WME01/01 May/June 2022

Find the acceleration
The velocity changes from —i+44j att = 1 to 5i — 8j at £ = 4. The time difference is 3 s.

Calculate acceleration
(51 — 8j) — (—i+4j) 6i — 12j
a= 3 T3

— 2 —4j
Find velocity at t = 3.5

Fromt=1tot=3.5is2.55 so v = (—i+4j) + 2.5(2i — 4j).
v =—i+4j+ 51— 10j = 4i — 6j.

Find the speed
Speed = /4% 4+ (—6)2 = v/52 = 2y/13 ms %, about 7.2 ms L.

o
[
° Simplify the velocity
o

@ FINAL ANSWER
speed = v/52 =213 ms ! = 7.2ms™ L
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8. [In this question, i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

Two boats, P and Q, are moving with constant velocities.
The velocity of Pis 15ims ™ and the velocity of Q is (20i — 20j)ms

(a) Find the direction in which Q is travelling, giving your answer as a bearing.

(2)
The boats are modelled as particles.
At time ¢ = 0, P is at the origin O and Q is at the point with position vector 200j m.
At time ¢ seconds, the position vector of P is pm and the position vector of Q is qm.
(b) Show that
—
PQ = [5ti+ (200 —20¢)j]m
)
(c) Find the bearing of P from O when 7= 10
(2)
(d) Find the distance between P and Q when Q is north east of P
)
(e) Find the times when P and Q are 200 m apart.
3)

(Total 17 marks)

F A L W T AT TR L TREITR M e RN L TR W TS

WORKED SOLUTION Question 8 - WME01/01 May/June 2022

Find the bearing of Q
Q has velocity 20i — 20j, so it travels south-east with equal east and south components. Its bearing is 135°.

Write P position
P starts at the origin and has velocity 151, so p = 15¢i.

Write Q position
Q starts at 200§ and has velocity 20i — 20j, so q = 20ti + (200 — 20¢)j.

Show PQ
—
PQ = q— p = (20t — 15t)i + (200 — 20¢)j = 5ti + (200 — 20¢)j.

Find the bearing at t = 10

—>
Att = 10, PQ = 50i. This means Q is east of P, so P is west of Q. The bearing of P from Q is 270°.



Use the north-east condition

—
Q is north-east of P when the i and j components of PQ are equal and positive. So 5t = 200 — 20¢.

Find the distance then

—
The equation gives t = 8. Then PQ = 40i + 40j, so the distance is 4/40% + 402 = 40v/2 m.

Set the 200 m distance equation
For distance 200 m, (5¢)% + (200 — 20t)? = 2007,

Solve for t

8000 320

This simplifies to 425¢2 — 8000t = 0, so ¢(425t — 8000) = 0. Hence t = 0 or t = T RET I

@ FINAL ANSWER

(a)135°. (b) PG = 5+ (200~ 208)j. (c) 270°. (d) 40v2 m. (e)t="s°f%s'
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8. [In this question, i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

Two ships, 4 and B, are moving with constant velocities.
The velocity of 4 is (3i + 12j)kmh™" and the velocity of B is (pi + gj)kmh™

(a) Find the speed of 4.
(2)

The ships are modelled as particles.
At 12 noon, A4 is at the point with position vector (—9i + 6j)km and B is at the point with
position vector (16i + 6j)km.

At time ¢ hours after 12 noon,
—

AB =[(25 - 12)i - 9%j]km

(b) Find the value of p and the value of ¢.

)

(c) Find the bearing of 4 from B when the ships are 15km apart, giving your answer to the
nearest degree.

(7
(Total 16 marks)

WORKED SOLUTION Question 8 - WME01/01 October 2022

0 Find the speed of A
[val = V32 + 122 = /153 = 3v/1T kmb ™"

o Write A position
Attime t, a = (—9i + 6j) + ¢(3i + 12j) = (—9 + 3¢)i + (6 + 12t)j.

Write B position
b = (161 + 6j) + t(pi + gj) = (16 + pt)i+ (6 + gt)j.

Use AB vector

—

AB=b—a=[25+ (p—3)tli+ [(¢ — 12)¢]j.
Compare components

—
Given AB = (25 — 12t)i — 9¢j, compare coefficients: p —3 = —12and ¢ — 12 = 9.

Find p and q
Thereforep = —9 and ¢ = 3.

Find the time when the distance is 15

—
Use |AB| = 15: (25 — 12t)2 + (—9t)% = 152



e Solve the distance equation
4
This gives 225¢% — 600t + 400 = 0, so (3t —4)2 =0and t = 3

o Find BA at this time
4 — —
Att = 3 AB = 9i — 12j. Therefore BA = —9i + 12j.

0 Convert to a bearing

9
A is north-west of B. The angle west of north satisfies tan @ = kX s0 0 = 36.9°. Bearing = 360° — 36.9° = 323° to the nearest degree.

@ rinaL ANswER
(a) 3V/17kmh!. (b)p=—9, ¢=3. (c)bearing = 323°.
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8.
D 50m c
*o 50m
A B
Figure 5

A square floor space ABCD, with centre O, is modelled as a flat horizontal surface
measuring 50m by 50m, as shown in Figure 5. ., .
The horizontal unit vectors i and j are in the direction of 4B and AD respectively.

All position vectors are given relative to O.

A small robot R is programmed to travel across the floor at a constant velocity.
« Attime =0, R is at the point with position vector (-2i + j)m

« Attimes=11s, R is at the point with position vector (9i + 23j)m

« At time f seconds, the position vector of R is r metres

(a) Find, in terms of #, i and j, an expression for r

3)
A second robot S is at the point C.
< Attime =0, S leaves C and moves with constant velocity (i — jyms™
* At time 7 seconds, the position vector of S is s metres
(b) Write down, in terms of 7, i and j, an expression for s

1)
(c) Show that

SR =[@t—27)i+(3t—24)j]m

2)
(d) Find the time when the distance between R and S is a minimum.

3)

WORKED SOLUTION Question 8 - WME01/01 May/June 2023

Find the velocity of R
R moves from —2i + j to 9i + 23j in 11 s. Its displacement is 111 + 22j, so its velocity is i + 2j.

Write r
r=(-2i+j)+£(i+2j) = (- 2)i+(2t+1)j

Write s
Point C has position vector 25i 4 25j. Since S moves with velocity —i — j, s = (25 — £)i + (25 — t)].

Find SR vector

_)
SR=r—s=[(t—2)— (25— t)i+][(2t+1)— (25— t)]j.

Simplify SR

H
Therefore SR = (2¢t — 27)i+ (3t — 24)j m.



° Minimise the distance squared
The distance squared is d% = (2t — 27)% + (3t — 24)2.

e Expand the quadratic
d? = 442 — 108t + 729 + 9¢% — 144¢ + 576 = 13¢> — 252t + 1305.

° Find the minimum time
252 126

Th dratic is mini tt= =—=29.69...s.
e quadratic is minimum at ¢ 213 3 9.69...s

@ FinNAL ANSWER

] ; ; ; T . . 126
(@)r=(@t-2)i+(2t+1)j. (b)s=(25—-1)i+(25—1t)j. (c)SR=(2t—27)i+ (3t—24)j. (d)t= =g & 9.7s.
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6. [In this question i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

At 12:00, a ship P sets sail from a harbour with position vector (15i + 36j)km.
At 12:30, P is at the point with position vector (20i + 34j)km.

Given that P moves with constant velocity,

(a) show that the velocity of P is (10i — 4j)kmh™'
(2)

At time ¢ hours after 12:00, the position vector of P is pkm.

(b) Find an expression for p in terms of i, j and .

2)
A second ship Q is also travelling at a constant velocity.

At time ¢ hours after 12:00, the position vector of Q is given by qkm, where
q=(42-8nNi+ (9 + 14h)j

Ships P and Q are modelled as particles.

If both ships maintained their course,

(c) (i) verify that they would collide at 13:30

(ii) find the position vector of the point at which the collision would occur.

)
At 12:30 O changes speed and direction to avoid the collision.
Ship Q now travels due north with a constant speed of 15kmh™
Ship P maintains the same constant velocity throughout.

(d) Find the exact distance between P and Q at 14:30
7

WORKED SOLUTION Question 6 - WME01/01 October 2023

o Find the velocity of P
From 12:00 to 12:30, the displacement of P is (20i + 34j) — (15i + 36j) = 5i — 2j km. The time is 0.5 hours, so

5i — 2j
= = 101 — 4j.
05 0i-4

vp

Write the position of P
At t hours after 12:00, p = (151 + 36j) + £(10i — 4j) = (15 + 10¢)i + (36 — 4¢)j.

Verify the collision time
At 13:30,¢ = 1.5. Then p = (15 + 15)i + (36 — 6)j = 30i + 30j. Also g = (42 — 8(1.5))i + (9 + 14(1.5))j = 30i + 30j.

State the collision position

Since both position vectors are the same, the collision point has position vector 30i + 30j km.

Find P at 14:30
At 14:30, ¢ = 2.5, so p = (15 + 25)i + (36 — 10)j = 40i + 26j.



Find Q after changing course
At 12:30, t = 0.5, so q = 381 + 16j. From 12:30 to 14:30 is 2 hours due north at 15 kmh™!, so the extra displacement is 30j. Thus Q is at

38i + 46j.

Find the distance
The separation vector is (40 — 38)i 4 (26 — 46)j = 2i — 20j. The distance is v/22 + 20? = v/404 = 24/101 km.

@ rinaL ANsWER
(@) vp = 10i — 4 kmh1. (b) p = (15 + 10£)i + (36 — 48)j. (c)(4é) 301+ 30j. (d) 2v/101 km.
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Qu eStlon 7 Main topic: Working with Vectors

7. [n this question i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

At midnight, a ship S is at the point with position vector (191 + 22j)km
The ship travels with constant velocity (12i — 16j)kmh™

(a) Find the speed of S.

(2)
At time ¢ hours after midnight, the position vector of § is skm.
(b) Find an expression for s in terms of i, j and z.
(2)
A lighthouse stands on a small rocky island. The lighthouse is modelled as being at the
point with position vector (26i + 15j) km.
It is not safe for ships to be within 1.3 km of the lighthouse.
(c) (1) Find the value of f when § is closest to the lighthouse.
(11) Hence determine whether it is safe for § to continue its course.
(7)
WORKED SOLUTION Question 7 - WMEO01/01 January 2024

o Find the speed

The velocity is 12i — 16, so the speed is 4/ 122 4+ (-16)2 =20kmh".

e Write the ship position vector
At time £ hours after midnight, s = (19i + 22§) + £(12i — 16j) = (19 + 12t)i + (22 — 16t)j.
Form the vector from lighthouse to ship

_)
The lighthouse is at 261 + 15§. Therefore LS = s — 1 = (12¢ — 7)i + (7 — 16%)j.

Use distance squared
The square of the distance is d? = (12t — 7)% + (7 — 16t)% = 400t> — 392t + 98.

Find the time of closest approach
392

2-400

This quadratic is minimum whent = =0.49.

Find the minimum distance
Att=10.49,d%2 =1.96,sod = 1.4km.

Decide if the course is safe

The unsafe distance is 1.3 km. Since 1.4 > 1.3, it is safe for the ship to continue its course.



@ rinaL ANswER
(@)20kmh=t. (B) s = (19 + 12t)i + (22 — 16t)j. (c)(¢)t =0.49. (c)(é%) minimum distance = 1.4 km, so it is safe.
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7. [In this question, the horizontal unit vectors i and j are directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

Two speedboats, 4 and B, are each moving with constant velocity.

+ the velocity of 4 is 40kmh ™' due cast

+ the velocity of B is 20kmh™ on a bearing of angle o (0° < o < 90°), where tanc = §
The boats are modelled as particles.

(a) Find, in terms of i and j, the velocity of B in kmh™

(2)
At noon
* the position vector of A is 20jkm
+ the position vector of B is (10i + 5j) km
At time ¢ hours after noon
+ the position vector of 4 is rkm, where r = 20j + 404
* the position vector of B 1s s km
(b) Find an expression for s in terms of ¢, i and j.
2)
(c) Show that at time ¢ hours after noon,
—>
AB =[(10 — 240)i + (12¢ — 15)j]km
(2)
(d) Show that the boats will never collide.
3)
(e) Find the distance between the boats when the bearing of B from 4 is 225°
@
WORKED SOLUTION Question 7 - WME01/01 May/June 2024

o Resolve the velocity of B

4 4 3
For a bearing angle @ with tan @ = 3 usesina = 5 and cosa = 5 Therefore vp = 20 sin od + 20 cos o = 16i + 12j.

o Write the position of B
At noon, B is at 10i + 5§. With constant velocity 16i + 12j, s = (10 + 162)i + (5 + 12t)j.

o Find AB vector

—
A has position vector r = 40ti 4 20j. Hence AB =s — r = (10 + 16t — 40¢)i + (5 + 12t — 20)j.

° Show the printed expression

—
This simplifies to AB = (10 — 24¢)i + (12t — 15)j km.



Show the boats do not collide
For collision, both components must be zero. From 10 — 24t =0, t = % From12t —15=0,¢t = % These times are different, so the

boats never collide.

Use the bearing 225 degrees condition

—
A bearing of 225° means B is south-west of A, so the i and j components of AB are equal and negative. Set 10 — 24t = 12¢ — 15.

Find the distance

20

25 20 2
The equation gives t = 36" Then each component is —3 so the distance is \/(—) + (

3

)02,
3/ 3

@ rinaL ANsWER

—
(a) ve =161+ 12jkmh~t. (b)s = (10 + 16t)i+ (5 + 12t)j. (c) AB = (10 — 24t)i+ (12t — 15)j. (d) no collision. (e)

20v/2

3 km = 9.4 km
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7. [In this question i and j are horizontal unit vectors.|
Two boats, 4 and B, are each moving with constant acceleration.

At time ¢ hours after noon, boat 4 has velocity v, kmh™', where
v, =2i+3j+(i—-4j)

(a) Find the magnitude of the acceleration of A.

()
When ¢ = 2, the velocity of Bis (4i + j)kmh™
When ¢ =5, the velocity of Bis (i— S5j)kmh™
(b) Find the acceleration of B, giving your answer in terms of i and j.

(2)
(c) Find the velocity of B at time ¢ = 0, giving your answer in terms of i and j.

(2)
At time T hours after noon, both boats are moving with the same speed.
(d) Find the exact value of T

“4)
At time 7, hours after noon, both boats are moving in the same direction.
(e) Show that 3T22 +pT, + q =0, where p and g are integers to be found.

3)

WORKED SOLUTION Question 7 - WME01/01 May/June 2025

0 Part (a): Find magnitude of acceleration of A - Identify acceleration from velocity function
Given: v = 2i+ 3j+ (i — 4j)¢

This is in form: v =u + at
Therefore:

; Initial velocity: ug = 2i + 3j
; Acceleration: a4 = i — 4j km h=2

o Part (a): Find magnitude of acceleration of A - Find magnitude
la] = /a2 + a2

lagl = /12 + (—4)2= V1 + 16 = V17 = 4.123... = 4.1km h? (2 5f)




o Part (b): Find acceleration of B - Use two velocity points to find acceleration

Given:

Attt =2:vp=4i+]
;Att=05.vp=1i—5j

Av
a= At
ap = (i—sjg:g4i+j) _ (1—4)i+3(—5—1)j — —3i3—6j =—i—2jkmh2

° Part (c): Find velocity of B at t = 0 - Use velocity equation backward
V(t) = V(to) + a(t — to)

Fromt =2 backtot =0:
vp(0) =vp(2) +ap(0—2) = (4i+j) + (=i—2j)(-2) =4i+j+2i+4=6i+5jkmh!

° Part (d): Find exact value of T, when both have same speed - Express velocities at time t
For boat A:
va(t) =2i+3j+ (i —4j)t=(2+t)i+ (3—4)j

For boat B:
vp(t) = (6i+5j) + (-i—2j)t= (6 —t)i+ (5 — 2t)j

o Part (d): Find exact value of 77 when both have same speed - Find magnitudes
[val?=(2+¢t)>+ (3 —4t)> =4+ 4t +t> + 9 — 24t + 16¢> = 17t> — 20t + 13

[vB|? = (6 — t)% + (5 — 2t)% = 36 — 12t + £ + 25 — 20t + 4t% = 5% — 32t + 61

e Part (d): Find exact value of 77 when both have same speed - Set magnitudes equal
172 — 20t + 13 = 5¢2 — 32t + 6112t> + 12t —48 =0t>+¢t -4 =0

o Part (d): Find exact value of 7; when both have same speed - Solve using quadratic formula
$ = ZlEVIHI6 _ 117
= 2 =T 2

Taking positive value:
Ty = —1+2\/ﬁ

o Part (e): Show 372 + pT} + g = 0 - Condition for same direction
Velocities parallel when:
24T, _ 34T
6-T, — 5-2T
@ Part (e): Show 3T22 + pT5 4+ ¢ = 0 - Cross-multiply
(2+ To)(5 — 2T) = (3 — 4T5)(6 — Ts) 10 — 4T} + 5T, — 2T2 = 18 — 3T, — 24T, + 4T2 10 + Ty — 2T2 = 18 — 27T, + 4T
0=A4T2 +2T7 — 27T, — T, +18 —100 = 6T — 28T + 8

° Part (e): Show 3T22 + pT5 4+ ¢ = 0 - Divide by 2 to get required form
0=3T7 — 14T, + 4

Therefore:p = —14and g =4

@ FinaL ANswER

(@) |aa| = V17kmh2 ~ 41kmh=2. (b)ap=—i—2jkmh=2 (c)vp(0) =6i+5jkmh~t. (d)Ti= o hours. (e) 377 —14T>+4=0,p=-14, g=4

+
2
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6. [In this question i and j are horizontal unit vectors directed due east and due north
respectively and position vectors are given relative to a fixed origin O.]

At 9 am, a ship S leaves a harbour and moves with constant velocity (10i + 15j)kmh™

(a) Find the exact speed of S

(2)
The harbour is at the origin O.
At 9 am, a boat B leaves the point with position vector (50i + 10j) km and moves with
constant velocity (—8i + 10j)kmh™’
(b) Find the direction in which B is moving, giving your answer as a bearing to the
nearest degree.
3)
(c) Show that at time ¢ hours after 9 am,
"
SB =[(50 — 18¢)i + (10 — 5¢)j km
“4)
(d) Show that B and S do not collide.
3)
When B is north-east of S, the distance between S and B is dkm.
(e) Find the value of d.
“4)
WORKED SOLUTION Question 6 - WMEO01/01 January 2026

Find the speed of S
The velocity of S is 10i ++ 15]. Its speed is the magnitude: v/10% + 152 = /325 = 54/13 kmh™L.

Find the bearing of B
B has velocity —8i + 10j, so it moves west and north. The angle west of north satisfies tan 8 = % giving § = 38.66°. The bearing is
360° — 38.66° = 321° to the nearest degree.

Write both position vectors
At time ¢ hours after 9 am, rg = (10¢)i + (15¢)j. Also rg = (50i + 10j) + £(—8i + 10j) = (50 — 8¢)i + (10 + 10t)j.

Find the relative position vector

H
SB=rp—rg=[(50 — 8t) — 104]i + [(10 + 10£) — 15¢]j = (50 — 18¢)i + (10 — 5¢)j.

Show they do not collide

. 25
For a collision, both components of SB must be zero at the same time. From 50 — 18t =0, t = 9 From 10 — 52 = 0, t = 2. These are

different, so B and S do not collide.



Find the north-east or south-west instant

When the separation is along a 45° diagonal, the two components have equal magnitude. Using the given condition, set

50—18t=10—5t,so40:13tandt=‘11—g‘

e Find the distance d

= 7.6 km to 2 significant figures.

70\ (70)*_ 70v2
13 13) 13

Att = ﬂ both components are —7—0. Therefore d =
13 13

@ FinNAL ANSWER

H
() 5vI3kmh. (b)321°. (c)SB= (50— 18t)i+ (10— 5¢)j. (d)no collision. (e)d= %‘3@ km ~ 7.6 km

TOPIC

Forces

Every past-paper question on this topic, October 2019 to January 2026.
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- For:
Question 6 QD o

riverbank

riverbank

Figure 3
A boat is pulled along a river at a constant speed by two ropes.

The banks of the river are parallel and the boat travels horizontally in a straight line,
parallel to the riverbanks.

+ The tension in the first rope is SO0N acting at an angle of 40° to the direction of
motion, as shown in Figure 3.

= The tension in the second rope is P newtons, acting at an angle of ¢° to the direction
of motion, also shown in Figure 3.

+  The resistance to motion of the boat as it moves through the water is a constant
force of magnitude 900N

The boat 1s modelled as a particle. The ropes are modelled as being light and lying in a
horizontal plane.

Use the model to find
(i) the value of

(i1) the value of P
(8)

WORKED SOLUTION Question 6 - WMEO01/01 January 2023

o Resolve perpendicular to the motion

The boat travels straight, so the sideways components balance: 500 sin 40° = Psin .

Resolve along the motion

The speed is constant, so the forward components balance the resistance: 500 cos 40° + P cos & = 900.

Eliminate P
From the two equations, Psina = 500 sin 40° and P cos a = 900 — 500 cos 40°.

Find alpha
500 sin 40°

Divide the si tion by th i tion:tana = ————————
ivide the sine equation by the cosine equation a 900 — 500 cos 40°

. This gives @ = 31.9°, so & = 32° approximately.

Find P
Use Psina = 500sin40°%: P = M = 608.7... N.Hence P~ 610 N.
sin 31.9°



@ FinaL ANswER
(£) @ = 32° approximately. (i¢) P = 610 N approximately.
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Qu estion 6 Forces

Figure 3

A particle of weight W newtons lies at rest on a rough horizontal surface, as shown in
Figure 3.
A force of magnitude P newtons is applied to the particle.

|

The force acts at an angle « to the horizontal, where tana =
_ e s . 1
The coefficient of friction between the particle and the surface is 2

Given that the particle does not move, show that

p
8
)

WORKED SOLUTION Question 6 - WME01/01 May/June 2023

Use the trig ratios

4 4
Giventana = 3 use sina = 5 and cosa = 5

Resolve vertically

The applied force increases the normal reaction in this model, so R = W + Psina.

Resolve horizontally

For the particle not to move, friction must be able to balance the horizontal component of the applied force, so Pcosa < Fpax.

Use limiting friction

[P P Y

Si =—,
ince p = 1

Substitute the exact trig values
4

3 1
B il .2
Thus P 5 _4(W+P 5)

Rearrange the inequality

Multiplying by 20 gives 12P < 5W + 4P. Hence 8P < 5W,so P < %W



@ FinaL ANswER
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P -W.
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. Forces Main topic: Working with Vectors
Question 7

7. Two forces, F and G, act on a particle. The force F has magnitude 4N and acts in a
direction with a bearing of 120° and the force G has magnitude 6 N and acts due north.

Given that P = 2F + G, find
(i) the magnitude of P

(ii) the direction of P, giving your answer as a bearing to the nearest degree.

(7)

WORKED SOLUTION Question 7 - WME01/01 October 2019

Resolve 2F
Since F has magnitude 4 N on a bearing of 120°, 2F has magnitude 8 N on the same bearing.

Write the components
2F = 85in 120°i + 8 cos 120°j = 4+/3i — 4j. Also G = 6j.

Find P
P =2F + G = 4/3i+2j.

Find the magnitude

IP|=4/(4v3)2 +22 = V4814 =VE2N.

Find the bearing angle

43

The vector is in the north-east quadrant. The angle east of north satisfies tan § = 5 2v/3.

State the bearing
0 = 73.9° approximately, so the bearing is 074° to the nearest degree.

@ rinaL ANswER
(i) |P| = V52N~ 7.21 N.  (i4) bearing = 074°.
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Question 7

WORKED SOLUTION

2m

< >

A (4kg) o

~o

B (3kg)

14m

Figure 3

A particle 4 of mass 4kg is held at rest on a rough horizontal table. Particle 4 is attached
to one end of a string that passes over a pulley P. The pulley is fixed at the edge of the
table. The other end of the string is attached to a particle B, of mass 3kg, which hangs
freely below P.

The part of the string from 4 to P is perpendicular to the edge of the table and 4, P and B
all lie in the same vertical plane.

The string is modelled as being light and inextensible and the pulley is modelled as being
small, smooth and light.

The system is released from rest with the string taut. At the instant of release, 4 is 2m
from the edge of the table and B is 1.4 m above a horizontal floor, as shown in Figure 3.

After descending with constant acceleration for 2 seconds, B hits the floor and does not
rebound.

(a) Show that the acceleration of 4 before B hits the floor is 0.7 ms?

2
(b) State which of the modelling assumptions you have used in order to answer part (a).

(6]
(c) Find the magnitude of the resultant force exerted on the pulley by the string.

(]
The coefficient of friction between 4 and the table is x.
(d) Find the value of z.

(6)
(e) Determine, by calculation, whether or not 4 reaches the pulley.

(5)

(Total 18 marks)

Main topic: Newton's Second Law

Question 7 - WMEO01/01 January 2020

Use B's descent

1 1
Before B hits the floor, it descends 1.4 m from restin 2 s. Use s = ut + Eatzz 14 = 5(1(2)2. Hence a = 0.7 ms~2.

Name the modelling assumption

The string is inextensible, so A and B have the same magnitude of acceleration while the string is taut.

Find the tension

For B, taking downward as positive: 3g — T' = 3(0.7). Thus T'= 3g — 2.1 = 27.3 N.

Find the resultant force on the pulley
The pulley is pulled by two perpendicular tensions of magnitude T". Therefore the resultant is vVT'2 + T2 = T2 =27.3v2=38.6N

approximately.

Find the frictionon A

For A before B hits the floor, T — F' = 4(0.7). Hence F = 27.3 — 2.8 = 24.5 N.



ind
° Find mu .

24
On the horizontal table, R = 49 =39.2Nand F = pR.So p = 392 = 0.625.
° Find A’'s speed when B hits the floor
At this instant, v = at = 0.7(2) = 1.4 ms™L. A has also moved 1.4 m towards the pulley.

° Find the extra stopping distance
After B hits the floor, A is slowed only by friction. Its deceleration is pg = 0.625(9.8) = 6.125 ms~2. Use 0 = (1.4)2 — 2(6.125)s, giving
s=10.16 m.

° Compare with the distance to the pulley
A's total distance is 1.4 4+ 0.16 = 1.56 m, which is less than 2 m. Therefore A does not reach the pulley.

@ FinaL ANswER
(@) a=0.7ms2. (b) Inextensibility of the string.
(c) 38.6 N. (d) p=0.625. (e) A does not reach the pulley.
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Qu eStlon 6 Main topic: Resolving Forces, Inclined Planes

P (m)

Figure 3

A particle P of mass m is held in equilibrium on a fixed rough inclined plane by a light
inextensible string.

The plane is inclined at an angle « to the horizontal, where a < 45°
The string is inclined to the plane at angle ¢, as shown in Figure 3.

The string lies in a vertical plane that contains a line of greatest slope of the
inclined plane.

When the tension in the string is 0.75 mg, P is on the point of moving up the plane.

(a) Find an expression for the magnitude of the frictional force acting on P, giving your
answer in terms of m, g and o.

3

1
The coefficient of friction between P and the plane is 3

(b) Show that

tana =

(SRR

(6)
The string breaks.

(c) Determine whether P remains at rest. You must justify your reasoning.

3)

WORKED SOLUTION Question 6 - WMEO01/01 January 2025

o Resolve parallel to the plane
P is on the point of moving up the plane, so friction acts down the plane. The tension has component 0.75mg cos a up the plane, and the
weight component is mgsin o down the plane.

° Find the frictional force
For equilibrium parallel to the plane, 0.75mgcos @ = mgsina + F. Hence F' = 0.75mgcos a — mgsina.

e Resolve perpendicular to the plane
The string has a component away from the plane, so R = mgcos a — 0.75mgsin a.

° Use the coefficient of friction

1 1 1
Given yu = 5 limiting friction gives F' = ER' Therefore 0.75mgcos a — mgsina = E(mgcosa — 0.75mgsin ).



e Show the tangent result

2 2
Divide by mg and collect terms: 0.75 cos @ — sina = 0.5 cos  — 0.375 sin . Thus 0.25 cos a = 0.625sin a, so tana = % =5

o Check what happens when the string breaks

1 .
Without the string, R = mgcos a and the maximum friction is Emg cos . The component of weight down the plane is mgsin a.

a Compare friction with the downslope component

2 1 1
Since tana = 3 < —, we have mgsina < Emgcos a. The available friction is large enough to hold P, so P remains at rest.

2

@ FinaL ANswER

2
(a) F =0.75mgcosa —mgsina. (b) tana = 5 (c) P remains at rest.

TOPIC

Newton's Second Law

Every past-paper question on this topic, October 2019 to January 2026.
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Question 7

WORKED SOLUTION

m Newton's Second Law

2m

< >

A (4kg) o

~o

B (3kg)

14m

Figure 3

A particle 4 of mass 4kg is held at rest on a rough horizontal table. Particle 4 is attached
to one end of a string that passes over a pulley P. The pulley is fixed at the edge of the
table. The other end of the string is attached to a particle B, of mass 3kg, which hangs
freely below P.

The part of the string from 4 to P is perpendicular to the edge of the table and 4, P and B
all lie in the same vertical plane.

The string is modelled as being light and inextensible and the pulley is modelled as being
small, smooth and light.

The system is released from rest with the string taut. At the instant of release, 4 is 2m
from the edge of the table and B is 1.4 m above a horizontal floor, as shown in Figure 3.

After descending with constant acceleration for 2 seconds, B hits the floor and does not
rebound.

(a) Show that the acceleration of 4 before B hits the floor is 0.7 ms?

2
(b) State which of the modelling assumptions you have used in order to answer part (a).

(6]
(c) Find the magnitude of the resultant force exerted on the pulley by the string.

(]
The coefficient of friction between 4 and the table is x.
(d) Find the value of z.

(6)
(e) Determine, by calculation, whether or not 4 reaches the pulley.

(5)

(Total 18 marks)

Question 7 - WMEO01/01 January 2020

Use B's descent

1 1
Before B hits the floor, it descends 1.4 m from restin 2 s. Use s = ut + Eatzz 14 = 5(1(2)2. Hence a = 0.7 ms—2.

Name the modelling assumption

The string is inextensible, so A and B have the same magnitude of acceleration while the string is taut.

Find the tension

For B, taking downward as positive: 3g — T' = 3(0.7). Thus T'= 3g — 2.1 = 27.3 N.

Find the resultant force on the pulley
The pulley is pulled by two perpendicular tensions of magnitude T". Therefore the resultant is vVT'2 + T2 = T2 =27.3v2=38.6N

approximately.

Find the frictionon A

For A before B hits the floor, T' — F' = 4(0.7). Hence F' = 27.3 — 2.8 = 24.5 N.



ind
o Find mu .

24
On the horizontal table, R = 49 =39.2Nand F = uR.So p = 392 = 0.625.

° Find A's speed when B hits the floor
At this instant, v = at = 0.7(2) = 1.4 ms™L. A has also moved 1.4 m towards the pulley.

e Find the extra stopping distance
After B hits the floor, A is slowed only by friction. Its deceleration is pg = 0.625(9.8) = 6.125 ms~2. Use 0 = (1.4)2 — 2(6.125)s, giving
s=10.16 m.

° Compare with the distance to the pulley
A's total distance is 1.4 4+ 0.16 = 1.56 m, which is less than 2 m. Therefore A does not reach the pulley.

@ FinaL ANswER
(@) a=0.7ms2. (b) Inextensibility of the string.
(c) 38.6 N. (d) p=0.625. (e) A does not reach the pulley.
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Question 7 m Newton's Second Law

—~ ® Q (m)

P (m)
Figure 4

A particle P of mass m is attached to one end of a light inextensible string. Another
particle Q, also of mass m, is attached to the other end of the string. The string passes over
a small smooth pulley which is fixed at the edge of a rough horizontal table. Particle Q is
held at rest on the table and particle P hangs vertically below the pulley with the string taut,
as shown in Figure 4.

The pulley, P and Q all lie in the same vertical plane.

The coefficient of friction between Q and the table is g, where u < 1

Particle Q is released from rest.

The tension in the string before Q hits the pulley is kmg, where k is a constant.

(a) Find k in terms of .

)
Given that Q is initially a distance ¢ from the pulley,
(b) find, in terms of d, g and w, the time taken by Q, after release, to reach the pulley.
4)
(c) Describe what would happen if 4 = 1, giving a reason for your answer.
2
WORKED SOLUTION Question 7 - WMEO01/01 October 2022

o Write the friction on Q
For Q on the horizontal table, R = myg, so the friction is F' = umg.

° Apply Newtons second law to P

P moves downward and Q moves towards the pulley. For P, taking downward as positive: mg — T' = ma.

Apply Newtons second law to Q

For Q, taking motion towards the pulley as positive: T' — pmg = ma.

o
° Use T = kmg
o

FromP,a = g(1 — k). From Q a = g(k — p).

Find k
1+p

Equate the two accelerations: 1 —k =k — . Hence 2k =1+ pand k = )



Find the acceleration

a=g(1—k)=g(1— 142'#)=9(12—M).

6 Use motion from rest
= l . Mﬁ

1
Q starts from rest and travels distance d, sod = Eat2 2 2

o Find the time

g(1 — p)t? 4d
d="—"—"— sot=,/———.
4 9(1—p)

° Consider mu at least 1
If g > 1, the maximum available friction on Q is at least mg, so it can balance the pull caused by the hanging particle. The system would not

start moving.

@ FinaL ANswER

_l+p e
(a) k = SO et

(¢) If > 1, the system would not move because friction can balance the pull from P.

2
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Question 7 Newton's Second Law

Figure 4

A simple lift operates by means of a vertical cable which is attached to the top of the lift.
The lift has mass m

A box Q is placed on the floor of the lift.

A box P is placed directly on top of box O, as shown in Figure 4.

The cable is modelled as being light and inextensible and air resistance is modelled as
being negligible.
42mg

The tension in the cable is

. : . . .2
The lift and its contents move vertically upwards with acceleration ?g

Using the model,

(a) find, in terms of m, the combined mass of boxes P and Q
C))

. . . . ldmg
During the motion of the lift, the force exerted on box P by box Q is e

Using the model,

(b) find, in terms of m, the mass of box P

(©))

WORKED SOLUTION Question 7 - WMEO01/01 January 2023

Define the box mass

Let the combined mass of boxes P and Q be M. The lift itself has mass m, so the total moving mass is m + M.

Apply Newtons second law to the whole system

42 2
Taking upward as positive, 5 ™9~ (m+ M)g=(m+ M)?g

Find M

42 2
Move the weight term to the right: 5 ™= (m+ M) (g + ?g) = %(m + M). Hence 42m = 7(m + M) and M = 5m.

Let the mass of P be p

14 2
For box P alone, the upward force from Q is ?mg, while its weight is pg. The acceleration is still ?g upward.



° Apply Newtons second law to P

1 m 2
5 9 PI=P
o Find p
14 2
Divide by g: ?m =p+ ?p = 75_p Therefore p = 2m.

@ rinNAL ANSWER

(@) combined mass of P and Q = 5m. (b) mass of P = 2m.
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Question 7 m Newton's Second Law

7.
Al
Figure 4
A car of mass 1200kg is towing a trailer of mass 600kg up a straight road, as shown in
Figure 4.
L . . 1
The road is inclined at an angle ¢ to the horizontal, where sine = m
The driving force produced by the engine of the car is 3000 N.
The car moves with acceleration 0.75ms™
The non-gravitational resistance to motion of
+ the car is modelled as a constant force of magnitude 2R newtons
« the trailer is modelled as a constant force of magnitude R newtons
The car and the trailer are modelled as particles.
The tow bar between the car and trailer is modelled as a light rod that is parallel to the
direction of motion.
Using the model,
(a) show that the value of R is 60
C))
(b) find the tension in the tow bar.
3
When the car and trailer are moving at a speed of 12ms ', the tow bar breaks.
Given that the non-gravitational resistance to motion of the trailer remains unchanged,
(c) use the model to find the further distance moved by the trailer before it first comes
to rest.
C))
WORKED SOLUTION Question 7 - WME01/01 May/June 2023

o Use the whole system
For car plus trailer, the total mass is 1800 kg and the total resistance is 2R + R = 3R. Taking up the slope as positive:
3000 — 1800gsin @ — 3R = 1800(0.75).

o Show R is 60

Since sina = i 1800gsino: = 1800 - 9.8 - i

1 T 1470. So 3000 — 1470 — 3R = 1350, giving 180 = 3R and R = 60 N.

e Apply Newtons second law to the trailer
For the trailer while it is being towed, T' — 600g sin &« — R = 600(0.75).

° Find the tow-bar tension

T—600-9.8-% — 60 = 450, so T' — 490 — 60 = 450 and T' = 1000 N.



e Find the trailer acceleration after the break
After the tow bar breaks, the trailer is still moving up the slope, but the component of weight and resistance act down the slope. Taking up

the slope as positive: —600gsin a — 60 = 600a.

° Simplify the acceleration
550 11 s
—490 — 60 = 600a, so a = ~%00 = 13 %

0 Find the stopping distance

864
With initial speed 12 ms~! and final speed 0, use ¥ =u2+2as:0=122+2 (—%)d. Henced = TR =785... m.

@ rinaL ANSWER
(@) R=60N. (b) T =1000N. (c)d = 78.5m approximately.
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Question 7 m Newton's Second Law

M
\_/

A (2m) . . B (3m)

0.5m

Figure 4

One end of a light inextensible string is attached to a particle 4 of mass 2m.
The other end is attached to a particle B of mass 3m.

The string passes over a small smooth fixed pulley.

The string is taut and both straight parts of the string are vertical.

Both particles are held at a distance 0.5 m above a horizontal surface, as shown
in Figure 4.

The system is released from rest and B moves downwards.

(a) Find the tension in the string in terms of m and g.

(3

(b) Find the speed of B at the instant it strikes the surface.

@

In the subsequent motion, 4 does not reach the pulley and B does not rebound after it
strikes the surface.

(c) Find the time from the instant when the system is released from rest to the instant
when A first reaches a height of 1.06 m above the surface.

(6)

WORKED SOLUTION Question 7 - WMEO01/01 January 2025

Write the equations of motion

B moves down and A moves up with the same acceleration a. For A: T' — 2mg = 2ma. For B: 3mg — T = 3ma.

Find the acceleration

Adding the two equations gives mg = 5ma, so a = %

Find the tension
g) _ 12mg

UseT—2mg:2ma,:T=2mg+2m(5 5

Find the speed when B hits the surface
B starts from rest and moves 0.5 m with acceleration g/5. Using v = u2 + 2as, v2 = 2 (%)(05) = % = 1.96.

Calculate the impact speed
v=1+196=14ms™L



° Find the first time interval
I\,2 ) 5
(—5 )t1- With g =9.8, ¢t; = 7= 0.714285...s.

N | =

The time until B hits the surface is found from 0.5 =

° Find the extra time after B stops
After B hits the surface, A continues upwards freely under gravity. It is then at height 1.00 m and must rise another 0.06 m with initial speed
14ms™1 50 0.06 = 1.4¢, — 4.9t2.

° Find the total time
Solving 0.06 = 1.4t — 4.9t% gives the first positive time t3 = 0.0525.. .. s. Therefore the total time is
0.714285...40.0525... = 0.767 s.

@ rinaL ANSWER

() T = 125ﬂ ())v=1.4ms1. (c)t=0.767 s approximately.
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Question 8

Newton's Second Law

WORKED SOLUTION

P (3M)
(kM)

Figure 5

Two small balls, P and O, have masses kM and 3M respectively, where £ < 3

The balls are attached to the ends of a light inextensible string that passes over a fixed
light smooth pulley.

The system is held at rest with the string taut and the hanging parts of the string vertical,
as shown in Figure 5.

The system is released from rest and, in the subsequent motion, P moves with an

. . . 1
acceleration of magnitude gg

The balls are modelled as particles.

(a) Write down an equation of motion for P.

2)
(b) Find the value of £.

3)
Given that M = 0.5kg,
(c) find the magnitude of the force exerted on the pulley by the string while Q is

moving downwards.

@)
At the instant when the system is released, P is more than 2.5m from the pulley and
Q is 2.5m above horizontal ground.
After hitting the ground, Q rebounds with a speed of 0.4ms’'
(d) Find the magnitude of the impulse received by Q when it hits the ground.

5)
In the subsequent motion, P does not hit the pulley.
(e) Find the total time from when the balls are released until P first comes to rest.

“)

Question 8 - WME01/01 May/June 2025

o Part (a): Write equation of motion for P - Identify forces on P

Particle P (mass kM) moves upward with acceleration 5

; Tension T (upward)
; Weight kM g (downward)

9

o Part (a): Write equation of motion for P - Apply Newton's Second Law

Taking upward as positive:
> F=ma

T — kMg=kM x £



° Part (b): Find value of k - Write equation of motion for Q

Particle Q (mass 3M) moves downward with acceleration %:

Taking downward as positive for Q:
M, M, M,
8Mg—-T=3Mx £3Mg—T =32 T=3Mg— 3} T7=22001

° Part (b): Find value of k - Substitute into equation for P
From part (a): T — kMg = %

12Mg _ kMg 12Mg __ kMg 12Mg _ 5kMg+kMg 12Mg _ 6kMg _ _
2L kMg = "L 2 = kMg + S5 =L = . =t 12=6kk=2

Q Part (c): Find force on pulley while Q moving down - Identify tension in string

o 12Mg
From part (b): T = ==

Given: M = 0.5 kg

_ 12x0.5xg _ 69 __ 6x9.8 __
T = 12x08x _ 89 _ 6x08 _ 11 76 N

e Part (c): Find force on pulley while Q moving down - Find force on pulley

The pulley experiences two tension forces:
; Horizontal tension from P: T' = 11.76 N

; Vertical tension from Q: T = 11.7T6 N

These are perpendicular, so use Pythagoras:

F=+T?1T?=+/2T?2=Tv2=11.76v/2=16.63... = 16.6 N (3 sf)
. p— Sev2 _ 129 _ —

OrnF =% == =249=235N

Wait, let me recalculate...

Actually: F' = 2T (both tensions pull on pulley)

_ 12Mg _ 24Mg __ 24x0.5x9.8 _ 117.6 _
F=2x 5_(]_ 5_(]_ sz —T—235N(3Sf)
or 22 =235N

° Part (d): Find impulse when Q hits ground - Find velocity of Q just before hitting ground
Using SUVAT with:

;u = 0 (starts from rest)

g =9 — 98 _ -2
ja=5 =% =196ms

;8=25m

vP=u?+2a5v®=0+2x § ><2.5'v2=%v2=g'v=\/§=\/9.8=3.130... ms!
Orexact v =,/g = 75—9

Actually: v =2 x 1.96 x 2.5 = 9.8, sov = v/9.8 =3.13 ms~!



e Part (d): Find impulse when Q hits ground - Calculate impulse
Impulse = m(Vafter — Vbefore)

Taking downward as positive before impact:

: Velocity before: vpegore = +3.13 m s~ (downward)

; Velocity after: vger = —0.4 m s~1 (upward, rebounds)

;Mass of @ 3M =3 x 0.5 = 1.5 kg
I=15x%x(-04-3.13)=1.5x(—3.563) = —5.295... |I| = 5.3 N s (2 sf)
Or using exact values: |I| = 1.5(y/g + 0.4) = 1.5(3.13 + 0.4) = 5.3 N's

o Part (e): Find total time until P first comes to rest - Time for Q to fall ({;)

USin93=Ut+%at2with’u:0,3:2.5m,a= g

25=0+1xEx225=Mo5=g22= 25 —2551...4,= /2B =1507... s

5x5 _ 5
g Ve

Better:t1=1/%=1/%

Actually: 2.5 = % x 1.96 x t%

Orexact: t; =

t} = 155 = 2.55L sot; = 1.597 s

Q Part (e): Find total time until P first comes to rest - Velocity of P when Q hits ground
At time 4, P has velocity:
vp=0+4% xt;= % x 1.597 = 1.96 x 1.597 = 3.13 m s !

Or:vp = 4/g (same as Q)

° Part (e): Find total time until P first comes to rest - Time for P to come to rest (¢5)

After Q hits ground, string goes slack. P continues upward under gravity alone.
Usingv=u+at withv =0,u=3.13ms L, a=—g

0=313—98t3t, = 33 =0.3194... s

Or:t2=§=%

@ Part (e): Find total time until P first comes to rest - Total time
T =t +ty= 1597+ 0.319 = 1.916... = 1.9 5 (2 sf) or 1.92 s (3 5f)

@ FINAL ANSWER

M.
(@) T — kMg = *M9.

12
=. Ok=2 (F= T-" N~235N. (d)|I|=530Ns. (e)T=192s.
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QLI eStIOI'I 6 Main topic: Kinematics Graphs

6. An athlete runs a 200 m race along a straight horizontal track.
In a model of the motion of the athlete, air resistance is ignored, the athlete starts from rest
at time 7 = 0 seconds and moves with uniform acceleration 0.8 ms™ for T seconds, reaching
a speed of 'ms™!. She then maintains this speed until she crosses the finishing line.

The total time from when the athlete starts to when she crosses the finishing line is 30s.

(a) Sketch a speed-time graph for the model of the motion of the athlete from the instant
when she starts to the instant when she crosses the finishing line.

(2)
(b) Write down an expression for V' in terms of 7.

(1)
(c) Show that 72 — kT + 500 = 0, where £ is a constant to be found.

4)
(d) Hence find the value of 7, justifying your answer carefully.

3)

(e) Considering your speed-time graph or otherwise, state two ways, apart from including
air resistance, in which the model could be made to be more realistic.

(2)

WORKED SOLUTION Question 6 - WME01/01 October 2019

0 Describe the speed-time graph
The graph starts at (0, 0), rises in a straight line with gradient 0.8 until time T* and speed V, then stays horizontal at speed V until ¢ = 30.

v (m s*‘)A

» t(s)
30

o Write Vin terms of T

Uniform acceleration gives V' = 0.8T".

e Use area for the distance
1
The distance is the area under the speed-time graph: ETV + V(30 — T) = 200.



° Substitute V
Using V = 0.8T" %T(O.ST) + (0.8T°)(30 — T') = 200.

° Form the quadratic
0.4T2 +4- 24T — 0.8T% = 200, so —0.4T' + 24T — 200 = 0. Multiplying by —2.5 gives T — 60T + 500 = 0, so k = 60.

° Solve and choose the valid root
T2 — 60T + 500 = (T — 10)(T — 50) = 0, so T’ = 10 or 50. Since the whole race lasts 30 s, T' = 10.

e Give two model improvements

A more realistic model could include reaction time at the start, and could replace the instantaneous change from acceleration to constant
speed with a smoother transition.

@ FiNAL ANSWER
(a) Speed-time graph rises linearly to V' at t = T, then is horizontal until ¢ = 30.
(b)) V=0.8T. (c)T?— 60T + 500 =0, so k= 60.

(d) T = 10. (e) For example, include reaction time at the start and avoid the instantaneous change to constant speed.
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QLI eStIOI'I 8 Main topic: Resolving Forces, Inclined Planes

A (2kg) B (4kg)

hm

Figure 3
Two particles, 4 and B, have masses 2 kg and 4 kg respectively. The particles are connected
by a light inextensible string. The string passes over a small smooth pulley which is fixed
at the top of a rough plane. The plane is inclined to the horizontal ground at an angle &
3
where tana = 7 The particle 4 is held at rest on the plane at a distance d metres from

the pulley. The particle B hangs freely at rest, vertically below the pulley, at a distance
h metres above the ground, as shown in Figure 3. The part of the string between A and
the pulley is parallel to a line of greatest slope of the plane. The coefficient of friction

1
between 4 and the plane is 2

The system is released from rest with the string taut and B descends.

(a) Find the tension in the string as B descends.

(&)
On hitting the ground, B immediately comes to rest.
Given that A comes to rest before reaching the pulley,

(b) find, in terms of 4, the range of possible values of d.

()]

(c) State one physical factor, other than air resistance, that could be taken into account to
make the model described above more realistic.

(1)
(Total 17 marks)

WORKED SOLUTION Question 8 - WMEO01/01 January 2021

Use the trig ratios

Since tana = 1 sina = 5 and cosa = 5
Find frictionon A

8g .. o1 1
For A, R =2gcosa = 5 With coefficient 1 friction is F' = ZR =35

Equation for A
A moves up the plane. Taking up the plane as positive: T' — 2gsina — F' = 2a.

Simplify A's equation
2
T—2g-%—?‘q =2a,soT—% = 2a.

Equation for B
B descends. Taking downward as positive: 4g — T' = 4a.



Solve for T
8 12 2 2 12
From A, T = 2a + ?g From B, T' = 4g — 4a. Equating gives 6a = Tg' soa= ?g ThenT =4g—4 (?g) = Tg N.
Find speed when B reaches the ground
, . : . 2 2 29 4gh
Before B hits the ground, both particles move distance h from rest with acceleration 5 Thus v* =2 5 h= 5
Find extra distance after B stops
6 2 8
After B hits the ground, A continues up the plane. The forces down the plane on A are 2gsina + F = ?g + ?g = ?g so its deceleration
i 4g
is —.
5
Calculate extra distance
4 4 h
Let the extra distance be s. Then 0 = %h - (?g)s, S0 8 = 5

Find the range for d

h 3h
A travels total distance h + 2= 9 before stopping. Since it comes to rest before reaching the pulley, d > -

Name a more realistic factor

A more realistic model could include friction at the pulley.

@ FiNAL ANSWER

12
()T = Tg N=235N. (b)d> % (¢) A more realistic model could include friction at the pulley.
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Figure 4

One end of a light inextensible string is attached to a particle 4 of mass 2m. The other end
of the string is attached to a particle B of mass 3m. The string passes over a small, smooth,
light pulley P which is fixed at the top of a rough inclined plane. The plane is inclined to

the horizontal at an angle o, where tana = 1

Particle A is held at rest on the plane with the string taut and B hanging freely below P, as
shown in Figure 4. The section of the string AP is parallel to a line of greatest slope of the
plane.

1
The coefficient of friction between 4 and the plane is )

Particle 4 is released and begins to move up the plane.
For the motion before 4 reaches the pulley,
(a) (i) write down an equation of motion for A4,

(i1) write down an equation of motion for B,

4)

(b) find, in terms of g, the acceleration of A,
(5)

(c) find the magnitude of the force exerted on the pulley by the string.
(C))

(d) State how you have used the information that P is a smooth pulley.
(eY)

WORKED SOLUTION Question 7 - WMEO01/01 October 2021

o Equation for A
A moves up the plane, so friction and the component of weight act down the plane. Taking up the plane as positive:

T — 2mgsina — F = 2ma.

° Equation for B
B moves downward. Taking downward as positive: 3mg — T' = 3ma.

e Find frictionon A

4 1 4
Since tana = E sina = 3 and cosa = —. The normal reaction on Ais R = 2mgcosa = 8mgl wF=-R=-"9
4 5 5 5 2 5
° Simplify A's equation
4
T —2mg- 3_4mg = 2ma, so T' — 2mg = 2ma.

5 5



Solve with B's equation

From B, T' = 3mg — 3ma. Substitute into T' — 2mg = 2ma: 3mg — 3ma — 2mg = 2ma. Thus mg = 5ma anda = %

Find the tension

Using3mg — T = 3m (%) gives T' = 3mg — % = @

Find the pulley resultant

The two tensions are one vertical and one along the plane. Components of the resultant are T" cos & horizontally and T' + T sin « vertically.

Calculate the magnitude

4 4
Resultant = T'y/cos? e+ (1 +sine)? = T4 /($)% + (§)2 = gT. With T = 12;19, this is 82—5\/3m

Use the smooth pulley information

The pulley is smooth, so the tension is the same on both sides of the pulley.

@ rinaL ANswER

48/5

a)(i) T — 2mgsina — F = 2ma. (a)(i) 3mg—T =3ma. (b)a= 2. c) resultant = ———mg. (d) The tension is the
5

25

same on both sides of the pulley.
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6. [In this question i and j are horizontal unit vectors.]

A particle P of mass 2kg moves under the action of two forces, (pi + ¢j)N and
(2¢i + pj)N, where p and g are constants.

Given that the acceleration of P is (i — j)ms™

(a) find the value of p and the value of g.

3)
(b) Find the size of the angle between the direction of the acceleration and the vector j.
(2
At time 7 = 0, the velocity of P is (3i — 4j)ms™
At t = T seconds, P is moving in the direction of the vector (11i — 13j).
(c) Find the value of T.
3)
WORKED SOLUTION Question 6 - WME01/01 January 2022

The total force is (pi + gj) + (24i + 2j) = (p + 2¢)i + (p + g)j. Since the mass is 2 kg and acceleration is i — j, the total force is 21 — 2j.

e Equate components
p+2¢g=2andp+g=-2

e Find p and q
Subtract the equations to getq = 4. Thenp +4 = —2,sop = —6.

° Find the angle with j
The acceleration is 1 — j. Its dot product with j is —1, so the angle with the positive j direction is obtuse. Since the components are equal in
magnitude, the angle is 135°.

e Write the velocity at time T
v=@Bi—-4)+Ti-j)=CB+D)i+(—4—-1)j

° Use the direction vector
3+T —-4-T
11 -13

The velocity is parallel to 11i — 13j, so

a Solve for T

13(3+T) =11(4+T), s0 39 4 13T = 44 4 11T Hence 2T = 5and T' = 2.5.

@ rinaL ANswER
(a) p=—-6, g=4. (b)135°. (c)T =25.
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7.
O(m)
@
Figure 4
A particle P of mass 4m lies on the surface of a fixed rough inclined plane.
3
The plane is inclined to the horizontal at an angle & where tana = 2
The particle P is attached to one end of a light inextensible string.
The string passes over a small smooth pulley that is fixed at the top of the plane.
The other end of the string is attached to a particle QO of mass m which lies on a smooth
horizontal plane.
The string lies along the horizontal plane and in the vertical plane that contains the pulley
and a line of greatest slope of the inclined plane.
The system is released from rest with the string taut, as shown in Figure 4, and P moves
down the plane.
_ s L1

The coefficient of friction between P and the plane is 2
For the motion before Q reaches the pulley
(a) write down an equation of motion for Q,

(&Y
(b) find, in terms of m and g, the tension in the string,

()
(c) find the magnitude of the force exerted on the pulley by the string.

4)
(d) State where in your working you have used the information that the string

is light.
1)
WORKED SOLUTION Question 7 - WMEO01/01 January 2022

o Write the equation for Q

Q lies on a smooth horizontal plane. The only horizontal force on Q is the tension, so T' = ma.

Use the trig ratios

3 3
Since tana = —, sina = — and cosa = —
nee 4 5 5

Find frictionon P

4 16 1 1
For P, R = 4mgcosa = 4mg - 5 = % With coefficient 1 frictionis F' = ZR = 5

Apply Newtons second law to P

P moves down the plane. Taking down the plane as positive: 4mgsina — T' — F = 4ma.

Substitute values

4
4mg-%— —%=4ma,so 81:9 —T = 4ma.




° UseT = ma

T 8
From Q, a = e Substitute into the equation for P: % — T =4T.

° Find T

% =5bT,s0T = %mg.

e Find the pulley resultant
The pulley is pulled by two tensions of magnitude T": one horizontal and one along the inclined string. Their resultant has components

T — T cos a horizontally and T'sin « vertically.

° Calculate the resultant

1
Magnitude = /(T — T'cos )2 + (T'sina)? = T4 /(1 — %)2 + (%)2 = %\/ 10. With T = %mg, the resultant is SQ mg.

@ Use the light-string model
The string is light, so the tension can be treated as the same on the P side and the Q side of the pulley.

@ FINAL ANSWER

810

(@) T=ma. B)T= %mg. (c) resultant = o5 ™9 (d) Same tension was used on both sides of the pulley.
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6. [In this question, i and j are horizontal unit vectors.]
A particle A of mass 0.5kg is at rest on a smooth horizontal plane.

At time 7 = 0, two forces, F, = (-3i+ 2j)N and F, = (pi + ¢gj) N, where p and g are constants,
are applied to 4.

Given that A moves in the direction of the vector (i — 2j),

(a) show that2p + ¢ —4 =0

4)
Given that p = 5
(b) find the speed of 4 at time 7 = 4 seconds.
3
WORKED SOLUTION Question 6 - WME01/01 October 2022

Find the resultant force
F=(-3i+2j)+(pi+4g)=(—3)i+ (g+2)j

Use the direction of motion
q+2
p—3

Since the particle starts from rest, its motion is in the direction of the resultant force. This direction is 1 — 2j, so =2
Show the relation
g+2=-2(p—3)=—-2p+6hence2p+q—4=0.

Findqwhenp =5
Substitutep=>5into2p+q—4=0:10+qg—4 =0,s0g = —6.

Find the resultant force
The resultant force is (5 — 3)i+ (—6 + 2)j = 2i — 4j N.

Find acceleration
—4j

2i
Th is 0.5 kg, =
emassis 0.5 kg, soa 05

= 4i— 8j.

Find velocity att = 4
Starting from rest, v = at = (4i — 8j)4 = 16i — 32j.

Find the speed
Speed = 4/162 + (—32)% = v/1280 = 16v/5 ms~!, about 36 ms L.

@ FinaL ANswER
(a)2p+qg—4=0. (b)speed=16v/5ms™! ~36ms.
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Figure 5

A parcel of mass 2 kg is pulled up a rough inclined plane by the action of a constant
force.

The force has magnitude 18 N and acts at an angle of 40° to the plane.

The line of action of the force lies in a vertical plane containing a line of greatest slope
of the inclined plane.

The plane is inclined at an angle of 30° to the horizontal, as shown in Figure 5.
The coefficient of friction between the plane and the parcel is 0.3
The parcel is modelled as a particle P

(a) Find the acceleration of P

®)
The points A and B lie on a line of greatest slope of the plane, where AB = 5m and B is
above A. Particle P passes through 4 with speed 2ms ' in the direction AB.
(b) Find the speed of P as it passes through B.

(3)
The force of 18 N is removed at the instant P passes through B. As a result, P comes to
rest at the point C.
(c) Determine whether P will remain at rest at C. You must show all stages of your

working clearly.
(4)
WORKED SOLUTION Question 8 - WMEO01/01 January 2023

o Resolve perpendicular to the plane
The force of 18 N is angled away from the plane, so R + 18 sin40° = 2gcos 30°. Hence R = 2g cos 30° — 18 5in 40°.

Use friction
The parcel moves up the plane, so friction acts down the plane. With 4 = 0.3, F' = 0.3R.

Resolve parallel to the plane
Taking up the plane as positive: 18 cos 40° — F' — 2gsin 30° = 2a.

Substitute for R and F
18 cos 40° — 0.3(2g cos 30° — 185in40°) — 2g5sin 30° = 2a.

Find the acceleration

Using g = 9.8, this gives a = 1.18... ms~2 up the plane.



° Find the speed at B
FromAtoB u=2 s=>5anda = 1.18.... Use v? = u? + 2as: v2 = 22 + 2(1.18...)(5).

e State the speed
v=23.98... ms™!, about 4.0 ms~L.

° Check rest after the force is removed
At C, with the pulling force removed, R = 2gcos 30°. The maximum friction is 0.3R = 0.3(2gcos 30°) = 5.09... N.

° Compare with the downslope weight component
The component of weight down the plane is 2gsin 30° = 9.8 N. Since 9.8 > 5.09... ., friction is not large enough to hold P at rest, so P will
not remain at rest at C.

@ rinAL ANSWER
(a) a = 1.18 ms~2 up the plane. () v =3.98 ms~! =~ 4.0ms~t. (c) P will not remain at rest at C.
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Question 6

Figure 3

A particle of weight W newtons lies at rest on a rough horizontal surface, as shown in
Figure 3.
A force of magnitude P newtons is applied to the particle.

|

The force acts at an angle « to the horizontal, where tana =
_ e s . 1
The coefficient of friction between the particle and the surface is P

Given that the particle does not move, show that

p<c
8
(7

WORKED SOLUTION Question 6 - WME01/01 May/June 2023

Use the trig ratios

4 4
Giventana = 3 use sina = 5 and cosa = 5

Resolve vertically

The applied force increases the normal reaction in this model, so R = W + Psina.

Resolve horizontally

For the particle not to move, friction must be able to balance the horizontal component of the applied force, so Pcosa < Fpax.

Use limiting friction

L= = 1w 1 pine)

Si =—,
ince p = 1

Substitute the exact trig values
4

3 1
B il .2
Thus P 5 _4(W+P 5)

Rearrange the inequality

Multiplying by 20 gives 12P < 5W + 4P. Hence 8P < 5W,so P < %W



@ rinAL ANSWER

5
P -W.
_8W

Dr Eslam Ahmed - eliteigcse.com
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A (m)

B (km)

Figure 4

Figure 4 shows a block A4 of mass m held at rest on a rough plane.
The plane is inclined at an angle & to the horizontal and the coefficient of friction
between the block and the plane is u

One end of a light inextensible string is now attached to 4. The string passes over a
small smooth pulley which is fixed at the top of the plane.

The other end of the string is attached to a block B of mass kn.

Block B hangs vertically below the pulley, with the string taut.

The string from A to the pulley lies along a line of greatest slope of the plane.
Both 4 and B are modelled as particles.
When the system is released from rest, 4 moves up the plane and the tension in the

.. 4mg
string 1s -re

Given that u = 3 and tang = EY

(a) (i) find the magnitude of the acceleration of 4, giving your answer in terms of g,

(11) find the value of 4.

9
(b) Find the magnitude of the resultant force exerted on the pulley by the string, giving
your answer in terms of m and g.
@)
WORKED SOLUTION Question 7 - WME01/01 October 2023

Use the trig ratios

Giventana = —, use sina = i and cosa = 24
= 21 =% *= 95

Find frictionon A

1 1
For block A, R = mgcosa = %”:g Since p = 3 friction is F' = ER = 8277;9_

Apply Newtons second law to A
A moves up the plane, so friction and the component of weight act down the plane. Taking up the plane as positive:
T —mgsina — F = ma.

Find the acceleration

1
.H = —.
5 encea = —o

) 4 . Tmg 8mg 4 15mg 4 3 1lmg
= — = — = —_— = — _——_— = =
Substitute 1 3™ mgsina 2% and F o5 0= Mg 25 mg



Apply Newtons second law to B

Block B moves downwards with the same acceleration. Taking downward as positive: kmg — T' = kma.

Find k
ﬁ 4 11g 4 11k

:kmg — —mg = km——. Divide by mg to get k — ———, 5015k —20 =11kand k= 5.

Sbt'ttT—ém da= =
ubstitute &= gmganda = =g 3 15 3° 15

Resolve the force on the pulley

The pulley is pulled by two tensions of magnitude T'. One is vertical and the other is along the plane. The horizontal component of the
resultant is T'cos o and the vertical component is T + T'sin a.

Find the resultant

24 1024 T 4
The magnitude is T'y/cos? & + (1 + sin )2. With sina = % and cosa = o5 this is T4/ % + (?T5 = 8? Since T = 3™9 the

esultant is 32
resu i 15mg.

@ FiNAL ANSWER

(@)(@) a =

11g

od _ _ E
15 (a)(@t) k=5. (b) resultant = s
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Figure 4

One end of a light inextensible string is attached to a particle 4 of mass 2m. The other
end of the string is attached to a particle B of mass 3m. Particle 4 is held at rest on a

S . 5
rough plane which is inclined to horizontal ground at an angle &, where tana = B

The string passes over a small smooth pulley P which is fixed at the top of the plane.
Particle B hangs vertically below P with the string taut, at a height 4 above the ground,
as shown in Figure 4.

The part of the string between A4 and P lies along a line of greatest slope of the plane.
The two particles, the string and the pulley all lie in the same vertical plane.

The coefficient of friction between 4 and the plane is %

The particle 4 is released from rest and begins to move up the plane.

(a) Show that the frictional force acting on A4 as it moves up the plane is 22mg
? 3)
(b) Write down an equation of motion for B.
(2)
(c) Show that the acceleration of 4 immediately after its release is 1 g
3 @
In the subsequent motion, 4 comes to rest before it reaches the pulley.
(d) Find, in terms of A, the total distance travelled by 4 from when it was released from
rest to when it first comes to rest again.
(6)
WORKED SOLUTION Question 8 - WME01/01 May/June 2024
o Use the trig ratios
5
Heretana = 12 sosina = IE] and cosa = 13
o Show the frictional force on A
12 24mg 11 11 24mg 22mg
F A,R=2 COos =2 c— = —=_S =_,F= = — e — = = =
o MgCOSa =AY 3 T T3 T CH T 36 T T T 36 13 39
o Write the equation for B
B moves down as A moves up. Taking downward as positive for B: 3mg — T' = 3ma.
° Write the equation for A
) o . o 5 22mg .
Taking up the plane as positive for A: T' — 2mgsin o — F' = 2ma. Substituting sina = B and F' = 39 gives

10mg 22mg



Show the acceleration

1 22
From B, T' = 3mg — 3ma. Substitute into A equation: 3mg — 3ma — % - % = 2ma. The constant part is 5mgl S0
5
_7?:1,9 =bmaanda = %

Find the speed when B reaches the ground

While B descends distance h, A moves distance h up the plane from rest with acceleration g/3. Thus vi=2 (%)h = —

Find the later deceleration of A

10mg n 22mg  4mg

After B reaches the ground, the string no longer pulls A. The forces down the plane on A are 2mgsina + F' = 13 39 3

2
Since A has mass 2m, its deceleration is _g

Find the extra distance and total distance

2 2gh h h  3h
Let the extra distance be d. Using 0 = v% — 2 (?g)d with v? = % givesd = 27 Total distance travelled by A is h + 2= 2

@ rinAL ANSWER

22

(a) F= —mg. (b)3mg—T =3ma. (c)a= g (d) total distance = %

39
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Figure 5
A block P of mass 2im is held at rest on a fixed rough plane.
5
The plane is inclined to the horizontal at an angle «, where tana = B

One end of a light inextensible string is attached to P.

The string is parallel to a line of greatest slope of the plane and passes over a smooth
light pulley which is fixed at the top of the plane.

The other end of the string is attached to a block O of mass 5m.

Block Q hangs vertically below the pulley, as shown in Figure 5.

The system is released from rest with the string taut and block P moves up the plane.

Immediately after the system is released, the tension in the string is T and the
acceleration of the blocks is a.

The blocks are modelled as particles and air resistance is ignored.

(a) Write down an equation of motion for Q.

2
The coefticient of friction between P and the plane is é
(b) Find 7Tin terms of m and g.
(M
(c) State how the solution to part (b) uses the fact that the string is inextensible.
(0]
The magnitude of the force exerted on the pulley by the string is kmg.
(d) Find the value of & to 3 significant figures.
“
WORKED SOLUTION Question 7 - WME01/01 October 2025

o Part (a): Write equation of motion for Q

Forces on Q (mass = 5m):

Taking downward as positive for Q:
ForQ: > F=ma
5mg — T = 5ma

° Part (b): Find T in terms of m and g - Resolve perpendicular to plane
1 toplane: > F=0
24mg

R =2mgcosa R =2mg X %R: T



Part (b): Find T in terms of m and g - Find friction force
P is moving UP the plane, so friction acts DOWN the plane:

_ — 1, 24mg _ 3mg
F=pR=g§x =35 =73

Part (b): Find T in terms of m and g - Resolve parallel to plane

Taking up the plane as positive:
| toplane: Y F = ma
3mg 10mg 3m 13mg

T —2mgsina — F = 2ma T — 2mg X %—1—3=2maT—T—1—39=2maT—1—3=2maT—mg=2ma

Part (b): Find T in terms of m and g - Combine with equation for Q
From part (a): 5mg — T' = bma ..(2)

Add equations (1) and (2):
(T — mg) + (5mg — T') = 2ma + bmadmg = Tmaa = &

7

Part (b): Find T in terms of m and g - Substitute back to find T
From equation (1):
T = mg+ 2ma = mg+ 2m X 4—.;’ =mg+ @ = "’"L,{smg = L;"g

Part (c): State how solution uses fact that string is inextensible
An inextensible string means the string cannot stretch.

This has the following consequence:

For an inextensible string over a pulley:
The magnitude of acceleration of both connected particles must be equal.

In this problem: |ap| = |ag| = a

How this was used in part (b):

When we wrote the equations of motion:

; For P:T'— mg = 2ma

; ForQ bmg — T' = 5ma

We used the same acceleration a for both particles because the string is inextensible.

If the string could stretch, the two particles could have different accelerations.

Part (d): Find value of k (force on pulley = kmg) - Identify the angle between tensions
The string from Q is vertical (downward).

The string from P is along the plane at angle «a to horizontal.

Angle between the two strings = 90° + «

(1)



o Part (d): Find value of k (force on pulley = kmg) - Use vector components

Let's take horizontal (right) and vertical (up) as positive directions.
Tension from Q:

; Horizontal component: 0

downward)

; Vertical component: —T" = __15;"9 (

Tension from P along plane:
The plane makes angle a with horizontal, so:

; Horizontal component: =T cos a = —1—5.;""] X % = —%
. . . . _ 15mg 5 __ Tomg
; Vertical component: T'sina = = X 95 = o1

@ Part (d): Find value of k (force on pulley = kmg) - Find resultant

R =0 :5 ISg;ng - _ 183;ng R 15_ 15mg + 7.':';ng
Convert =2 to denominator 91: =4 = =4
Ry — 195mg + 75mg — 123'{119

0 Part (d): Find value of k (force on pulley = kmg) - Find magnitude

2
|R|= (/R +R2= \/ 18"'"9 123;"9) = 794/1802 + 1202 = 7£/32400 + 14400 = 3£ /46800 = 7 x 216.333..

=2.377...mg=2.38mg (3 s.f.)
Therefore: k = 2.38

@ FINAL ANSWER
1
(a) 5mg—T =5ma. ()T = m

7

(c) both particles have the same magnitude of acceleration. (d) k = 2.38.
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Figure 3
A rough plane is inclined at an angle # to the horizontal, where tan@ = g

One end of a light inextensible string is attached to a package P.

The string passes over a smooth pulley that is fixed at the top of the plane.

The string from P to the pulley lies along a line of greatest slope of the plane.

The other end of the string is attached to a bucket.

The package P has mass 1kg and is held at rest on the plane.

The bucket has mass 0.45kg and hangs vertically below the pulley with the string taut,
as shown in Figure 3.

The coefficient of friction between P and the plane is g

When a small block of mass 0.2kg is placed in the bucket, the system is released and
remains at rest in limiting equilibrium, with 7 on the point of slipping down the plane.

(a) Show that u = !
4 @)

Additional identical blocks of mass 0.2kg are added one at a time into the bucket until
P starts to move up the plane.

At the instant when P starts to move up the plane, there are a total of n blocks in

the bucket.

(b) Find
(i) the value of

(ii) the magnitude of the initial acceleration of P

Y

WORKED SOLUTION Question 7 - WMEO01/01 January 2026

o Find the trigonometric ratios

Since tanf = % use a 3-4-5 triangle: sin§ = % and cosf = g

o Use limiting equilibrium in part (a)
With one 0.2 kg block in the bucket, the bucket side has mass 0.45 + 0.2 = 0.65 kg. Since the package is on the point of slipping down the
plane, friction on P acts up the plane.

° Find the friction force

4
The tension equals the bucket weight, so T' = 0.65g. Along the plane for P in equilibrium, T'+ F' = gsin 6. Hence 0.659 + F = gg, so
39

20

° Find the normal reaction and mu

F 3g/20 1
Perpendicular to the plane, R = gcosf = gg. Since F = uR, p = 7= % =7



Set the condition for upward motion
When P is about to move up the plane, friction acts down the plane. With n blocks in the bucket, the bucket-side mass is 0.45 + 0.2n. The
bucket weight must exceed the downslope resistance: (0.45 4+ 0.2n)g > gsin6 + pR.

Find n

%g = ﬁ the condition is 0.45 + 0.2n > é + i = 0.95. Hence 0.2n > 0.50, so n > 2.5 and the

4
Using gsinf = 59 and uR = % . 50 =+ 3

least integerisn = 3.

Apply Newtons second law after motion begins

Forn = 3, the bucket-side mass is 0.45 + 0.6 = 1.05 kg and the total moving mass is 1 + 1.06 = 2.05 kg. The driving force is

4 3g
1.05g — —g— — =0.10g.
05¢g 5g 20 0.10g

Find the acceleration

1 2
Using F' = ma, 0.10g = 2.05a, so a = % = 4—‘(1] = 0.478 ms~2 to 3 significant figures.

@ rinaL ANSWER

2
1

(@) p= % ®)@F)n=3. (b)(i)a= 4_g = 0.478 ms~? approximately.

TOPIC

Resolving Forces, Inclined Planes

Every past-paper question on this topic, October 2019 to January 2026.
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Question 8

A4 (2kg) B (4kg)

hm

Figure 3
Two particles, 4 and B, have masses 2 kg and 4 kg respectively. The particles are connected
by a light inextensible string. The string passes over a small smooth pulley which is fixed
at the top of a rough plane. The plane is inclined to the horizontal ground at an angle &
3
where tana = 1 The particle 4 is held at rest on the plane at a distance d metres from

the pulley. The particle B hangs freely at rest, vertically below the pulley, at a distance
h metres above the ground, as shown in Figure 3. The part of the string between A4 and
the pulley is parallel to a line of greatest slope of the plane. The coefficient of friction

1
between 4 and the plane is 2

The system is released from rest with the string taut and B descends.

(a) Find the tension in the string as B descends.

©
On hitting the ground, B immediately comes to rest.
Given that 4 comes to rest before reaching the pulley,

(b) find, in terms of 4, the range of possible values of d.

(0]

(c) State one physical factor, other than air resistance, that could be taken into account to
make the model described above more realistic.

(¢Y)
(Total 17 marks)

WORKED SOLUTION Question 8 - WME01/01 January 2021

Use the trig ratios

4
Since tana = —, sina = — and cosa = —.
4 5 5

Find frictionon A
ForA, R =2gcosa = 89 With coefficient L frictionis F' = !
LT Lgeosa =T 4 ! 5

Equation for A
A moves up the plane. Taking up the plane as positive: T' — 2gsina — F' = 2a.

Simplify A's equation

2
T—2g-%—?‘q=2a,soT—%=2a.

Equation for B
B descends. Taking downward as positive: 4g — T' = 4a.



Solve for T
8 12 2 2 12
From A, T = 2a + ?g From B, T' = 4g — 4a. Equating gives 6a = Tg' soa= ?g ThenT =4g—4 (?g) = Tg N.
Find speed when B reaches the ground
, . : , 2 2 29 4gh
Before B hits the ground, both particles move distance h from rest with acceleration 5 Thus v* =2 5 h= 5
Find extra distance after B stops
6 2 8
After B hits the ground, A continues up the plane. The forces down the plane on A are 2gsina + F = ?g + ?g = ?g so its deceleration
i 4g
is —.
5

Calculate extra distance

4 4 h
Let the extra distance be s. Then 0 = %h -2 (?g)s, so 8§ = 5

Find the range for d

h 3h
A travels total distance h + 2= 9 before stopping. Since it comes to rest before reaching the pulley, d > -

Name a more realistic factor

A more realistic model could include friction at the pulley.

@ FiNAL ANSWER

12
()T = Tg N=235N. (b)d> % (¢) A more realistic model could include friction at the pulley.
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Question 6

5
6. A fixed rough plane is inclined at an angle # to the horizontal, where tan # = ™

A particle of mass 6kg is projected with speed 5 ms ™' from a point 4 on the plane, up a
line of greatest slope of the plane.

The coefficient of friction between the particle and the plane is i

(a) Find the magnitude of the frictional force acting on the particle as it moves up

the plane.
3)
The particle comes to instantaneous rest at the point B.
(b) Find the distance AB.
&)

The particle now slides down the plane from B. At the instant when the particle passes
through the point C on the plane, the speed of the particle is again 5 ms ™

(c) Find the distance BC.
)

WORKED SOLUTION Question 6 - WME01/01 May/June 2021

Use the trig ratios

) 5 ., 5 12
Since tan @ = E,smO =1 and cos ) = 13

Find the normal reaction

12 72
R=6gcos0=6g~ﬁ =9

13 °
Find friction
) 1 1 18 .
With g = 1 F = 1 R = 3 = 13.6 N approximately.

Find acceleration while moving up

While moving up, both friction and the component of weight act down the plane. Taking up the plane as positive: 6a = —6gsin 0 — F-.

Simplify the upward acceleration

_ 5 18g  48¢ &
ba=—6g 33~ 13 = 13T 13
Find AB
Use'v2=u2—|—2aswithu:5and'v:0:0=25+2(—%)AB.HenceAB:lOT..m.

Find acceleration while sliding down

30 18 12 2
When sliding down, friction acts up the plane. Taking down the plane as positive: 6a = 6gsinf — F = 1_?;q — 1_39 = 1—39 Thusa = l—g



e Find BC

2
Starting from rest at B and reaching speed 5 at C: 25 = 2 (%)BC. Hence BC = 8.29... m.

@ FinNAL ANSWER
() F=136N. (b))AB=2.07Tm~21m. (¢)BC=829m=~83m
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Question 7

Figure 4

One end of a light inextensible string is attached to a particle 4 of mass 2m. The other end
of the string is attached to a particle B of mass 3m. The string passes over a small, smooth,
light pulley P which is fixed at the top of a rough inclined plane. The plane is inclined to
3

the horizontal at an angle a, where tana = 2

Particle A4 is held at rest on the plane with the string taut and B hanging freely below P, as
shown in Figure 4. The section of the string AP is parallel to a line of greatest slope of the
plane.

|
The coefficient of friction between 4 and the plane is 3

Particle 4 is released and begins to move up the plane.
For the motion before A reaches the pulley,
(a) (i) write down an equation of motion for A4,

(ii) write down an equation of motion for B,

(C))

(b) find, in terms of g, the acceleration of 4,
(5)

(c) find the magnitude of the force exerted on the pulley by the string.
(4)

(d) State how you have used the information that P is a smooth pulley.
(eY)

WORKED SOLUTION Question 7 - WMEO01/01 October 2021

o Equation for A
A moves up the plane, so friction and the component of weight act down the plane. Taking up the plane as positive:

T — 2mgsina — F = 2ma.

e Equation for B
B moves downward. Taking downward as positive: 3mg — T' = 3ma.

e Find frictionon A

4 1
Since tana = %, sina = % and cosa = 5 The normal reaction on Ais R = 2mgcosa = 81'ggl soF'= ER =5

° Simplify A's equation
4
T —2mg- g — % = 2ma, so T' — 2mg = 2ma.



Solve with B's equation

From B, T' = 3mg — 3ma. Substitute into T' — 2mg = 2ma: 3mg — 3ma — 2mg = 2ma. Thus mg = 5ma anda = %

Find the tension

Using3mg — T = 3m (%) gives T' = 3mg — % = @

Find the pulley resultant

The two tensions are one vertical and one along the plane. Components of the resultant are T" cos a horizontally and T' + T sin « vertically.

Calculate the magnitude

45 12mg .

4
Resultant = T'y/cos? e+ (1 +sine)? = T4 /($)% + ($)2 = TT. With T = 5 this is 82—5\/3m

Use the smooth pulley information

The pulley is smooth, so the tension is the same on both sides of the pulley.

@ rinaL ANswER

4
(@)(@) T — 2mgsina — F = 2ma. (a)(ii) 3mg—T = 3ma. (b)a= % (¢) resultant = 82—5\/3mg. (d) The tension is the

same on both sides of the pulley.
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7.
Om)
@
Figure 4
A particle P of mass 4m lies on the surface of a fixed rough inclined plane.
3
The plane is inclined to the horizontal at an angle & where tana = 1
The particle P is attached to one end of a light inextensible string.
The string passes over a small smooth pulley that is fixed at the top of the plane.
The other end of the string is attached to a particle Q of mass m which lies on a smooth
horizontal plane.
The string lies along the horizontal plane and in the vertical plane that contains the pulley
and a line of greatest slope of the inclined plane.
The system is released from rest with the string taut, as shown in Figure 4, and P moves
down the plane.
- N ]

The coefficient of friction between P and the plane is 2
For the motion before ( reaches the pulley
(a) write down an equation of motion for Q,

1)
(b) find, in terms of m and g, the tension in the string,

(7
(c) find the magnitude of the force exerted on the pulley by the string.

4)
(d) State where in your working you have used the information that the string

is light.
(1)
WORKED SOLUTION Question 7 - WME01/01 January 2022

Write the equation for Q

Q lies on a smooth horizontal plane. The only horizontal force on Q is the tension, so T' = ma.

Use the trig ratios

Since tana = E sina = E and cosa = i
T4 5 5

Find friction on P

1
For P, R = 4mgcosa = 4mg - % = @ With coefficient 1 friction is F' = %R =5 -

Apply Newtons second law to P

P moves down the plane. Taking down the plane as positive: 4mgsina — T' — F' = 4ma.

Substitute values

4
4mg-%— _%=4ma,so 81;7,9 — T = 4ma.




° UseT = ma

T 8m,
From Q, @ = —. Substitute into the equation for P: Tg — T =4T.
m

° Find T

% =5bT,s0T = %mg.

e Find the pulley resultant
The pulley is pulled by two tensions of magnitude T": one horizontal and one along the inclined string. Their resultant has components

T — T cos a horizontally and T'sin « vertically.

° Calculate the resultant

1
Magnitude = /(T — T'cos )2 + (T'sina)2 = T4 /(1 — %)2 + (%)2 = %\/ 10. With T = %mg, the resultant is SQ mg.

e Use the light-string model
The string is light, so the tension can be treated as the same on the P side and the Q side of the pulley.

@ FINAL ANSWER

810

(@) T=ma. B)T= %mg. (c) resultant = o5 ™9 (d) Same tension was used on both sides of the pulley.
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- m Resolving Forces, Inclined Planes
Question 8

Figure 5

A parcel of mass 2 kg is pulled up a rough inclined plane by the action of a constant
force.

The force has magnitude 18 N and acts at an angle of 40° to the plane.

The line of action of the force lies in a vertical plane containing a line of greatest slope
of the inclined plane.

The plane is inclined at an angle of 30° to the horizontal, as shown in Figure 5.
The coefficient of friction between the plane and the parcel is 0.3
The parcel is modelled as a particle P

(a) Find the acceleration of P

(8)
The points A and B lie on a line of greatest slope of the plane, where AB = 5m and B is
above A. Particle P passes through 4 with speed 2ms™" in the direction AB.
(b) Find the speed of P as it passes through B.

(&)
The force of 18 N is removed at the instant P passes through B. As a result, P comes to
rest at the point C.
(c) Determine whether P will remain at rest at C. You must show all stages of your

working clearly.
)
WORKED SOLUTION Question 8 - WMEO01/01 January 2023

o Resolve perpendicular to the plane
The force of 18 N is angled away from the plane, so R + 18 sin40° = 2gcos 30°. Hence R = 2gcos 30° — 18 5in 40°.

° Use friction
The parcel moves up the plane, so friction acts down the plane. With 4 = 0.3, F' = 0.3R.

Resolve parallel to the plane
Taking up the plane as positive: 18 cos 40° — F' — 2gsin 30° = 2a.
18 cos40° — 0.3(2g cos 30° — 185in40°) — 2¢sin 30° = 2a.

Find the acceleration

2/
° Substitute for R and F
o

Using g = 9.8, this gives a = 1.18... ms~2 up the plane.



o Find the speed at B
FromAtoB u=2 s=>5anda = 1.18.... Use v? = u? + 2as: v2 = 22 + 2(1.18...)(5).

e State the speed
v=23.98... ms!, about 4.0 ms~L.

e Check rest after the force is removed
At C, with the pulling force removed, R = 2gcos 30°. The maximum friction is 0.3R = 0.3(2g cos 30°) = 5.09... N.

° Compare with the downslope weight component
The component of weight down the plane is 2gsin 30° = 9.8 N. Since 9.8 > 5.09... ., friction is not large enough to hold P at rest, so P will
not remain at rest at C.

@ rinAL ANSWER
(a) a = 1.18 ms~2 up the plane. () v =3.98 ms~! ~4.0ms~L. (c) P will not remain at rest at C.
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- m Resolving Forces, Inclined Planes
Question 7

A (m)

B (km)

Figure 4

Figure 4 shows a block A of mass m held at rest on a rough plane.
The plane is inclined at an angle o to the horizontal and the coefficient of friction
between the block and the plane is u.

One end of a light inextensible string is now attached to A. The string passes over a
small smooth pulley which is fixed at the top of the plane.

The other end of the string is attached to a block B of mass km.

Block B hangs vertically below the pulley, with the string taut.

The string from A to the pulley lies along a line of greatest slope of the plane.
Both 4 and B are modelled as particles.
When the system is released from rest, 4 moves up the plane and the tension in the

.. 4mg
string 1s e

1
Given that g = 3 and tana = 2

(a) (i) find the magnitude of the acceleration of 4, giving your answer in terms of g,

(ii) find the value of 4.

&)
(b) Find the magnitude of the resultant force exerted on the pulley by the string, giving
your answer in terms of m and g.
“4)
WORKED SOLUTION Question 7 - WMEO01/01 October 2023

Use the trig ratios

Given tana = sesina = 7 and cosa = 24
iv —24,u =25 csa—25.

Find frictionon A
1 1
For block A, R = mgcosa = 24;% Since p = § friction is F' = ER = 8217;9.

Apply Newtons second law to A
A moves up the plane, so friction and the component of weight act down the plane. Taking up the plane as positive:
T — mgsina — F = ma.

Find the acceleration

1
Hencea = ——.

Sbt'ttT—4m msina—7 dF =
| = — A = —— an = — = — .
ubstitute g, mg a ma m, 5 15

3 2 25 3™ o5

mg 8mg 4  15mg _ (4 3)mg= 11mg



Apply Newtons second law to B

Block B moves downwards with the same acceleration. Taking downward as positive: kmg — T' = kma.

Find k
ﬁ 4 11g 4 11k

:kmg — —mg = km——. Divide by mg to get k — ———, 5015k —20 =11kand k= 5.

Sbt'ttT—ém da= =
ubstitute &= gmganda = =g 3 15 3° 15

Resolve the force on the pulley

The pulley is pulled by two tensions of magnitude T'. One is vertical and the other is along the plane. The horizontal component of the
resultant is T'cos o and the vertical component is T + T'sin a.

Find the resultant

24 1024 T 4
The magnitude is T'y/cos? & + (1 + sin )2. With sina = % and cosa = % this is T4/ % + (?T5 = 8? Since T = 3™9 the

esultant is 32
resu i 15mg.

@ FiNAL ANSWER

(@)(@) a =

11g

od _ _ E
15 (a)(@t) k=5. (b) resultant = s
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Question 8 m Resolving Forces, Inclined Planes

8.
P(m)
Q(0.5m)
o
Figure 5
. L . 5
A fixed rough plane is inclined at an angle « to the horizontal, where tana = I
A small smooth pulley is fixed at the top of the plane.
One end of a light inextensible string is attached to a particle P which is at rest on the
plane. The string passes over the pulley and the other end of the string is attached to a
particle Q which hangs vertically below the pulley, as shown in Figure 5.
Particle P has mass m and particle Q has mass 0.5m
The string from P to the pulley lies along a line of greatest slope of the plane.
The coefticient of friction between P and the plane is u.
The system is in limiting equilibrium with the string taut and P is on the point of
slipping up the plane.
(a) Find the value of u.
t)
The string breaks and P begins to move down the plane.
When particle P has travelled a distance of 0.8 m down the plane, the speed of P
is Vms™'
(b) Find the value of V.
)
WORKED SOLUTION Question 8 - WME01/01 January 2024

o Use the trig ratios
5
Given tana = ITX use sina = E and cosa = 1—3
o Find the tension

Q has mass 0.5m and the system is in equilibrium, so the tension is T' = 0.5mg.

Resolve P parallel to the plane

P is on the point of slipping up the plane, so friction acts down the plane. Along the plane, T' = mgsina + F'.

5
F=T- ina@=—mg— —mg= —mg.
mgsina = - mg 3™ = 3g™9

Find the normal reaction and mu

o
° Find the friction force
o

12 3mg/26 1
R=mgcosa = ™ Since F = pR, p= % =3



° Find acceleration after the string breaks

- . . 5 1 12 7
P moves down the plane, so friction acts up the plane. The resultant down the plane is mgsina — F = 1—3mg -3 1—3m = 2—6mg.

° Apply Newtons second law

7
As P has massm, a = 2—‘2 down the plane.

e Find V

From rest over 0.8 m, V2 =2 (;—‘Z) (0.8). with g = 9.8, V' = 2.05 ms™! to 3 significant figures.

@ FiNAL ANSWER

(a) p= % (b) V = 2.05 ms~! approximately.
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Question 6 m Resolving Forces, Inclined Planes

6.
(m)
Figure 3
A box of mass m lies on a rough horizontal plane. The box is pulled along the plane in a
straight line at constant speed by a light rope. The rope is inclined at an angle & to the
plane, as shown in Figure 3.
The coefficient of friction between the box and the plane is %
The box is modelled as a particle.
Given that tan0 :%
(a) find, in terms of m and g, the tension in the rope.
(7)
The rope is now removed and the box is placed at rest on the plane.
The box is then projected horizontally along the plane with speed .
The box is again modelled as a particle.
. . 1
When the box has moved a distance d along the plane, the speed of the box is Eu.
(b) Find d in terms of « and g.
()
WORKED SOLUTION Question 6 - WME01/01 May/June 2024

° Use the trig ratios

Given tanf = % use sinf = % and cos 0 = %

o Resolve vertically
The box moves at constant speed, so it is in equilibrium. Vertically, R 4+ T'sin § = mg, hence R = mg — T'sin 6.

Resolve horizontally

Horizontally, the tension component balances friction: T cos § = F'.

1 1
With g = 3 F= ER' Therefore T'cos 6 = g(mg —T'sin#).

Find T

;)

fricti
° Use friction .
(s )

T =

ot

3 5 3

ot o
wW| =

Substitute sin @ = % and cos@ = —:

4 1
(mg — %T) This gives ET =09 _ —T soT = mg



o Find the deceleration when the rope is removed

1
On the horizontal plane without the rope, R = mg and friction is —mg. Hence the acceleration is -9

° Use SUVAT to find d
1 2 2 u\?2 2 g
When the speed has fallen from u to —wu, use v* = u* + 2as: (E) =u“+2 (——)d.

2 3
o Solve for d
2

u , 29d  2gd  3u? 9u?
LAY B LA LEYY P
T 3 © 3 Yok 8

@ FinaL ANswER
mg 9u?

(a)TzT. (b)d:s—g.
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Figure 4

One end of a light inextensible string is attached to a particle 4 of mass 2m. The other
end of the string is attached to a particle B of mass 3m. Particle 4 is held at rest on a

S . 5
rough plane which is inclined to horizontal ground at an angle &, where tana = 5

The string passes over a small smooth pulley P which is fixed at the top of the plane.
Particle B hangs vertically below P with the string taut, at a height & above the ground,
as shown in Figure 4.

The part of the string between 4 and P lies along a line of greatest slope of the plane.
The two particles, the string and the pulley all lie in the same vertical plane.

The coefficient of friction between 4 and the plane is %

The particle 4 is released from rest and begins to move up the plane.

(a) Show that the frictional force acting on A as it moves up the plane is 22mg
¥ ©)
(b) Write down an equation of motion for B.
2)
(c) Show that the acceleration of 4 immediately after its release is 1 g
. @
In the subsequent motion, 4 comes to rest before it reaches the pulley.
(d) Find, in terms of A, the total distance travelled by A from when it was released from
rest to when it first comes to rest again.
(6)
WORKED SOLUTION Question 8 - WME01/01 May/June 2024
o Use the trig ratios
Here tan o = sosina = 5 and cosa = 12
12 Bt T
o Show the frictional force on A
12 2dmg 11 11 24mg 22mg
ForA R=2 =2mg- —=——.S =— F=pR= - - ———=——.
or mgeosa=2Amg: 13 = 13 2" CH T 36 =36 13 39
e Write the equation for B
B moves down as A moves up. Taking downward as positive for B: 3mg — T' = 3ma.
° Write the equation for A
. . . L 5 22mg .
Taking up the plane as positive for A: T' — 2mgsin @ — F' = 2ma. Substituting sina = 1 and F' = 39 gives

10mg  22mg

-2 g

13 39



Show the acceleration

1 22
From B, T' = 3mg — 3ma. Substitute into A equation: 3mg — 3ma — % - % = 2ma. The constant part is 5mgl S0
5
_7?:1,9 =bmaanda = %

Find the speed when B reaches the ground

While B descends distance h, A moves distance h up the plane from rest with acceleration g/3. Thus vi=2 (%)h = —

Find the later deceleration of A

10m 22m, 4m
After B reaches the ground, the string no longer pulls A. The forces down the plane on A are 2mgsina + F' = 9 + 9 _ g.

9 13 39 3
Since A has mass 2m, its deceleration is _g
Find the extra distance and total distance
2 2gh h h 3h
Let the extra distance be d. Using 0 = v% — 2 (?g)d with v? = % givesd = 7 Total distance travelled by A is h + 2= 9

@ rinaL ANSWER

22

(a) F= —mg. (b)3mg—T =3ma. (c)a= % (@) total distance = %

39
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Question 6

Figure 4
A particle P of mass 5kg lies on the surface of a rough plane.

The plane is inclined at an angle « to the horizontal, where tan o =

NSV

The particle is held in equilibrium by a horizontal force of magnitude / newtons, as
shown in Figure 4.

The horizontal force acts in a vertical plane containing a line of greatest slope of the
inclined plane.

The coefficient of friction between the particle and the plane is 1

4

(a) Find the smallest possible value of H.

(6)
The horizontal force is now removed, and P starts to slide down the slope.
In the first 7 seconds after P is released from rest, P slides 1.5m down the slope.
(b) Find the value of T.

(6)

WORKED SOLUTION Question 6 - WME01/01 October 2024

Use the triangle for alpha

3 4
Fromtana = —, use sina = — and cosa = —.
4 5 5

Resolve perpendicular to the plane

3
The horizontal force has a component into the plane, so R = 5gcosa + Hsino = 4g + EH

Resolve parallel for the smallest H

For the smallest H, the particle is on the point of sliding down, so friction acts up the plane. Parallel to the plane, H cos a. + F' = 5gsin a.

Use friction to find H

4 1
With F' = %R, the parallel equation becomes 3H+ 1 (4g+ %H) = 3g. Hence 0.95H + g=3g,so H = 41—(:)9 = 20.6 N.



e Find the acceleration after H is removed
1
When H is removed, R = 5gcos o = 4g and friction is ZR = g. The component of weight down the plane is 5gsin a = 3¢, so the

resultant down the plane is 2g.

° Apply Newtons second law
29

2g=5a,s0a = 5 - 3.92 ms~2 down the plane.

a Find T from the displacement

1 1/2 .
From rest, the particle moves 1.5 m with acceleration 2g/5. Using 8 = Eatzs 1.5= 2 (?‘q)T2 = %TZ. Thus T = \/ % = 0.875s.

@ FINAL ANSWER

4
(a) H = 1%" N~206N. (b)T=0875s.
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P (m)

Figure 3

A particle P of mass m is held in equilibrium on a fixed rough inclined plane by a light
inextensible string.

The plane is inclined at an angle « to the horizontal, where a < 45°
The string is inclined to the plane at angle o, as shown in Figure 3.

The string lies in a vertical plane that contains a line of greatest slope of the
inclined plane.

When the tension in the string is 0.75 mg, P is on the point of moving up the plane.

(a) Find an expression for the magnitude of the frictional force acting on P, giving your
answer in terms of m, g and «.

3
1
The coefficient of friction between P and the plane is >

(b) Show that

tana =

| b

(6)
The string breaks.

(c) Determine whether P remains at rest. You must justify your reasoning.

3)

WORKED SOLUTION Question 6 - WMEO01/01 January 2025

o Resolve parallel to the plane
P is on the point of moving up the plane, so friction acts down the plane. The tension has component 0.75mg cos a up the plane, and the

weight component is mgsin & down the plane.

° Find the frictional force
For equilibrium parallel to the plane, 0.75mgcos a = mgsina + F. Hence F' = 0.7bmgcosa — mgsina.

° Resolve perpendicular to the plane
The string has a component away from the plane, so R = mgcos a — 0.75mgsin a.

o Use the coefficient of friction

1 1 1
Given p = 5 limiting friction gives F' = ER' Therefore 0.75mgcos & — mgsina = E(mgcosa — 0.75mgsin ).



e Show the tangent result

2 2
Divide by mg and collect terms: 0.75 cos @ — sina = 0.5 cos  — 0.375 sin . Thus 0.25 cos a = 0.625sin a, so tana = % =5

e Check what happens when the string breaks

1 .
Without the string, R = mgcos a and the maximum friction is Emg cos a. The component of weight down the plane is mgsin a.

a Compare friction with the downslope component

2 1 1
Since tana = 3 < —, we have mgsina < Emgcos a. The available friction is large enough to hold P, so P remains at rest.

2

@ FinaL ANswER

2
(a) F =0.75mgcosa —mgsina. (b) tana = 5 (c) P remains at rest.
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Question 6

Figure 4

Figure 4 shows a rough plane inclined at an angle & to the horizontal, where tan§ =

|

The points 4 and B lie on a line of greatest slope of the plane, with B above 4.

A package P of mass m is projected up the plane from 4 towards B.
The coefficient of friction between the plane and the package is %
The package P is modelled as a particle.

. . .4
(a) Show that the deceleration of P, as it moves from 4 to B, is 3 g

(6)
The package P comes to rest at B.
Given that P is projected from 4 with speed Ums ' and that AB = 1.5m,

(b) find the value of U.
(2)

On reaching B, P is held at rest there by a force of magnitude X newtons acting up the
plane in the direction 4AB.

Given that the mass of P is 2kg,

(¢) find the smallest possible value of X.
3)

WORKED SOLUTION Question 6 - WME01/01 May/June 2025

o Part (a): Show deceleration =

Given:tanf = %

oxl@

- Find exact trig values

Using 3-4-5 right triangle:
3 4

sinf= ¢, cosf=¢

e Part (a): Show deceleration
L:YF=0

- Resolve perpendicular to plane

4
R=mgcos§ R= =3~

e Part (a): Show deceleration = % - Calculate friction force
Package moving UP, so friction acts DOWN the plane:

4mg _ mg
XT——

F=upR= 5

N[



° Part (a): Show deceleration = % - Resolve parallel to plane

Taking up the plane as positive:

|: X F =ma

. . \
_mgs1n0—F=ma_mgX%_% :ma_3rgg _% — ma— ,;,g =maa=—Tg
Deceleration = |—%| = %

° Part (b): Find initial speed U - Identify SUVAT variables

Package projected up plane, comes to rest at B:

cu=Ums! (unknown)

;v =0ms"1 (comes to rest)

;a= —% m s~2 (from part a)

;8=15m

o Part (b): Find initial speed U - Apply v? = u? + 2as
v? =u?+2as

02=U?+2(~4%)(15)0 =07 —2x £28 x 1,50 = U? — 80805 0 = U2 23,520 = 23.52U = 485 m s~

Or using exact form: U = \/2 X 4?9 x 1.5 = ‘/%

° Part (c): Find smallest value of X - Analyze forces when package at rest at B
Package held at rest on slope by force X up the plane.

Without X, package would slide down (component down > friction up).
For MINIMUM X, friction acts UP the plane (at limiting friction).

o Part (c): Find smallest value of X - Resolve perpendicular to plane
Mass = 2 kg, so weight = 2g N

R=2gcos0=2gx%=8—59N

o Part (c): Find smallest value of X - Calculate friction
Friction acts UP the plane (limiting):

Q0

g EN

F=pR= 3B

N[

X

0 Part (c): Find smallest value of X - Resolve parallel to plane

For equilibrium (package at rest):

[:>F=0
Taking up plane as positive:

X+F—2gsinf=0X+22-2gx 3 =0X+%2-%-0x=%-2x=2Xx=208 x_74N

@ rinaL ANSWER
4
a) deceleration = —g, as required.
5

(b) U = 4.85 ms™* (about 4.8 ms™2).
(¢) X = 7.84 N (about 7.8 N).
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Question 7

Figure 5
A block P of mass 2 is held at rest on a fixed rough plane.
5
The plane is inclined to the horizontal at an angle «, where tana = B

One end of a light inextensible string is attached to P.

The string is parallel to a line of greatest slope of the plane and passes over a smooth
light pulley which is fixed at the top of the plane.

The other end of the string is attached to a block O of mass 5m.

Block Q hangs vertically below the pulley, as shown in Figure 5.

The system is released from rest with the string taut and block P moves up the plane.

Immediately after the system is released, the tension in the string is 7 and the
acceleration of the blocks is a.

The blocks are modelled as particles and air resistance is ignored.

(a) Write down an equation of motion for Q.

2
The coefticient of friction between P and the plane is é
(b) Find Tin terms of m and g.
(M
(c) State how the solution to part (b) uses the fact that the string is inextensible.
(0]
The magnitude of the force exerted on the pulley by the string is kmg.
(d) Find the value of & to 3 significant figures.
“
WORKED SOLUTION Question 7 - WMEO01/01 October 2025

o Part (a): Write equation of motion for Q

Forces on Q (mass = 5m):

Taking downward as positive for Q:
ForQ: Y. F=ma
5mg — T = 5ma

° Part (b): Find T in terms of m and g - Resolve perpendicular to plane
1 toplane: > F=0

_ _ 12 p_ 24
R=2mgcosaR=2mgx {3 R= #



Part (b): Find T in terms of m and g - Find friction force
P is moving UP the plane, so friction acts DOWN the plane:

_ _ 1 24dmg _ 3mg
F=pR=gx =35 =713

Part (b): Find T in terms of m and g - Resolve parallel to plane

Taking up the plane as positive:
| toplane: Y F =ma
3mg 10mg 3m, 13mg

T — 2mgsina — F =2maT — 2mg X %—1—3=2ma,T—T—1—3"’=2maT—1—3=2maT—mg=2ma

Part (b): Find T in terms of m and g - Combine with equation for Q
From part (a): 5mg — T' = 5ma ..(2)

Add equations (1) and (2):
(T — mg) + (5mg — T') = 2ma + bmadmg = Tmaa = &

7

Part (b): Find T in terms of m and g - Substitute back to find T

From equation (1):

8mg _ Tmg+8mg _ 15mg

T:mg+2ma=mg+2m><4—7g=mg+ 7 7 ==

Part (c): State how solution uses fact that string is inextensible
An inextensible string means the string cannot stretch.

This has the following consequence:

For an inextensible string over a pulley:
The magnitude of acceleration of both connected particles must be equal.

In this problem: |ap| = |ag| = a

How this was used in part (b):

When we wrote the equations of motion:

; For P:T'— mg = 2ma

; ForQ bmg — T' = 5ma

We used the same acceleration a for both particles because the string is inextensible.

If the string could stretch, the two particles could have different accelerations.

Part (d): Find value of k (force on pulley = kmg) - Identify the angle between tensions
The string from Q is vertical (downward).

The string from P is along the plane at angle «a to horizontal.

Angle between the two strings = 90° + «

(1)



o Part (d): Find value of k (force on pulley = kmg) - Use vector components

Let's take horizontal (right) and vertical (up) as positive directions.
Tension from Q:

; Horizontal component: 0

downward)

; Vertical component: —T" = __15;"9 (

Tension from P along plane:
The plane makes angle a with horizontal, so:

; Horizontal component: —T'cos a = —1—5.;""] X % = —%
. . . . _ 15mg 5 _ Tsmg
; Vertical component: Tsina = - X 13 = o1

@ Part (d): Find value of k (force on pulley = kmg) - Find resultant

180m, 180 1
R =0— 919 - _ gingR 5Mg+ 75mg
1 1 1
Convert 5mg to denominator 91: 5"'9 = 93;"9
195'm 75 _ 120m
R, = g | Bomg _ omg

0 Part (d): Find value of k (force on pulley = kmg) - Find magnitude

2
|R|= (/R +R2= \/ 18"'"9 123;"9) = 791/1802 + 1202 = 7£/32400 + 14400 = 3£ /46800 = 7 x 216.333..

=2.377...mg=2.38mg (3 s.f.)
Therefore: k = 2.38

@ FINAL ANSWER
1
(a) 5mg—T =5ma. ()T = m

7

(c) both particles have the same magnitude of acceleration. (d) k = 2.38.
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Figure 3
A rough plane is inclined at an angle # to the horizontal, where tan@ = g

One end of a light inextensible string is attached to a package P.

The string passes over a smooth pulley that is fixed at the top of the plane.

The string from P to the pulley lies along a line of greatest slope of the plane.

The other end of the string is attached to a bucket.

The package P has mass 1kg and is held at rest on the plane.

The bucket has mass 0.45kg and hangs vertically below the pulley with the string taut,
as shown in Figure 3.

The coefficient of friction between P and the plane is u

When a small block of mass 0.2kg is placed in the bucket, the system is released and
remains at rest in limiting equilibrium, with P on the point of slipping down the plane.

(a) Show that u = L
4 @)

Additional identical blocks of mass 0.2kg are added one at a time into the bucket until
P starts to move up the plane.

At the instant when P starts to move up the plane, there are a total of n blocks in

the bucket.

(b) Find
(i) the value of

(i1) the magnitude of the initial acceleration of P

Y

WORKED SOLUTION Question 7 - WMEO01/01 January 2026

o Find the trigonometric ratios

4 4
Since tanf = 3 usea 3-4-5 triangle: sin § = 5 and cosf = %

o Use limiting equilibrium in part (a)
With one 0.2 kg block in the bucket, the bucket side has mass 0.45 + 0.2 = 0.65 kg. Since the package is on the point of slipping down the
plane, friction on P acts up the plane.

° Find the friction force

4
The tension equals the bucket weight, so T' = 0.65g. Along the plane for P in equilibrium, T'+ F = gsin 6. Hence 0.65g + F' = gg, so
39
F=_—=
20

° Find the normal reaction and mu
F 3g/20 1
Perpendicular to the plane, R = gcosf = %g. Since F = uR, p = - ;‘I/T =71



Set the condition for upward motion
When P is about to move up the plane, friction acts down the plane. With n blocks in the bucket, the bucket-side mass is 0.45 + 0.2n. The
bucket weight must exceed the downslope resistance: (0.45 4+ 0.2n)g > gsin6 + pR.

Find n

4
%g = ﬂ, the condition is 0.45 + 0.2n > — + i = 0.95. Hence 0.2n > 0.50, so n > 2.5 and the

4
Using gsinf = ggand uR = % . 50 s T

least integerisn = 3.

Apply Newtons second law after motion begins
Forn = 3, the bucket-side mass is 0.45 + 0.6 = 1.05 kg and the total moving mass is 1 + 1.06 = 2.05 kg. The driving force is

4 3g
1.05g — —g— — =0.10g.
05¢g 5g 20 0.10g

Find the acceleration

1 2
Using F' = ma, 0.10g = 2.05a, so a = % = 4—‘(1] = 0.478 ms~2 to 3 significant figures.

@ rinaL ANSWER

2
1

(@) p= % ®)@F)n=3. (b)(i)a= 4_g = 0.478 ms~? approximately.
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QLI eStiOI'I 7 Main topic: Moments

7.
8am
A C D
< 2am—>
am
Figure 2

A non-uniform beam 4B, of mass 60kg and length 8a metres, rests in equilibrium in a
horizontal position on two vertical supports. One support is at C, where AC = ¢ metres
and the other support is at D, where DB = 2a metres, as shown in Figure 2.
The magnitude of the normal reaction between the beam and the support at D is three
times the magnitude of the normal reaction between the beam and the support at C.
By modelling the beam as a non-uniform rod whose centre of mass is at a distance
x metres from A,
(a) find an expression for x in terms of a.

)
A box of mass M kg is placed on the beam at E, where AE = 2a metres.
The beam remains in equilibrium in a horizontal position.
The magnitude of the normal reaction between the beam and the support at C is now equal
to the magnitude of the normal reaction between the beam and the support at D.
By modelling the box as a particle,
(b) find the value of M.

&)

WORKED SOLUTION Question 7 - WME01/01 May/June 2021

o Set the support positions
The beam length is 8a. C is at distance a from A, and D is at distance 6a from A because DB = 2a.

Name the reactions
Let the reaction at C be R. The reaction at D is 3R.

Use vertical equilibrium
R+ 3R = 60g, so 4R = 60g and R = 15g.

Take moments about A
The beam's weight acts at distance & from A. Hence 60gz = R(a) + 3R(6a).

Find x

2 1
Substitute R = 15g: 60gz = 15ga + 45g(6a) = 285ga. Thus & = 2(5)a = %.




° Use equal reactions with the box
When the box is added, let each support reaction be S. Vertical equilibrium gives 28 = (60 + M)g.

e Take moments about A again

The box is at AE = 2a. Moments about A give 60g (%) + Mg(2a) = S(a) + S(6a) = 7aS.

e Solve for M

Substitute S = M

3 and cancel ag: 285 + 2M = ;(60 +M) =210+ ;M Hence 75 = %M and M = 50.

@ riNAL ANSWER

@z="g2 (B)M=50
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P (m) ®

Figure 4

A particle P of mass m is attached to one end of a light inextensible string. Another
particle Q, also of mass m, is attached to the other end of the string. The string passes over
a small smooth pulley which is fixed at the edge of a rough horizontal table. Particle Q is
held at rest on the table and particle P hangs vertically below the pulley with the string taut,
as shown in Figure 4.

The pulley, P and Q all lie in the same vertical plane.

The coefficient of friction between Q and the table is s, where u < 1

Particle Q is released from rest.

The tension in the string before O hits the pulley is kmg, where k is a constant.

(a) Find k in terms of .

Y
Given that Q is initially a distance ¢ from the pulley,
(b) find, in terms of d, g and g, the time taken by (), after release, to reach the pulley.
)
(c) Describe what would happen if 4 > 1, giving a reason for your answer.
()
WORKED SOLUTION Question 7 - WME01/01 October 2022

o Write the friction on Q
For Q on the horizontal table, R = myg, so the friction is F' = umg.

Apply Newtons second law to P

P moves downward and Q moves towards the pulley. For P, taking downward as positive: mg — T' = ma.

Apply Newtons second law to Q
For Q, taking motion towards the pulley as positive: T' — umg = ma.

Use T = kmg
FromP,a = g(1 — k). From Q a = g(k — ).

Find k

1
Equate the two accelerations:1 —k =k — . Hence 2k =1+ pand k = #



Find the acceleration

a=g(1—k)=g(1— I;u)=g(12—ﬂ)_

Q Use motion from rest
= l . Mﬁ
2 2 ’

1
Q starts from rest and travels distance d, sod = Eat2

o Find the time

g(1 — p)t? 4d
d="—"—"— sot=,/———.
4 9(1—p)

o Consider mu at least 1
If g > 1, the maximum available friction on Q is at least mg, so it can balance the pull caused by the hanging particle. The system would not
start moving.

@ FinaL ANswER

_l+p e
(a) k = SO et

(¢) If > 1, the system would not move because friction can balance the pull from P.

2
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7.
Al
Figure 4
A car of mass 1200kg is towing a trailer of mass 600kg up a straight road, as shown in
Figure 4.
L . . 1
The road is inclined at an angle ¢ to the horizontal, where sine = 2
The driving force produced by the engine of the car is 3000N.
The car moves with acceleration 0.75ms ™
The non-gravitational resistance to motion of
+ the car is modelled as a constant force of magnitude 2R newtons
« the trailer is modelled as a constant force of magnitude R newtons
The car and the trailer are modelled as particles.
The tow bar between the car and trailer is modelled as a light rod that is parallel to the
direction of motion.
Using the model,
(a) show that the value of R is 60
)
(b) find the tension in the tow bar.
3
When the car and trailer are moving at a speed of 12ms ', the tow bar breaks.
Given that the non-gravitational resistance to motion of the trailer remains unchanged,
(c) use the model to find the further distance moved by the trailer before it first comes
to rest.
)
WORKED SOLUTION Question 7 - WME01/01 May/June 2023

o Use the whole system
For car plus trailer, the total mass is 1800 kg and the total resistance is 2R + R = 3R. Taking up the slope as positive:
3000 — 1800gsin & — 3R = 1800(0.75).

° Show R is 60
1 1
Since sino = 13 1800gsino: = 1800 - 9.8 - i 1470. So 3000 — 1470 — 3R = 1350, giving 180 = 3R and R = 60 N.

° Apply Newtons second law to the trailer
For the trailer while it is being towed, T' — 600gsin & — R = 600(0.75).

° Find the tow-bar tension
T —600-9.8- 1—12 — 60 =450, so T — 490 — 60 = 450 and T = 1000 N.



e Find the trailer acceleration after the break
After the tow bar breaks, the trailer is still moving up the slope, but the component of weight and resistance act down the slope. Taking up
the slope as positive: —600gsin a — 60 = 600a.

° Simplify the acceleration
550 11 s
—490 — 60 = 600a, so a = ~%00 = 13 %

e Find the stopping distance

864
With initial speed 12 ms~! and final speed 0, use ¥ =u2+2as:0=122+2 (—%)d. Henced = TR =78.5... m.

@ rinaL ANSWER
(@) R=60N. (b) T =1000N. (c)d = 78.5m approximately.

TOPIC

Momentum, Impulse & Collisions

Every past-paper question on this topic, October 2019 to January 2026.
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QLI eStIOI'I 6 Main topic: Constant Acceleration in 1D

6. A particle is projected vertically upwards from a point A with speed 24 ms™'
The point A is 2.5 m vertically above the point B.
Point B lies on horizontal ground.
The particle moves freely under gravity until it hits the ground at B with speed Vms"
After hitting the ground the particle does not rebound.

(a) Find the value of V.

3)
(b) Find the time taken for the particle to reach B.
3
The point C is 10m vertically above A.
(c) Find the length of time for which the particle is above C.
(4)
(d) Sketch a speed-time graph for the motion of the particle from projection to the
instant that it reaches B. (No further calculations are required.)
(2)
WORKED SOLUTION Question 6 - WMEO01/01 January 2024

Find the impact speed
Take upward as positive from A. At B, the displacement is —2.5 m, with u = 24 and @ = —9.8. Use v> = u? 4 2as:
V? =242 4 2(—9.8)(—2.5) = 625.

State V
V=25ms1

Find the time to reach B
The velocity at B is —25 ms™. Usingv = u + at, =25 = 24 — 9.8¢, sot =5 s.

Set up the height C equation
Cis 10 m above A. The particle is above C between the two times when s = 10: 10 = 24¢ — 4.9t2.

Solve for the two crossing times
4.9t — 24t 4+ 10 = 0, giving t = 0.459... and t = 4.438.. ...

Find the time above C
The length of time above Cis 4.438... —0.459... =3.98... s, about 4.0 s.



Describe the speed-time graph
The graph starts at speed 24, decreases linearly to 0 at the highest point, then increases linearly to speed 25 at ¢ = 5. It is a V-shaped
speed-time graph.

-1
v(ms )‘k

» t(s)

@ rinaL ANswER
(@) V=25ms™l. (b)t=>5s. (c)4.0sapproximately. (d) Speed-time graph is V-shaped, from speed 24 to 0, then to speed 25 at
=5
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7 Attime ¢ = 0, a small ball 4 is projected vertically upwards with speed 8ms ' from a
fixed point on horizontal ground.
The ball hits the ground again for the first time at time 7 = 7| seconds.

Ball 4 is modelled as a particle moving freely under gravity.

(a) Show that 7| = 1.63 to 3 significant figures.

(2)
After the first impact with the ground, 4 rebounds to a height of 2m above the ground.
Given that the mass of 4 is 0.1kg,
(b) find the magnitude of the impulse received by A4 as a result of its first impact with
the ground.
)]
At time 7 = 1 second, another small ball B is projected vertically upwards from another
point on the ground with speed Sms
Ball B is modelled as a particle moving freely under gravity.
At time ¢ = T, seconds (7, > 1), A and B are at the same height above the ground for the
first time.
(c) Find the value of 7,
@)
WORKED SOLUTION Question 7 - WMEO01/01 October 2024
0 Find the first flight time
For ball A, take upward as positive. Returning to the ground gives 0 = 8T} — 4.9T12‘ The non-zero solution is Ty = % =1.63sto3

significant figures.

Find the rebound speed
After impact, A rebounds to a maximum height of 2 m. At the top, v = 0, s0 0 = u2 — 2¢(2). Hence u = 4/4g = 6.261 ms™L.

Use impulse as change in momentum

Just before the first impact, A has velocity —8 ms™. Just after impact, it has velocity +-6.261 ms™1. With mass 0.1 kg,
I=0.1/6.261 — (—8)].

Calculate the impulse
I =1.426... Ns, so the impulse is 1.43 N's to 3 significant figures.

Write the height of A before first impact
For the first meeting with B, A is still in its first flight. Its height at time Ts is hg = 8T — 4.9T22.

Write the height of B
B starts at time £ = 1, so at time T} it has been moving for Ty — 1 seconds. Its height is hg = 5(T2 — 1) — 4.9(T> — 1)2.



e Set the heights equal
8T — 4.9T} = 5(T> — 1) — 4.9(T> — 1)2. Expanding and simplifying gives 6.8T5 = 9.9.

° Find T2

T 9.9

=58 1.456. .., so Tp = 1.46 s to 3 significant figures.

@ FINAL ANSWER
(a) T1 =1.63s. (b)I=143Ns. (c)T>=1.46s.
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Question 8

Momentum, Impulse & Collisions

Main topic: Newton's Second Law

WORKED SOLUTION

P (3M)
(kM)

Figure 5

Two small balls, P and O, have masses &M and 3M respectively, where £ < 3

The balls are attached to the ends of a light inextensible string that passes over a fixed
light smooth pulley.

The system is held at rest with the string taut and the hanging parts of the string vertical,
as shown in Figure 5.

The system is released from rest and, in the subsequent motion, P moves with an

. . . 1
acceleration of magnitude gg

The balls are modelled as particles.

(a) Write down an equation of motion for P.

2)
(b) Find the value of £.

3)
Given that M = 0.5kg,
(c) find the magnitude of the force exerted on the pulley by the string while Q is

moving downwards.

3)
At the instant when the system is released, P is more than 2.5m from the pulley and
@ is 2.5m above horizontal ground.
After hitting the ground, Q rebounds with a speed of 0.4ms'
(d) Find the magnitude of the impulse received by Q when it hits the ground.

(3)
In the subsequent motion, P does not hit the pulley.
(e) Find the total time from when the balls are released until P first comes to rest.

@)

Question 8 - WME01/01 May/June 2025

o Part (a): Write equation of motion for P - Identify forces on P

Particle P (mass kM) moves upward with acceleration

; Tension T (upward)
; Weight kM g (downward)

g.
5

o Part (a): Write equation of motion for P - Apply Newton's Second Law

Taking upward as positive:
Y F=ma

T — kMg =kM x £



° Part (b): Find value of k - Write equation of motion for Q

Particle Q (mass 3M) moves downward with acceleration %:

Taking downward as positive for Q:
M, M, M,
S8Mg—T=3Mx £3Mg—T =3 T=3Mg— 3 T7=22001

° Part (b): Find value of k - Substitute into equation for P
From part (a): T — kMg = %

12Mg _ kMg 12Mg __ kMg 12Mg _ 5kMg+kMg 12Mg _ 6kMg _ _
2 kMg = "5 2 = kMg + S5 =L = . e =~ 12=06kk=2

Q Part (c): Find force on pulley while Q moving down - Identify tension in string

o 12Mg
From part (b): T = ==

Given: M = 0.5 kg

_ 12x0.5xg _ 69 __ 6x9.8 __
T = 12x08x _ B9 _ 6x08 _ 11 76N

o Part (c): Find force on pulley while Q moving down - Find force on pulley

The pulley experiences two tension forces:
; Horizontal tension from P: T' = 11.76 N

; Vertical tension from Q. T' = 11.76 N

These are perpendicular, so use Pythagoras:

F=+T24+T?=+/2T%=Tv2=11.76v/2=16.63... = 16.6 N (3 sf)
o 8ev2 _ 12 _ -

OrnF =% =29 =249=235N

Wait, let me recalculate...

Actually: F' = 2T (both tensions pull on pulley)

— o 12Mg _ 24Mg _ 24x05x9.8 _ 1176 _
F=2x =% = =0 = 24x05:88 _ 1IT6 _ 23 5 N (3 5f)

or. 22 = 235N

° Part (d): Find impulse when Q hits ground - Find velocity of Q just before hitting ground
Using SUVAT with:

; u = 0 (starts from rest)

g =9 — 98 _ -2
ja=5 =% =196ms

;8=25m

vP=v?+2a5v*=0+2x { ><2.5'v2=%v2=g'v=\/§=\/9.8=3.130... ms!
Orexact v = ,/g = 75—9

Actually: v =2 x 1.96 x 2.5 = 9.8, sov = /9.8 =3.13 ms~!



e Part (d): Find impulse when Q hits ground - Calculate impulse
Impulse = m(Vafter — Vbefore)

Taking downward as positive before impact:

: Velocity before: vpegore = +3.13 m s~ (downward)

; Velocity after: vager = —0.4 m s™1 (upward, rebounds)

;Mass of @ 3M =3 x 0.5 = 1.5 kg
I=15x%x(-04-3.13)=1.5x(—3.563) = —5.295... |I| = 5.3 N s (2 sf)
Or using exact values: |I| = 1.5(y/g + 0.4) = 1.5(3.13 + 0.4) = 5.3 N's

o Part (e): Find total time until P first comes to rest - Time for Q to fall ({;)

USin93=Ut+%at2with’u:0,3:2.5m,a= g

25=0+1xEx225=Mo5=g22= 25 —2551...4,= /2 =1597... s

5x5 _ 5
g Ve

Better:t1=1/%=1/%

Actually: 2.5 = % x 1.96 x t%

Orexact: t; =

t} = 155 = 2.55L sot; = 1.597 s

@ Part (e): Find total time until P first comes to rest - Velocity of P when Q hits ground
At time 3, P has velocity:
vp=0+ % Xt = % x 1.597 = 1.96 x 1.597 = 3.13ms!

Or:vp = 4/g (same as Q)

° Part (e): Find total time until P first comes to rest - Time for P to come to rest (¢5)

After Q hits ground, string goes slack. P continues upward under gravity alone.
Usingv=u+at withv =0,u=3.13ms L, a=—g

0=313—98t3t, = 33 =0.3194... s

Or:ty = ? = %
@ Part (e): Find total time until P first comes to rest - Total time
T =t +ty= 1597+ 0.319 = 1.916... = 1.9 5 (2 sf) or 1.92 s (3 5f)

@ FINAL ANSWER

M 12
(a)T—kMg=%. (B k=2 ()F=TLN~235N. (d)[[|=530Ns. ()T=1925s
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Every past-paper question on this topic, October 2019 to January 2026.
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7.
8am
y C D
< 2am—>
am
Figure 2

A non-uniform beam AB, of mass 60kg and length 8a metres, rests in equilibrium in a
horizontal position on two vertical supports. One support is at C, where AC = ¢ metres
and the other support is at D, where DB = 2a metres, as shown in Figure 2.
The magnitude of the normal reaction between the beam and the support at D is three
times the magnitude of the normal reaction between the beam and the support at C.
By modelling the beam as a non-uniform rod whose centre of mass is at a distance
x metres from A4,
(a) find an expression for x in terms of a.

()
A box of mass M kg is placed on the beam at E, where AE = 2a metres.
The beam remains in equilibrium in a horizontal position.
The magnitude of the normal reaction between the beam and the support at C is now equal
to the magnitude of the normal reaction between the beam and the support at D.
By modelling the box as a particle,
(b) find the value of M.

3

WORKED SOLUTION Question 7 - WME01/01 May/June 2021

o Set the support positions

The beam length is 8a. C is at distance @ from A, and D is at distance 6a from A because DB = 2a.

Name the reactions
Let the reaction at C be R. The reaction at D is 3R.

Use vertical equilibrium
R+ 3R = 60g, so 4R = 60g and R = 15g.

Take moments about A
The beam's weight acts at distance z from A. Hence 60gz = R(a) + 3R(6a).

Find x

2 1
Substitute B — 15g: 60gz — 15ga + 45g(6a) — 285ga. Thus & — ~oos — 194

60 4




° Use equal reactions with the box
When the box is added, let each support reaction be S. Vertical equilibrium gives 28 = (60 + M)g.

6 Take moments about A again

The box is at AE = 2a. Moments about A give 60g (%) + Mg(2a) = S(a) + S(6a) = 7aS.

e Solve for M

Substitute S = M

3 and cancel ag: 285 + 2M = ;(60 +M) =210+ ;M Hence 75 = %M and M = 50.

@ rinAL ANSWER

@z="g2 (B)M=50



