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TOPIC

Rational Algebra

Every past-paper question on this topic, January 2020 to June 2026.



WMA13/01 JANUARY 2020

Qu estio N 6 m Rational Algebra

Main topic: Modulus

Figure 2

Figure 2 shows part of the graph with equation y = f(x), where
fx)=2[2x—- 5| +3 x>0
The vertex of the graph is at point P as shown.

(a) State the coordinates of P.

(b) Solve the equation f(x) =3x — 2

Given that the equation
f(x) =kx +2
where k is a constant, has exactly two roots,

(¢) find the range of values of &.

=V

2)

(4)

3



WMA13/01 JANUARY 2020

. m Rational Algebra Main topic: Integration
Question 8

8.

(1) Find, using algebraic integration, the exact value of

42
J‘ 2 dx
3 3x -1

giving your answer in simplest form.

4)

23 = Txr +8x+1
(x—=1)°

x> 1

(i) h(x) =

C
Given h(x) = Ax + B+ ————5 where 4, B and C are constants to be found, find

(x—1
J.h(x) dx

(6)



WMA13/01 OCTOBER 2020 m Rational Algebra

QI.I EStIOI‘I 7 Main topic: Trig Equations & R-Form

7.

(a) Express cosx + 4sinx in the form Rcos(x — a) where R > 0 and 0 < a < %

Give the exact value of R and give the value of @, in radians, to 3 decimal places.

3)
A scientist is studying the behaviour of seabirds in a colony.

She models the height above sea level, H metres, of one of the birds in the colony by
the equation

where f seconds is the time after it leaves the nest.

Find, according to the model,

(b) the minimum height of the seabird above sea level, giving your answer to the
nearest cm,

2)

(c) the value of ¢, to 2 decimal places, when H = 10

“4)



WMA13/01 OCTOBER 2020 m Rational Algebra

Qu estIOI‘I 9 Main topic: Applications of Differentiation

9. (a) Given that

423 1042 _
x*—x" —10x° + 3x 95x2+P+ 0
x> —x—12 x—4

x>-3
find the value of the constant P and show that Q = 5
“4)

The curve C has equation y = g(x), where

4 ¥ 10x% +3x-9
gy =2 L — X TX ~3<x<35 xeR
x2—-x-12

(b) Find the equation of the tangent to C at the point where x = 2
Give your answer in the form y = mx + ¢, where m and ¢ are constants to be found.

(S

yil

=y

Figure 4

Figure 4 shows a sketch of the curve C.
The region R, shown shaded in Figure 4, is bounded by C, the y-axis, the x-axis and the
line with equation x =2

(¢) Find the exact area of R, writing your answer in the form « + bln2, where a and b
are constants to be found.

6



WMA13/01 MAY/JUNE 2021 m Rational Algebra

Qu estIOI‘I 8 Main topic: Log Graphs & Exponential Models

8. A scientist is studying a population of fish in a lake. The number of fish, N, in the
population, ¢ years after the start of the study, is modelled by the equation

B 600e0.3l‘
o 9 4 03

t=0

Use the equation of the model to answer parts (a), (b), (c), (d) and (e).

(a) Find the number of fish in the lake at the start of the study.
(1)

(b) Find the upper limit to the number of fish in the lake.
(1)

(c) Find the time, after the start of the study, when there are predicted to be 500 fish in
the lake. Give your answer in years and months to the nearest month.

4)
(d) Show that
dN B Aeﬂjl
dt (2+ e‘“f)2
where A4 is a constant to be found.
3)
) dN
Given that when =T, a4 =8

(e) find the value of T to one decimal place.

(Solutions relying entirely on calculator technology are not acceptable.)

4



WMA13/01 OCTOBER 2021 m Rational Algebra

Qu estIOI‘I 6 Main topic: Differentiation Techniques

6.

(1) The curve C| has equation

y=3InG>-5) -4 +15  x>5

. . P .
Show that C| has a stationary point at x = B3 where p 1s a constant to be found.

“4)
(i) A different curve C, has equation
y=4x—12sin’ x

(a) Show that, for this curve,

dy .
— =A+ Bsin2x
dx

where 4 and B are constants to be found.

(b) Hence, state the maximum gradient of this curve.

C))



WMA13/01 OCTOBER 2021

o m Rational Algebra Main topic: Numerical Methods
Question 9

VA

y=1()

=V

Figure 3

Figure 3 shows a sketch of part of the curve with equation y = f(x), where

1

f(x) = x(x> — 4)e 2

(a) Find f'(x).

)
The line / is the normal to the curve at O and meets the curve again at the point P.
The point P lics in the 3rd quadrant, as shown in Figure 3.
(b) Show that the x coordinate of P is a solution of the equation
1 \/71
¥=-oV16 +¢
4)

(c) Using the iterative formula

1| L e
Tt = T5N16 + e’ with x, =2

find, to 4 decimal places,
(i) the value of x,

(i) the x coordinate of P.

3)



WMA13/01 JANUARY 2022 m Rational Algebra

Qu estIOI‘I 6 Main topic: Functions, Composition & Inverses

6. The function f'is defined by

5x -3
f(x) = x>4
x—4
(a) Show, by using calculus, that f is a decreasing function.
3)
(b) Find f™
3)

ax +
(¢) (1) Show that ff(x) = Tre where a, b and ¢ are constants to be found.

(i) Deduce the range of ff.
()



WMA13/01 MAY/JUNE 2022 m Rational Algebra

Qu estIOI‘I 6 Main topic: Applications of Differentiation

6.
VA
C
P
0 X
Figure 3

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The function f is defined by

1
f(x) = 5(x* — 2)(4x + 9) x=-=

(a) Show that

B k(5x* +9x - 2)

£'(x) i
(4x +9)?
where £ is an integer to be found.
“4)
(b) Hence, find the values of x for which f'(x) =0
1)
Figure 3 shows a sketch of the curve C with equation y = f(x).
The curve has a local maximum at the point P
(¢) Find the exact coordinates of P
(2)

The function g is defined by

gx)=2f(x)+4 —

L=
VAN
=
VAN
o

(d) Find the range of g
(3)



WMA13/01 OCTOBER 2022 m Rational Algebra

QI.I EStIOI‘I 9 Main topic: Trig Equations & R-Form

9. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.
Given that cos28 —sin368#0

(a) prove that

cos* @ _ 1+ siné
cos26 —sin30 1 —2sinf — 4sin2 0

4)
(b) Hence solve, for 0 < # < 360°

cos?d
= 2cosect

cos 28 — sin 368

Give your answers to one decimal place.

(6



WMA13/01 JANUARY 2023

. m Rational Algebra Main topic: Numerical Methods
Question 9

Figure 3

Figure 3 shows a sketch of part of the curve C with equation

y=v3+de” x>0

(a) Find %, giving your answer in simplest form.

(2)
The point P with x coordinate « lies on C.
Given that the tangent to C at P passes through the origin, as shown in Figure 3,
(b) show that x = a is a solution of the equation
4x%e” —4e” —3=0
3
(c) Hence show that & lies between | and 2
(2)
(d) Show that the equation in part (b) can be written in the form
LN PR
2 (1

The iteration formula
X, = %\/4 + 3w’
with x; =1 is used to find an approximation for a.
(e) Use the iteration formula to find, to 4 decimal places, the value of
(i) x;

(i1) «

3



WMA13/01 JANUARY 2023 m Rational Algebra

Qu estIOI‘I 1 0 Main topic: Log Graphs & Exponential Models

10.

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

A population of fruit flies is being studied.

The number of fruit flies, F, in the population, ¢ days after the start of the study, is
modelled by the equation

~350¢k
9 4 el

F
where k is a constant.

Use the equation of the model to answer parts (a), (b) and (¢).

(a) Find the number of fruit flies in the population at the start of the study.
1)

Given that there are 200 fruit flies in the population 15 days after the start of the study,

(b) show that k& = L11112

Given also that, when 7 = T, the number of fruit flies in the population is increasing at a
rate of 10 per day,

(c) find the possible values of T, giving your answers to one decimal place.

©)



WMA13/01 MAY/JUNE 2023 m Rational Algebra

Qu estIOI‘I 8 Main topic: Applications of Differentiation

VA

Figure 3

Figure 3 shows a sketch of the curve C with equation y = f(x), where
f(x)=(2x+ 1)’e™
(a) Show that
f'(x)=AQ2x+ 1) (1 —4x) e ™

where A4 is a constant to be found.

C))

(b) Hence find the exact coordinates of the two stationary points on C.

3)
The function g is defined by
g(x)=8f(x—-2)

(c) Find the coordinates of the maximum stationary point on the curve with equation
y=g(x).
(2)



WMA13/01 MAY/JUNE 2023 m Rational Algebra

QI.I EStIOI‘I 1 0 Main topic: Differentiation Techniques

10.

=V

Figure 4

Figure 4 shows a sketch of the curve with equation

2y"+6
C 3p-3

X

dx
(a) Find a giving your answer as a fully simplified fraction.

4)

The tangents at points P and Q on the curve are parallel to the y-axis, as shown
in Figure 4.

(b) Use the answer to part (a) to find the equations of these two tangents.

)



WMA13/01 OCTOBER 2023 m Rational Algebra

Qu estIOI‘I 7 Main topic: Functions, Composition & Inverses

¥ A

N T~

(0]

Figure 1

Figure 1 shows a sketch of the curve C with equation y = f(x) where
fx) = e (2x2 = 3)
(a) Find the range of f

(2)
(b) Show that
£'(x) = 2x(26% = 3)e™ (4 - Bx?)
where 4 and B are constants to be found.
4)

Given that the line y = k, where k is a constant, k£ > 0, intersects the curve at exactly
two distinct points,

(c) find the exact range of values of k&

4)



WMA13/01 OCTOBER 2023 m Rational Algebra

QI.I EStIOI‘I 1 0 Main topic: Differentiation Techniques

10. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

A curve C has equation

: . : 1.
The point P with x coordinate 1 lies on C

(a) Find the exact y coordinate of P

(2)
(b) Find dr
ind —
dy
(2)
(c) Hence show that % can be written in the form
dy |
dx \/q +r(x+s)°
where ¢,  and s are constants to be found.
3)

Using the answer to part (c),

(d) (1) state the x coordinate of the point where the value of ay 1S a minimum,

. .d .
(1) state the value of ay at this point.

(2)



WMA13/01 JANUARY 2024 m Rational Algebra

QI.I EStIOI‘I 7 Main topic: Applications of Differentiation

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The curve C has equation

16

T 9G6x - )

w | =

where £ is a positive constant not equal to 3

(a) Find 4 giving your answer in simplest form in terms of &.

(2)
The point P with x coordinate 1 lies on C.
Given that the gradient of the curve at P is —12
(b) find the two possible values of &
3)
Given also that £ < 3
(c) find the equation of the normal to C at P, writing your answer in the
form ax + by + ¢ = 0, where a, b and ¢ are integers to be found.
3)

(d) show, using algebraic integration that,

3

jidxz AIn10
9(3x — k)

1

where A is a constant to be found.

4)



WMA13/01 JANUARY 2024 m Rational Algebra

QI.I EStIOI‘I 9 Main topic: Trig Equations & R-Form

9. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(a) Show that the equation

3sin0cos0 5 | cec26)(cosd — sin6)
cosf + sind

can be written in the form

3sin20 —4cos20 =2
3)

(b) Hence solve for 7 < x < 3;

3sin xcosx .
——— = (2 + sec2x)(cos x — sin x)

COSX + sinx

giving the answer to 3 significant figures.

(3)



WMA13/01 MAY/JUNE 2024 m Rational Algebra

Qu estIOI‘I 7 Main topic: Trig Identities & Exact Values

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Given that
J2 sin(x + 45°) = cos (x — 60°)
show that

tanx = -2 — \ﬁ
4)

(b) Hence or otherwise, solve, for 0 < 6 < 180°

V2 sin(20) = cos (20 — 105°)
4



WMA13/01 OCTOBER 2024 m Rational Algebra

Qu estIOI‘I 6 Main topic: Functions, Composition & Inverses

6. The functions f and g are defined by

f(x)=6— 21 x=0
2x+3
gx)=x"+5 xeR
(a) Find gf(2)
(2)
(b) Find '
3)
(c) Solve the equation
gg(x) =126

3



WMA13/01 OCTOBER 2024 m Rational Algebra

Qu estIO n 7 Main topic: Graph Transformations

V A

v

Figure 3

The curve C has equation y = f(x), where

fx)=x"Va4x+7 x}—%

(a) Show that

for* (2x +3)
="

where £ is a constant to be found.

4)
The point P, shown in Figure 3, is the minimum turning point on C.
(b) Find the coordinates of P.
(2)
(c) Hence find the range of the function g defined by
7
g(x)=-41(x) xéfz
(2)

The point Q with coordinates (% gj lies on C.

(d) Find the coordinates of the point to which Q is mapped when C is transformed to

the curve with equation
3
y—40f(x) -8
2

(2)



WMA13/01 OCTOBER 2024

. m Rational Algebra Main topic: Integration
Question 9

Figure 5
Figure 5 shows a sketch of part of the curve C with equation y = f(x) where

£ 6x° +4x -2 - 1
X)=——— X>——=
2x +1 2

(a) Find f'(x), giving the answer in simplest form.

3)
The line / is the normal to C at the point P(2, 6)
(b) Show that an equation for / is
16y + 5x =106
3)
(¢) Write f(x) in the form Ax + B + S where A4, B and D are constants.
3)

The region R, shown shaded in Figure 5, is bounded by C, [ and the x-axis.

(d) Use algebraic integration to find the exact area of R, giving your answer in the
form P+ QIn3, where P and O are rational constants.

(Solutions based entirely on calculator technology are not acceptable.)

)



WMA13/01 JANUARY 2025 m Rational Algebra

Qu estIOI‘I 6 Main topic: Functions, Composition & Inverses

6. The function fis defined by

4x +3
f(x)= xX#2
-2
(a) Find f
(3)
(b) Show that
P (r) = ax + b
cx +d
where a, b, ¢ and d are integers to be found.
(3)

The point P(3, 15) lies on the curve with equation y = f(x).

(c) Find the point to which P is mapped when y = f(x) is transformed to the curve with
equation y = 2f(3x) + 8
(2)



WMA13/01 OCTOBER 2025

. Rational Algebra Main topic: Integration
Question 6

6. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

5 d
(i) Given y=In(2¢’ +5) find dxy
(2)
(11) A curve C has equation y = f(x) where
21x
f(x) = eR
(x) 3 + k *

where £ is a positive integer, k > 1

Given that

k
I f(x)dx < 7In8
1

find the greatest possible value of &

©)



WMA13/01 OCTOBER 2025 Rational Algebra

QI.I EStIOI‘I 7 Main topic: Applications of Differentiation

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

A curve C has equation

X2+ (3k=2)x

y = 2xe

where k is a constant.

Given that C has two distinct turning points, find the range of possible values of k.

(7



WMA13/01 OCTOBER 2025

o m Rational Algebra Main topic: Modulus
Question 8

N

.—/
“Y

Figure 2

Figure 2 shows a sketch of the graph C| with equation
y=-2x"+5x"+4x-3
and a sketch of the graph C, with equation
y=a-+|5x+b|
where a and b are constants.
Graphs C, and C, intersect at point P, point O and point R, as shown in Figure 2.
Given that P has coordinates (-2, 25)

(a) show that

a=15+bh
(2)
Given also that R has coordinates (2, 9)
(b) find the value of @ and the value of b
3)
Using the answer to part (b),
(c) state the coordinates of the vertex of C,
(2)

(d) Find, using algebra, the coordinates of Q. Show each stage of your working.

(Solutions relying on calculator technology are not acceptable.)

(6)



WMA13/01 JANUARY 2026 Rational Algebra

Qu estIOI‘I 6 Main topic: Trig Identities & Exact Values

6. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that the equation
2cos(6 —60°)=3sin0

can be written in the form

|
tan9—3(3+\/§) @

(b) Hence solve, for 0 < x <180°, the equation
2c0s(2x—70°) =3sin(2x-10°)

giving your solutions to one decimal place.

3)



WMA13/01 MAY/JUNE 2026 m Rational Algebra

Qu estIOI‘I 7 Main topic: Log Graphs & Exponential Models

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The selling price of a car is monitored over a 15-year period.

The selling price P, of the car, in thousands of pounds, 7 years after monitoring began,
is modelled by the equation

P.=7+16e™"  0<t<15

Given that when ¢ = T the selling price of the car is £15000

(a) find, according to the model, the value of 7. Give the answer to 2 decimal places.

3)

(b) Find the value of & when 7 = 5. Give the answer to 2 decimal places.

The selling price of a van 1s monitored over the same 15-year period.

The selling price P, of the van, in thousands of pounds, 7 years after monitoring began,
1s modelled by the equation

P,=4+me’™ 0<1<15
where m 1s a constant.
Use the equations of these models to answer parts (¢) and (d).

Given that P,=36 when =0
(c) (1) state the value of m

(1) find the difference between the initial selling price of the car and the initial
selling price of the van.

3)
When ¢ = a, the selling price of the car is equal to the selling price of the van.

(d) Find, using algebra and showing your working, the value of a, giving the answer to
3 significant figures.

4)



WMA13/01 MAY/JUNE 2026 m Rational Algebra

Qu estIOI‘I 8 Main topic: Trig Identities & Exact Values

8. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that

secf cosect — 0320
4cosec4b
(2)
(b) Hence show that the equation
4(5cos” 0 —9)cosec4d = 3(1 + tan’26) secHcosec §
can be written as
acos’ 26 + bcos20+ ¢ =0

where a, b and ¢ are integers to be found.

(3)

(c) Hence, solve for 0 < x < 180°, x # (45n)°, n € N, the equation
4(5 cos” x — 9)cosec4dx = 3(1 + tan’2x) secx cosec x

giving the answers to one decimal place.

4



TOPIC

Functions, Composition &

Inverses

Every past-paper question on this topic, January 2020 to June 2026.



WMA13/01 JANUARY 2022

° m Functions, Composition & Inverses
Question 6

6. The function fis defined by

5x -3
f(x) = x>4
x—4
(a) Show, by using calculus, that f'is a decreasing function.
3)
(b) Find f
3)

ax
(¢) (i) Show that ff(x)= Tio where a, b and ¢ are constants to be found.

(11) Deduce the range of ff.
()



WMA13/01 OCTOBER 2023

° m Functions, Composition & Inverses
Question 7

. T T~

0]

Figure 1
Figure 1 shows a sketch of the curve C with equation y = f(x) where
fx) = e (22 =3)

(a) Find the range of f
(2)

(b) Show that

£'(x) = 2x(2%% = 3)e * (4 - Bx?)
where 4 and B are constants to be found.

4)

Given that the line y =k, where k 1s a constant, £ > 0, intersects the curve at exactly
two distinct points,

(¢) find the exact range of values of k&

“4)



WMA13/01 OCTOBER 2024

° m Functions, Composition & Inverses
Question 6

6. The functions f and g are defined by

f(x)=6— 21 x=0
2x+3
g(x)=x"+5 xeR
(a) Find gf(2)
(2)
(b) Find '
3)
(c) Solve the equation
gg(x) =126

3)



WMA13/01 JANUARY 2025

° m Functions, Composition & Inverses
Question 6

6. The function fis defined by

4x +3
f(x) = X#2
-2
(a) Find f
(3)
(b) Show that
££(r) = ax +b
cx +d
where a, b, ¢ and d are integers to be found.
(3)

The point P(3, 15) lies on the curve with equation y = f(x).

(¢) Find the point to which P is mapped when y = f(x) is transformed to the curve with
equation y =2f(3x) + 8
(2)



WMA13/01 JANUARY 2020 Functions, Composition & Inverses

QI.I EStIOI‘I 9 Main topic: Trig Equations & R-Form

9. f(0) =5cosf — 4sinf #eR

(a) Express f(#) in the form Rcos(f + @), where R and a are constants, R > 0 and
O<a< ?2[ Give the exact value of R and give the value of «, in radians, to 3 decimal
places.

3)

The curve with equation y = cos @ is transformed onto the curve with equation y = f(8) by
a sequence of two transformations.

Given that the first transformation is a stretch and the second a translation,
(b) (1) describe fully the transformation that is a stretch,

(1) describe fully the transformation that is a translation.

(2)
Given

90

9 _ -
O oy

(¢) find the range of g.
2)



WMA13/01 OCTOBER 2020 m Functions, Composition & Inverses

QI.I EStIOI‘I 7 Main topic: Trig Equations & R-Form

7.

(a) Express cosx + 4sinx in the form Rcos(x — a) where R > 0 and 0 < a < %

Give the exact value of R and give the value of @, in radians, to 3 decimal places.

3)
A scientist is studying the behaviour of seabirds in a colony.

She models the height above sea level, H metres, of one of the birds in the colony by
the equation

where f seconds is the time after it leaves the nest.

Find, according to the model,

(b) the minimum height of the seabird above sea level, giving your answer to the
nearest cm,

2)

(c) the value of ¢, to 2 decimal places, when H = 10

“4)



WMA13/01 MAY/JUNE 2021 m Functions, Composition & Inverses

QI.I EStIOI‘I 9 Main topic: Trig Equations & R-Form

0.

(a) Express 12sinx — 5cosx in the form Rsin(x — «), where R and « are constants,
T : . .
R>0and 0<a< 5 Give the exact value of R and give the value of « in radians,

to 3 decimal places.

3)
The function g is defined by
g(6) = 10 + 12sin (29 —%) — 5cos (29 —%) >0
Find
(b) (1) the minimum value of g(8)
(1) the smallest value of @ at which the minimum value occurs. o

The function h is defined by
h(f) =10 — (12sinf — 5cos f)?

(c) Find the range of h.
(2)



WMA13/01 OCTOBER 2021 Functions, Composition & Inverses

Qu estIOI‘I 8 Main topic: Differentiation Techniques

8. A curve C has equation y = f(x), where
f(x) = arcsin[;x) -2<x<2 ——<y<

(a) Sketch C.

1)
(b) Given x = 2siny, show that
dy 1
dx A - xz
where A4 is a constant to be found.
3)

The point P lies on C and has y coordinate %

(c) Find the equation of the tangent to C at P. Write your answer in the form y = mx + ¢,
where m and ¢ are constants to be found.

3



WMA13/01 JANUARY 2022 Functions, Composition & Inverses

QI.I EStIOI‘I 1 0 Main topic: Differentiation Techniques

10. VA

=V

Figure 3

Figure 3 shows a sketch of the curve C with equation

x=ye” yelR
(a) Show that
Y__r
dx x(1+2y)

(C))

Given that the straight line with equation x = k, where £ is a constant, cuts C at exactly
two points,

(b) find the range of possible values for £.
(3)



WMA13/01 MAY/JUNE 2022 m Functions, Composition & Inverses

Qu estIOI‘I 6 Main topic: Applications of Differentiation

6.
VA
C
P
0 X
Figure 3

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The function f is defined by

1
f(x) = 5(x* — 2)(4x + 9) x=-=

(a) Show that

B k(5x* +9x - 2)

£'(x) i
(4x +9)?
where £ is an integer to be found.
“4)
(b) Hence, find the values of x for which f'(x) =0
1)
Figure 3 shows a sketch of the curve C with equation y = f(x).
The curve has a local maximum at the point P
(¢) Find the exact coordinates of P
(2)

The function g is defined by

gx)=2f(x)+4 —

L=
VAN
=
VAN
o

(d) Find the range of g
(3)
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7 VA
0 X
C‘I

Figure 3

Figure 3 shows a sketch of the graph of C, with equation
y=5-]3x—22]
(a) Write down the coordinates of
(i) the vertex of C

(ii) the intersection of C| with the y-axis.

(2)
(b) Find the x coordinates of the intersections of C| with the x-axis.
(2)
Diagram 1, shown on page 21, is a copy of Figure 3.
(c) On Diagram 1, sketch the curve C, with equation
1, 9
) = —X°—
"7y
Identify clearly the coordinates of any points of intersection of C, with the
coordinate axes.
3)
(d) Find the coordinates of the points of intersection of C, and C,
(Solutions relying entirely on calculator technology are not acceptable.)
(5)
VA
0 X
C‘I

Diagram 1
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(a)

(b)

(c)

(d)

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

T
Express 8sinx — 15cosx in the form Rsin(x —a), where R >0 and 0 < a < 5

Give the exact value of R, and give the value of a, in radians, to 4 significant figures.

3)
f(x)= 15 >0
Y 41+ 16sinx — 30cosx
Find
(1) the minimum value of f(x)
(1) the smallest value of x at which this minimum value occurs.
4)
State the y coordinate of the minimum points on the curve with equation
y=2f(x)—5 x>0
(1)

State the smallest value of x at which a maximum point occurs for the curve
with equation

y=—1f(2x) x>0
(1)
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VA

=V

P

Figure 2
Figure 2 shows a sketch of the graph y = f(x), where
f(x)=3|x-2|-10
The vertex of the graph is at point P, shown in Figure 2.

(a) Find the coordinates of P

(2)
(b) Find ff(0)
(2)
(c) Solve the inequality
3x—2[-10<5x+10
(2)

(d) Solve the equation

f(|x|) =0
&)
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9. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

VA

y=1x)

&)
&
=V

!
|
I
I
!
|
I
I
I
|
!
|
I
I
I
|
!
|
I
I
|
T
I
I
I

x=k

Figure 2

Figure 2 shows a sketch of the curve with equation
y=[2-4lnx+1)| x>k

where £ is a constant.

Given that the curve

* has an asymptote at x =k

* cuts the y-axis at point 4

* meets the x-axis at point B

as shown in Figure 2,

(a) state the value of &
1)

(b) (i) find the y coordinate of A

(ii) find the exact x coordinate of B

(3)
(c) Using algebra and showing your working, find the set of values of x such that

|2—4In(x+1)| >3
&)
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10. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

A curve C has equation

: . : 1.
The point P with x coordinate 1 lies on C

(a) Find the exact y coordinate of P

(2)
(b) Find dr
ind —
dy
(2)
(c) Hence show that % can be written in the form
dy |
dx \/q +r(x+s)°
where ¢,  and s are constants to be found.
3)

Using the answer to part (c),

(d) (1) state the x coordinate of the point where the value of ay 1S a minimum,

. .d .
(1) state the value of ay at this point.

(2)
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Figure 2
In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.
The graph shown in Figure 2 has equation

y:afl2x7b|

where a and b are positive constants, a > b

(a) Find, giving your answer in terms of a and b,
(i) the coordinates of the maximum point of the graph,
(ii) the coordinates of the point of intersection of the graph with the y-axis,

(iii) the coordinates of the points of intersection of the graph with the x-axis.

5)
On page 24 there is a copy of Figure 2 called Diagram 1.
(b) On Diagram 1, sketch the graph with equation
y=|x[-1
2
Given that the graphs y = ‘ x| —land y=a- | 2x — b‘ intersect at x =-3 and x=5
(¢) find the value of @ and the value of b
@
Va
0 X

Diagram 1
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V A

v

Figure 3

The curve C has equation y = f(x), where

fx)=x"Va4x+7 x}—%

(a) Show that

for* (2x +3)
="

where £ is a constant to be found.

4)
The point P, shown in Figure 3, is the minimum turning point on C.
(b) Find the coordinates of P.
(2)
(c) Hence find the range of the function g defined by
7
g(x)=-41(x) xéfz
(2)

The point Q with coordinates (% gj lies on C.

(d) Find the coordinates of the point to which Q is mapped when C is transformed to

the curve with equation
3
y—40f(x) -8
2

(2)
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_y’ A

v

Figure 1

Figure 1 shows a sketch of part of the curve C with equation y = f(x) where
f(x) = 6+/x In(4x) x>0
The curve cuts the x-axis at point P

(a) State the x coordinate of P
(1)

The point O, shown in Figure 1, is the stationary point on C

(b) Use calculus to find the exact coordinates of Q

(5)
(c) Hence find the range of the function g(x) where

g(x) =-21f(x)
(2)
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10:
Ya
A
P
0 X
Figure 3

Figure 3 shows a sketch of part of the graph with equation y = f(x), where
f(x)=|kx— 10|+ k xelR

and k is a positive constant.

The graph

» cuts the y-axis at the point A

» has a vertex at the point P

(a) Find, in simplest form in terms of £,
(i) the y coordinate of 4

(i1) the coordinates of P

(3)
(b) Find, in terms of &, the range of values of x which satisfy
ke — 10|+ &k = 2k
(3)

Given that the line with equation y = 3x + | intersects the graph of y = f(x) at
2 distinct points,

(c) find the range of values of k.

4)
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Figure 2

Figure 2 shows a sketch of the graph C, with equation
y=-2x 45" +4x -3
and a sketch of the graph C, with equation
y=a+ |5x + b|
where ¢ and b are constants.
Graphs C| and C, intersect at point P, point O and point R, as shown in Figure 2.
Given that P has coordinates (-2, 25)

(a) show that

a=15+b
(2)
Given also that R has coordinates (2, 9)
(b) find the value of @ and the value of b
3)
Using the answer to part (b),
(c) state the coordinates of the vertex of C,
(2)

(d) Find, using algebra, the coordinates of Q. Show each stage of your working.

(Solutions relving on calculator technology are not acceptable.)

(6)
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}J‘

=V

Figure 1
Figure 1 shows a sketch of part of the graph with equation y = f(x), where
f(x) :|3x71 1‘74
The vertex of the graph is at the point P, as shown in Figure 1.

(a) State the coordinates of P.

(2)
(b) Solve the equation f(x)=38

3)
The line / has equation y =mx, where m is a constant.
Given that / intersects the graph of y = f(x) at exactly one point,
(¢) find the possible values of m.

3)

The graph with equation y = f(x) is transformed onto the graph with equation
y=af(x—b), where a and b are constants.

Given that the vertex of the graph with equation y=a f(x—»b) is (5, 16)

(d) find the value of @ and the value of b.
(2)
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Figure 2

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Find J[ 1 +4e“J dx
2x+ 35

Figure 2 shows a sketch of part of the curve C| and part of the graph C,
The curve C| has equation

(2)

The graph C, has equation
y=a—|bx—1|

where a and b are positive integers.

(b) State, in terms of @ and/or b, the coordinates of the maximum point of C,

@)
Given that

* C, intersects C,atx=3

* C, crosses the y-axis at (0, 9)

(c) find the value of @ and the value of b
(3)

The region R, shown shaded in Figure 2, is bounded by C, C,, the x-axis and the y-axis.

(d) Find the area of R, giving the answer to 3 significant figures.

)
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Figure 3

The curve C has equation y = f(x), where

f(x) =X Vax+7 x> —z

(a) Show that

ey o kx® (2x +3)
= a7

where k is a constant to be found.

4
The point P, shown in Figure 3, is the minimum turning point on C.
(b) Find the coordinates of P.
(2)
(¢) Hence find the range of the function g defined by
7
g(x)=—41(x) x}—z
(2)

The point Q with coordinates (%, %J lies on C.

(d) Find the coordinates of the point to which O is mapped when C is transformed to

the curve with equation
y= 40f(x - 3] -8
2

(2)
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Figure 2

Figure 2 shows part of the graph with equation y = f(x), where
fx)=2[2x—- 5| +3 x>0
The vertex of the graph is at point P as shown.

(a) State the coordinates of P.

(b) Solve the equation f(x) =3x — 2

Given that the equation
f(x) =kx +2
where k is a constant, has exactly two roots,

(¢) find the range of values of &.

=V

2)

(4)

3
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9. f(0) =5cosf — 4sinf #eR

(a) Express f(#) in the form Rcos(f + @), where R and a are constants, R > 0 and
O<a< ?2[ Give the exact value of R and give the value of «, in radians, to 3 decimal
places.

3)

The curve with equation y = cos @ is transformed onto the curve with equation y = f(8) by
a sequence of two transformations.

Given that the first transformation is a stretch and the second a translation,
(b) (1) describe fully the transformation that is a stretch,

(1) describe fully the transformation that is a translation.

(2)
Given

90

9 _ -
O oy

(¢) find the range of g.
2)
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=V

[

Figure 3
Figure 3 shows a sketch of curve C| with equation y = S5¢"'+3
and curve C, with equation y = 10 — x*
The point P lieson C, and has y coordinate 13

(a) Find the x coordinate of P, writing your answer in the form Ink, where £ is a constant
to be found.

3)
The curve C, meets the curve C, at x = a and at x = f#, as shown in Figure 3.
(b) Using a suitable interval and a suitable function that should be stated, show that to

3 decimal places a = 1.134
3

The iterative equation

is used to find an approximation to f.

Using this iterative formula with x = -3

(c) find the value of x, and the value of £, giving each answer to 6 decimal places.

3)
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7.

(a) Express cosx + 4sinx in the form Rcos(x — a) where R > 0 and 0 < a < %

Give the exact value of R and give the value of @, in radians, to 3 decimal places.

3)
A scientist is studying the behaviour of seabirds in a colony.

She models the height above sea level, H metres, of one of the birds in the colony by
the equation

where f seconds is the time after it leaves the nest.

Find, according to the model,

(b) the minimum height of the seabird above sea level, giving your answer to the
nearest cm,

2)

(c) the value of ¢, to 2 decimal places, when H = 10

“4)
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6.

Given that k 1s a positive constant,

(a) on separate diagrams, sketch the graph with equation

(i) y=k—2[x|
ol _5|
(1) y=|2x 3

Show on each sketch the coordinates, in terms of &, of each point where the graph
meets or cuts the axes.

4

(b) Hence find, in terms of &, the values of x for which

k
2x——|=k—2|x|
3

giving your answers in simplest form.

4)
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0.

(a) Express 12sinx — 5cosx in the form Rsin(x — «), where R and « are constants,
T : . .
R>0and 0<a< 5 Give the exact value of R and give the value of « in radians,

to 3 decimal places.

3)
The function g is defined by
g(6) = 10 + 12sin (29 —%) — 5cos (29 —%) >0
Find
(b) (1) the minimum value of g(8)
(1) the smallest value of @ at which the minimum value occurs. o

The function h is defined by
h(f) =10 — (12sinf — 5cos f)?

(c) Find the range of h.
(2)
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8. A curve C has equation y = f(x), where
f(x) = arcsin[;x) -2<x<2 ——<y<

(a) Sketch C.

1)
(b) Given x = 2siny, show that
dy 1
dx A - xz
where A4 is a constant to be found.
3)

The point P lies on C and has y coordinate %

(c) Find the equation of the tangent to C at P. Write your answer in the form y = mx + ¢,
where m and ¢ are constants to be found.

3
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y=1f(x)

=V

%

v

Figure 2

Figure 2 shows a sketch of part of the graph with equation y = f(x), where
. |
f0 = |2x + 7| - 10

(a) State the coordinates of the vertex, V, of the graph.
(2)
(b) Solve, using algebra,
1 1
—[2x+7]-10= zx+1
2 3
“4)

(c) Sketch the graph with equation

y= )]

stating the coordinates of the local maximum point and each local minimum point.

(C))



WMA13/01 MAY/JUNE 2022 m Graph Transformations

Qu estIOI‘I 6 Main topic: Applications of Differentiation

6.
VA
C
P
0 X
Figure 3

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The function f is defined by

1
f(x) = 5(x* — 2)(4x + 9) x=-=

(a) Show that

B k(5x* +9x - 2)

£'(x) i
(4x +9)?
where £ is an integer to be found.
“4)
(b) Hence, find the values of x for which f'(x) =0
1)
Figure 3 shows a sketch of the curve C with equation y = f(x).
The curve has a local maximum at the point P
(¢) Find the exact coordinates of P
(2)

The function g is defined by

gx)=2f(x)+4 —

L=
VAN
=
VAN
o

(d) Find the range of g
(3)
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VA

0 X
C‘I

Figure 3

Figure 3 shows a sketch of the graph of C, with equation
y=5-|3x—22]
(a) Write down the coordinates of

(i) the vertex of C,

(ii) the intersection of C, with the y-axis.
(b) Find the x coordinates of the intersections of C, with the x-axis.

Diagram 1, shown on page 21, is a copy of Figure 3.
(¢) On Diagram I, sketch the curve C, with equation
=—x-9
y 9

Identify clearly the coordinates of any points of intersection of C, with the
coordinate axes.

(d) Find the coordinates of the points of intersection of C, and C,
(Solutions relying entirely on calculator technology are not acceptable.)

VA

A

=V

Diagram 1

(2)

(2

3

)
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(a)

(b)

(c)

(d)

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

T
Express 8sinx — 15cosx in the form Rsin(x —a), where R >0 and 0 < a < 5

Give the exact value of R, and give the value of a, in radians, to 4 significant figures.

3)
f(x)= 15 >0
Y 41+ 16sinx — 30cosx
Find
(1) the minimum value of f(x)
(1) the smallest value of x at which this minimum value occurs.
4)
State the y coordinate of the minimum points on the curve with equation
y=2f(x)—5 x>0
(1)

State the smallest value of x at which a maximum point occurs for the curve
with equation

y=—1f(2x) x>0
(1)
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S

Figure 2
Figure 2 shows a sketch of the graph with equation
y = ‘3x—5a|—2a
where a is a positive constant.
The graph

* cuts the y-axis at the point P
* cuts the x-axis at the points Q and R
* has a minimum point at S

(a) Find, in simplest form in terms of «, the coordinates of
(1) point P
(i1) points Q and R
(111) point §
“)

(b) Find, in simplest form in terms of a, the values of x for which

|3x - 5a| —2a= ‘x - 2a|
4)
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VA

=V

P

Figure 2

Figure 2 shows a sketch of the graph y = f(x), where
f(x)=3|x-2|-10
The vertex of the graph is at point P, shown in Figure 2.

(a) Find the coordinates of P

(2)
(b) Find ff(0)
(2)
(c) Solve the inequality
3x-2|-10<5x+ 10
(2)

(d) Solve the equation

f(|x]) =0
3)
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VA

Figure 3

Figure 3 shows a sketch of the curve C with equation y = f(x), where
f(x)=(2x+ 1)’e™
(a) Show that
f'(x)=AQ2x+ 1) (1 —4x) e ™

where A4 is a constant to be found.

C))

(b) Hence find the exact coordinates of the two stationary points on C.

3)
The function g is defined by
g(x)=8f(x—-2)

(c) Find the coordinates of the maximum stationary point on the curve with equation
y=g(x).
(2)
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9. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

VA

y=1x)

&)
&
=V
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I

x=k

Figure 2

Figure 2 shows a sketch of the curve with equation
y=[2-4lnx+1)| x>k

where £ is a constant.

Given that the curve

* has an asymptote at x =k

* cuts the y-axis at point 4

* meets the x-axis at point B

as shown in Figure 2,

(a) state the value of &
1)

(b) (i) find the y coordinate of A

(ii) find the exact x coordinate of B

(3)
(c) Using algebra and showing your working, find the set of values of x such that

|2—4In(x+1)| >3
&)
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Figure 2
In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.
The graph shown in Figure 2 has equation

y:a7|2x7b|

where a and b are positive constants, a > b

(a) Find, giving your answer in terms of ¢ and b,
(i) the coordinates of the maximum point of the graph,
(ii) the coordinates of the point of intersection of the graph with the y-axis,

(iii) the coordinates of the points of intersection of the graph with the x-axis.

)
On page 24 there is a copy of Figure 2 called Diagram 1.
(b) On Diagram 1, sketch the graph with equation
y = ‘ x| -1
(2
Given that the graphs y = \ x| —land y=a- | 2x - b\ intersect at x=-3 and x=15
(c) find the value of a and the value of b
()
Va
0 x

Diagram 1
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6. The function fis defined by

4x +3
f(x)= xX#2
x—=2
(a) Find f
(3)
(b) Show that
P (r) = ax + b
cx +d
where a, b, ¢ and d are integers to be found.
(3)

The point P(3, 15) lies on the curve with equation y = f(x).

(c) Find the point to which P is mapped when y = f(x) is transformed to the curve with
equation y = 2f(3x) + 8
(2)
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7. Given that a and b are positive constants with a > b,
(a) sketch, on separate diagrams, the graph with equation
(i) y=[3x-d
(1) y= |3x - a| -b
Show on each sketch

* the coordinates of the minimum point on the graph
» the coordinates of the point at which the graph crosses the y-axis

(6)
(b) Solve the equation
|3x — a| —b=5x

giving any solution for x in terms of @ and b.

(2)
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_y’ A

v

Figure 1

Figure 1 shows a sketch of part of the curve C with equation y = f(x) where
f(x) = 6+/x In(4x) x>0
The curve cuts the x-axis at point P

(a) State the x coordinate of P
(1)

The point O, shown in Figure 1, is the stationary point on C

(b) Use calculus to find the exact coordinates of Q

(5)
(c) Hence find the range of the function g(x) where

g(x) =-21f(x)
(2)
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}?‘

Figure 1
Figure 1 shows a sketch of part of the graph with equation y = f(x), where
f(x) =|3x—1 1‘—4
The vertex of the graph is at the point P, as shown in Figure 1.

(a) State the coordinates of P.

(2)
(b) Solve the equation f(x)=8

3)
The line / has equation y =mx, where m is a constant,
Given that / intersects the graph of y =f(x)at exactly one point,
(¢) find the possible values of m.

3)

The graph with equation y = f(x) is transformed onto the graph with equation
yv=af(x-b), where a and b are constants.

Given that the vertex of the graph with equation y =a f(x—5) is (5, 16)

(d) find the value of @ and the value of b.
(2)
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9. h(x) =8+3sinx(cosx—2sinx) 0< x< 27
(a) Write h(x) in the form
P+Rsin(2x+a)
where P, R and a are positive constants, 0 <« <z

Give the exact values of P and R and give the value of a, in radians,
to 3 decimal places.

(6)
% A
M
>
o X
Figure 2
Figure 2 is a sketch of the curve with equation y=h(x)
(b) State the range of A.
(1)

The point M, shown in Figure 2, is the minimum point on the curve with the largest
x coordinate.

(c) Find the x coordinate of M.

(Solutions based entirely on calculator technology are not acceptable.)

(2)



Every past-paper question on this topic, January 2020 to June 2026.
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Question 6

=V

Figure 2
Figure 2 shows part of the graph with equation y = f(x), where
fx)=2[2x—- 5| +3 x>0
The vertex of the graph is at point P as shown.

(a) State the coordinates of P.
2

(b) Solve the equation f(x) =3x — 2
4

Given that the equation
f(x) =kx +2
where k is a constant, has exactly two roots,

(¢) find the range of values of &.

3
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Question 6

6.

Given that k 1s a positive constant,

(a) on separate diagrams, sketch the graph with equation

(i) y=k—2[x|
ol _5|
(1) y=|2x 3

Show on each sketch the coordinates, in terms of &, of each point where the graph
meets or cuts the axes.

4

(b) Hence find, in terms of &, the values of x for which

k
2x——|=k—2|x|
3

giving your answers in simplest form.

4)
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Question 7

y=1f(x)

=V

%

v

Figure 2

Figure 2 shows a sketch of part of the graph with equation y = f(x), where
. |
f0 = |2x + 7| - 10

(a) State the coordinates of the vertex, V, of the graph.
(2)
(b) Solve, using algebra,
1 1
—[2x+7]-10= zx+1
2 3
“4)

(c) Sketch the graph with equation

y= )]

stating the coordinates of the local maximum point and each local minimum point.

(C))
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Question 7

7 VA
0 X
C‘I
Figure 3

Figure 3 shows a sketch of the graph of C, with equation
y=5-|3x—22]
(a) Write down the coordinates of

(i) the vertex of C,

(ii) the intersection of C, with the y-axis.

(2)
(b) Find the x coordinates of the intersections of C, with the x-axis.
)
Diagram 1, shown on page 21, is a copy of Figure 3.
(¢) On Diagram I, sketch the curve C, with equation
y=—x>—9
9
Identify clearly the coordinates of any points of intersection of C, with the
coordinate axes.
3)
(d) Find the coordinates of the points of intersection of C, and C,
(Solutions relying entirely on calculator technology are not acceptable.)
5)
VA
0 X
C‘I

Diagram 1
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Question 6

S

Figure 2
Figure 2 shows a sketch of the graph with equation
y = ‘3x—5a|—2a
where a is a positive constant.
The graph

* cuts the y-axis at the point P
* cuts the x-axis at the points Q and R
* has a minimum point at S

(a) Find, in simplest form in terms of «, the coordinates of
(1) point P
(i1) points Q and R
(111) point §
“)

(b) Find, in simplest form in terms of a, the values of x for which

|3x - 5a| —2a= ‘x - 2a|
4)
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Question 6

VA

=V

P

Figure 2

Figure 2 shows a sketch of the graph y = f(x), where
f(x)=3|x-2|-10
The vertex of the graph is at point P, shown in Figure 2.

(a) Find the coordinates of P
(b) Find ff(0)

(c) Solve the inequality

3x—2[—10 < 5x+ 10

(d) Solve the equation

f(|x]) =0

(2)

2)

(2)

3)
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Question 8

Figure 2
In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.
The graph shown in Figure 2 has equation

y:a7|2x7b|

where a and b are positive constants, a > b

(a) Find, giving your answer in terms of ¢ and b,
(i) the coordinates of the maximum point of the graph,
(ii) the coordinates of the point of intersection of the graph with the y-axis,

(iii) the coordinates of the points of intersection of the graph with the x-axis.

)
On page 24 there is a copy of Figure 2 called Diagram 1.
(b) On Diagram 1, sketch the graph with equation
y = ‘ x| -1
(2
Given that the graphs y = \ x| —land y=a- | 2x - b\ intersect at x=-3 and x=15
(c) find the value of a and the value of b
()
Va
0 x

Diagram 1
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Question 7

7. Given that a and b are positive constants with a > b,
(a) sketch, on separate diagrams, the graph with equation
(i) y=[3x-d
(1) y= |3x - a| -b
Show on each sketch

* the coordinates of the minimum point on the graph
» the coordinates of the point at which the graph crosses the y-axis

(b) Solve the equation
|3x — a| —b=5x

giving any solution for x in terms of @ and b.

(6)

(2)
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Question 10

10:
Va
A
P
0 X
Figure 3

Figure 3 shows a sketch of part of the graph with equation y = f(x), where
f(x)=|kx— 10|+ k xelR

and k is a positive constant.

The graph

» cuts the y-axis at the point 4

» has a vertex at the point P

(a) Find, in simplest form in terms of %,
(1) the y coordinate of 4

(ii) the coordinates of P

(3)
(b) Find, in terms of £, the range of values of x which satisfy
lkx — 10|+ k = 2k
(3)

Given that the line with equation y = 3x + 1 intersects the graph of y = f(x) at
2 distinct points,

(c) find the range of values of k.

)
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Question 8

Figure 2

Figure 2 shows a sketch of the graph C| with equation
y=-2x"+5x"+4x-3

and a sketch of the graph C, with equation

y=a-+|5x+b|
where a and b are constants.
Graphs C, and C, intersect at point P, point O and point R, as shown in Figure 2.
Given that P has coordinates (-2, 25)
(a) show that

a=15+b

Given also that R has coordinates (2, 9)

(b) find the value of @ and the value of b

Using the answer to part (b),

(c) state the coordinates of the vertex of C,

(d) Find, using algebra, the coordinates of Q. Show each stage of your working.

(Solutions relying on calculator technology are not acceptable.)

(2)

3

(2)

(6)



WMA13/01 JANUARY 2026

Question 7

}?‘

Figure 1
Figure 1 shows a sketch of part of the graph with equation y = f(x), where
f(x) =|3x—1 1‘—4
The vertex of the graph is at the point P, as shown in Figure 1.

(a) State the coordinates of P.

(2)
(b) Solve the equation f(x)=8

3)
The line / has equation y =mx, where m is a constant,
Given that / intersects the graph of y =f(x)at exactly one point,
(¢) find the possible values of m.

3)

The graph with equation y = f(x) is transformed onto the graph with equation
yv=af(x-b), where a and b are constants.

Given that the vertex of the graph with equation y =a f(x—5) is (5, 16)

(d) find the value of @ and the value of b.
(2)
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Question 9

Figure 2

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Find H 1, 4e*“3j dx
2x + 5 (2)

Figure 2 shows a sketch of part of the curve C| and part of the graph C,
The curve C| has equation

Rt
Y+ s

+ 4¢3
The graph C, has equation

y=a-—|bx—1|
where a and b are positive integers.

(b) State, in terms of @ and/or b, the coordinates of the maximum point of C,

(2)
Given that
* C, intersects C,atx =3
* C, crosses the y-axis at (0, 9)
(¢) find the value of @ and the value of b
3

The region R, shown shaded in Figure 2, is bounded by C,, C,, the x-axis and the y-axis.

(d) Find the area of R, giving the answer to 3 significant figures.

4)
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° m Modulus Main topic: Exponentials & Logarithms
Question 9

9. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

: VA

I

|

|

|

i

! y=1(x)

|

I

|

! A

I

I

| »

. 0| B X
x =k,

Figure 2
Figure 2 shows a sketch of the curve with equation
y=|2-4Inx+1)] x>k
where £ is a constant.
Given that the curve
* has an asymptote at x =k
* cuts the y-axis at point A

* meets the x-axis at point B

as shown in Figure 2,

(a) state the value of k

1
(b) (i) find the v coordinate of A

(i) find the exact x coordinate of B

3
(c) Using algebra and showing your working, find the set of values of x such that

|2 -4In(x + 1) >3
(5)
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QI.I EStIOI‘I 7 Main topic: Applications of Differentiation

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

A curve C has equation

2 (3k-2)x

y = 2xe

where k is a constant.

Given that C has two distinct turning points, find the range of possible values of k.

(7

TOPIC

Trigonometric Functions & Graphs

Every past-paper question on this topic, January 2020 to June 2026.






WMA13/01 JANUARY 2020 Trigonometric Functions & Graphs

QI.I EStIOI‘I 9 Main topic: Trig Equations & R-Form

9. f(0) =5cosf — 4sinf #eR

(a) Express f(#) in the form Rcos(f + @), where R and a are constants, R > 0 and
O<a< ?2[ Give the exact value of R and give the value of «, in radians, to 3 decimal
places.

3)

The curve with equation y = cos @ is transformed onto the curve with equation y = f(8) by
a sequence of two transformations.

Given that the first transformation is a stretch and the second a translation,
(b) (1) describe fully the transformation that is a stretch,

(1) describe fully the transformation that is a translation.

(2)
Given

90

9 _ -
O oy

(¢) find the range of g.
2)
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QI.I EStIOI‘I 7 Main topic: Trig Equations & R-Form

7.

(a) Express cosx + 4sinx in the form Rcos(x — a) where R > 0 and 0 < a < %

Give the exact value of R and give the value of @, in radians, to 3 decimal places.

3)
A scientist is studying the behaviour of seabirds in a colony.

She models the height above sea level, H metres, of one of the birds in the colony by
the equation

where f seconds is the time after it leaves the nest.

Find, according to the model,

(b) the minimum height of the seabird above sea level, giving your answer to the
nearest cm,

2)

(c) the value of ¢, to 2 decimal places, when H = 10

“4)
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QI.I EStIOI‘I 9 Main topic: Trig Equations & R-Form

0.

(a) Express 12sinx — 5cosx in the form Rsin(x — «), where R and « are constants,
T : . .
R>0and 0<a< 5 Give the exact value of R and give the value of « in radians,

to 3 decimal places.

3)
The function g is defined by
g(6) = 10 + 12sin (29 —%) — 5cos (29 —%) >0
Find
(b) (1) the minimum value of g(8)
(1) the smallest value of @ at which the minimum value occurs. o

The function h is defined by
h(f) =10 — (12sinf — 5cos f)?

(c) Find the range of h.
(2)
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Qu estIOI‘I 6 Main topic: Differentiation Techniques

6.

(1) The curve C| has equation

y=3InG>-5) -4 +15  x>5

. . P .
Show that C| has a stationary point at x = B3 where p 1s a constant to be found.

“4)
(i) A different curve C, has equation
y=4x—12sin’ x

(a) Show that, for this curve,

dy .
— =A+ Bsin2x
dx

where 4 and B are constants to be found.

(b) Hence, state the maximum gradient of this curve.

C))
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Qu estIOI‘I 8 Main topic: Differentiation Techniques

8. A curve C has equation y = f(x), where
f(x) = arcsin[;x) -2<x<2 ——<y<

(a) Sketch C.

1)
(b) Given x = 2siny, show that
dy 1
dx A - xz
where A4 is a constant to be found.
3)

The point P lies on C and has y coordinate %

(c) Find the equation of the tangent to C at P. Write your answer in the form y = mx + ¢,
where m and ¢ are constants to be found.

3
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QI.I EStIOI‘I 8 Main topic: Trig Equations & R-Form

(a)

(b)

(c)

(d)

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

T
Express 8sinx — 15cosx in the form Rsin(x —a), where R >0 and 0 < a < 5

Give the exact value of R, and give the value of a, in radians, to 4 significant figures.

3)
f(x)= 15 >0
Y 41+ 16sinx — 30cosx
Find
(1) the minimum value of f(x)
(1) the smallest value of x at which this minimum value occurs.
4)
State the y coordinate of the minimum points on the curve with equation
y=2f(x)—5 x>0
(1)

State the smallest value of x at which a maximum point occurs for the curve
with equation

y=—1f(2x) x>0
(1)
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Qu estIOI‘I 9 Main topic: Applications of Differentiation

VA

/

=V

Figure 5

The curve shown in Figure 5 has equation

x=4sin’y— 1 Ogyg%

a

The point P(k, EJ lies on the curve.

(a) Verify that k=2

(1)
. . dx .
(b) (i) Find — interms of y
dy

.. dy |

ii) Hence show that — = —M ———

W dx 24yx+14J3-x
(6)

The normal to the curve at P cuts the x-axis at the point N.
(c) Find the exact area of triangle OPN, where O is the origin.

. - ~ 2
Give your answer in the form ar + bz~ where a and b are constants.

3
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QI.I EStIOI‘I 9 Main topic: Trig Equations & R-Form

9. h(x) =8+3sinx(cosx—2sinx) 0< x< 27
(a) Write h(x) in the form
P+Rsin(2x+a)
where P, R and a are positive constants, 0 <« <z

Give the exact values of P and R and give the value of a, in radians,
to 3 decimal places.

(6)
% A
M
>
o X
Figure 2
Figure 2 is a sketch of the curve with equation y=h(x)
(b) State the range of A.
(1)

The point M, shown in Figure 2, is the minimum point on the curve with the largest
x coordinate.

(c) Find the x coordinate of M.

(Solutions based entirely on calculator technology are not acceptable.)

(2)
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Trig Identities & Exact Values

Every past-paper question on this topic, January 2020 to June 2026.
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Qu estio n 7 m Trig Identities & Exact Values

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

7. (a) Prove that

sin2x cos2x nr
+ = cosecx xX#—mnei

COS X sin x

)

(b) Hence solve, for -Z <9 <X

74 840 cosd0 _ 5 o220
cos26  sin24

giving your answers in radians to 3 significant figures where appropriate.

(6)
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Qu estio n 9 m Trig Identities & Exact Values

9. In this question you must show detailed reasoning.
Solutions relying entirely on calculator technology are not acceptable.
(1) Solve, for 0 < x < x, the equation
2sec’x —3tanx =2

giving the answers, as appropriate, to 3 significant figures.

“4)
(i1) Prove that

sin30 cos30
sin# cosf

2

C))
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Qu estio n 7 m Trig Identities & Exact Values

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Show that the equation
2sinf (3cot’ 26 — 7) = 13 secH
can be written as

3cosec’26 — 13 cosec26 — 10=0
4)

T

(b) Hence solve, for 0 < 8 < >

, the equation

2sind (3cot’26 —7) = 13sech

giving your answers to 3 significant figures.

4)
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Qu estio n 9 m Trig Identities & Exact Values

9. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(a) Show that

cos2x sin2x nrw
- + = cosecx X# —— nelz
sinx  cosx 2
(3)
s
(b) Hence solve, for 0 < 8 < B
(cos%) N sin2¢9)2 beotl 4
sinf cos ) cotr
giving your answers to 3 significant figures as appropriate.
)

(c) Using the result from part (a), or otherwise, find the exact value of

T
1 .
cos2x sin2x
( - + )cotxdx
x \ sinx CcOSX
6

(2)
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Qu estio n 8 m Trig Identities & Exact Values

8. (a) Prove that

2cosec’26(1 —cos26) =1+ tan’ 4
4)

(b) Hence solve for 0 < x < 360°, where x # (90n)°, n € N, the equation
2cosec”2x (1 — cos2x) =4 + 3secx
giving your answers to one decimal place.

(Solutions relying entirely on calculator technology are not acceptable.)

4
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Qu estio n 7 m Trig Identities & Exact Values

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Given that
J2 sin(x + 45°) = cos (x — 60°)
show that

tanx = -2 — \/5
4)

(b) Hence or otherwise, solve, for 0 < 8 < 180°

V2 sin(26) = cos (26 — 105°)
4
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Qu estio n 8 m Trig Identities & Exact Values

8: In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Prove that

3tanx — tan’
tan3x = al > al Jc;rﬁ(2n+l)E ner
I -3tan"x 6

3

(b) Hence solve, for 0 <8 <§

3tanf — tan’#
1 —3tan’0

= 2sec’30 — 8

giving your answers to 2 decimal places.

(C))
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Qu estio n 9 m Trig Identities & Exact Values

9. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Express
6sin’@cot26 + 4sinfcos b

in terms of sin26 and cos26 only.

(3)
(b) Hence show that the equation
3cot26 — 14 = 6sin’ Ocot 26 + 4sinfcos O
can be written in the form
5sin’260 + 14sin20 -3 =0
(3)

(c) Hence solve, for 0 < x < 90°, the equation
3cot2x — 14 = 6sin’x cot 2x + 4sinxcosx

giving your answers to one decimal place.

3
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o Trig Identities & Exact Values
Question 6

6. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that the equation
2co0s(6 —60°) =3sin0

can be written in the form

1
tan9=g(3+\/§) @

(b) Hence solve, for 0 < x <180°, the equation
2c0s(2x—70°) =3sin(2x—10°)

giving your solutions to one decimal place.

3
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Qu estio n 8 m Trig Identities & Exact Values

8. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that

sec d cosecl

= cos 20
4cosec 40
(2)
(b) Hence show that the equation
4(5cos” @—9)cosec48 = 3(1 + tan’26) secHcosec
can be written as
acos’ 20 + bcos20+c=0

where a, b and ¢ are integers to be found.

3)

(c) Hence, solve for 0 < x < 180°, x # (45n)°, n € N, the equation
4(5 cos” x — 9)cosec4dx = 3(1 + tan’2x) secx cosec x

giving the answers to one decimal place.

C))
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QI.I EStIOI‘I 9 Main topic: Trig Equations & R-Form

9. f(0) =5cosf — 4sinf #eR

(a) Express f(#) in the form Rcos(f + @), where R and a are constants, R > 0 and
O<a< ?2[ Give the exact value of R and give the value of «, in radians, to 3 decimal
places.

3)

The curve with equation y = cos @ is transformed onto the curve with equation y = f(8) by
a sequence of two transformations.

Given that the first transformation is a stretch and the second a translation,
(b) (1) describe fully the transformation that is a stretch,

(1) describe fully the transformation that is a translation.

(2)
Given

90

9 _ -
O oy

(¢) find the range of g.
2)
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QI.I EStIOI‘I 7 Main topic: Trig Equations & R-Form

7.

(a) Express cosx + 4sinx in the form Rcos(x — a) where R > 0 and 0 < a < %

Give the exact value of R and give the value of @, in radians, to 3 decimal places.

3)
A scientist is studying the behaviour of seabirds in a colony.

She models the height above sea level, H metres, of one of the birds in the colony by
the equation

where f seconds is the time after it leaves the nest.

Find, according to the model,

(b) the minimum height of the seabird above sea level, giving your answer to the
nearest cm,

2)

(c) the value of ¢, to 2 decimal places, when H = 10

“4)



WMA13/01 OCTOBER 2020

Question 8

8.

(1) The curve C has equation y = g(x) where

‘ ;:r
g(x) = e™ sec2x —— <x< —

(a) Find g'(x)
(b) Hence find the x coordinate of the stationary point of C.

(i1) A different curve has equation

T
x = In(sin y) 0<y<5
Show that
dy _ &
dx  f(x)

where f(x) is a function of e that should be found.

m Trig Identities & Exact Values

Main topic: Differentiation Techniques

2)

3)

4
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Question 6

(a)

(b)

(c)

(d)

f(x) = xcos(%) x>0

Find f'(x)
Show that the equation f'(x) =0 can be written as
X = karctan(g)
X
where k£ is an integer to be found.

Starting with x, = 2.5 use the iteration formula

k
x,,, = karctan ( —}
X

n

m Trig Identities & Exact Values

Main topic: Numerical Methods

2)

()

with the value of k found in part (b), to calculate the values of x, and x_ giving your

answers to 3 decimal places.

2)

Using a suitable interval and a suitable function that should be stated, show that a root

of f'(x) =0 1is 2.581 correct to 3 decimal places.

2)
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QI.I EStIOI‘I 1 0 Main topic: Differentiation Techniques

10. The curve C has equation

(a)

(b)

(c)

x =3sec’2y  x>3 0<y<%

dx
Find — in terms of y.

& )
Hence show that

dv__»p

dx gxJx -3

where p is irrational and ¢ is an integer, stating the values of p and g¢.

3)
Find the equation of the normal to C at the point where y = %, giving your answer

in the form y = mx + ¢, giving m and ¢ as exact irrational numbers.

S))
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QI.I EStIOI‘I 7 Main topic: Differentiation Techniques

7. Given that

x=06sin*2y 0<y<%

show that

dy 1
dr  AJ(Bx - x?)

where A and B are integers to be found.

®)
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QI.I EStIOI‘I 9 Main topic: Trig Equations & R-Form

0.

(a) Express 12sinx — 5cosx in the form Rsin(x — «), where R and « are constants,
T : . .
R>0and 0<a< 5 Give the exact value of R and give the value of « in radians,

to 3 decimal places.

3)
The function g is defined by
g(6) = 10 + 12sin (29 —%) — 5cos (29 —%) >0
Find
(b) (1) the minimum value of g(8)
(1) the smallest value of @ at which the minimum value occurs. o

The function h is defined by
h(f) =10 — (12sinf — 5cos f)?

(c) Find the range of h.
(2)
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Qu estIOI‘I 6 Main topic: Differentiation Techniques

6.

(1) The curve C| has equation

y=3InG>-5) -4 +15  x>5

. . P .
Show that C| has a stationary point at x = B3 where p 1s a constant to be found.

“4)
(i) A different curve C, has equation
y=4x—12sin’ x

(a) Show that, for this curve,

dy .
— =A+ Bsin2x
dx

where 4 and B are constants to be found.

(b) Hence, state the maximum gradient of this curve.

C))
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Qu estIOI‘I 8 Main topic: Differentiation Techniques

8. A curve C has equation y = f(x), where
f(x) = arcsin[;x) -2<x<2 ——<y<

(a) Sketch C.

1)
(b) Given x = 2siny, show that
dy 1
dx A - xz
where A4 is a constant to be found.
3)

The point P lies on C and has y coordinate %

(c) Find the equation of the tangent to C at P. Write your answer in the form y = mx + ¢,
where m and ¢ are constants to be found.

3
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10.
VA

\ RN .
0] a

=V

Figure 4
Figure 4 shows a sketch of part of the curve with equation
y=(1+2cos2x)’
(a) Show that
(1 +2cos2x)*=p + gcos2x + rcosdx

where p, g and r are constants to be found.

(2)
The curve touches the positive x-axis for the second time when x = a, as shown in Figure 4.

The regions bounded by the curve, the y-axis and the x-axis up to x = a are shown shaded
in Figure 4.

(b) Find, using algebraic integration and making your method clear, the exact total area
of the shaded regions. Write your answer in simplest form.

(3
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=V

0 \j

M

Figure 5

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
Figure 5 shows the curve with equation

1+ 2cosx T 3
y=— ——<x <=
1+ sinx 2 2

The point M, shown in Figure 5, is the minimum point on the curve.
(a) Show that the x coordinate of M is a solution of the equation

2sinx + cosx=-2

“4)

(b) Hence find, to 3 significant figures, the x coordinate of M.

6



WMA13/01 OCTOBER 2022 m Trig Identities & Exact Values

Qu estIOI‘I 6 Main topic: Differentiation Techniques

2 + 3sinx

COSX + sinx
Show that

dy atanx+ bsecx +c

dx secx + 2sinx

where a, b and ¢ are integers to be found.

(6)
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(a)

(b)

(c)

(d)

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

T
Express 8sinx — 15cosx in the form Rsin(x —a), where R >0 and 0 < a < 5

Give the exact value of R, and give the value of a, in radians, to 4 significant figures.

3)
f(x)= 15 >0
Y 41+ 16sinx — 30cosx
Find
(1) the minimum value of f(x)
(1) the smallest value of x at which this minimum value occurs.
4)
State the y coordinate of the minimum points on the curve with equation
y=2f(x)—5 x>0
(1)

State the smallest value of x at which a maximum point occurs for the curve
with equation

y=—1f(2x) x>0
(1)
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9. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.
Given that cos28 —sin368#0

(a) prove that

cos* @ _ 1+ siné
cos26 —sin30 1 —2sinf — 4sin2 0

4)
(b) Hence solve, for 0 < # < 360°

cos?d
= 2cosect

cos 28 — sin 368

Give your answers to one decimal place.

(6
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7. The curve C has equation

x=3tan(}fjr} xeR —E<y<2ir
6 3 3
(a) Show that

d_y_ a

dx x*2+b

where a and b are integers to be found.

(4)
The point P with y coordinate % lies on C.
Given that the tangent to C at P crosses the x-axis at the point Q.

(b) find, in simplest form, the exact x coordinate of Q.

3)
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8. Find, in simplest form,

J.(Z COS X — sin)c)2 dx
)
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10. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

A curve C has equation

: . : 1.
The point P with x coordinate 1 lies on C

(a) Find the exact y coordinate of P

(2)
(b) Find dr
ind —
dy
(2)
(c) Hence show that % can be written in the form
dy |
dx \/q +r(x+s)°
where ¢,  and s are constants to be found.
3)

Using the answer to part (c),

(d) (1) state the x coordinate of the point where the value of ay 1S a minimum,

. .d .
(1) state the value of ay at this point.

(2)
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| =

v

Figure 1

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
Figure 1 shows a sketch of the curve with equation y = f(x), where
f(x) = 2¢*"* cos x 0<x<2n

The curve intersects the x-axis at point R, as shown in Figure 1.

(a) State the coordinates of R

1)
The curve has two turning points, at point P and point Q, also shown in Figure 1.
(b) Show that, at points P and O,
asin’ x + bsinx + ¢ = 0
where a, b and ¢ are integers to be found.
4)

(¢) Hence find the x coordinate of point O, giving your answer to 3 decimal places.

2
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9. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(a) Show that the equation

3sin0cos0 5 | cec26)(cosd — sin6)
cosf + sind

can be written in the form

3sin20 —4cos20 =2
3)

(b) Hence solve for 7 < x < 3;

3sin xcosx .
——— = (2 + sec2x)(cos x — sin x)

COSX + sinx

giving the answer to 3 significant figures.

(3)
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VA

/

=V

Figure 5

The curve shown in Figure 5 has equation

x=4sin’y — 1 ogyg%

The point P(k, %J lies on the curve.

(a) Verify that k=2

1)
. . dx .
(b) (i) Find — interms of y
dy

.. dy |

ii) Hence show that — = —M ———

W dx 24yx+14J3-x
(6)

The normal to the curve at P cuts the x-axis at the point N.
(c) Find the exact area of triangle OPN, where O is the origin.

. - ~ 2
Give your answer in the form ar + bz~ where a and b are constants.

3)
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8. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(i) Solve, for 0 <@ <=
3cosecd=8cosl

giving your answers, in radians, to 3 significant figures.
()
(i1) Solve, for 0 < x < 180°

tan2x —tan70° 3

1 + tan 2x tan 70° 8

giving your answers, in degrees, to one decimal place.

4
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10.

P(a, b)
0 X
Figure 2
Figure 2 shows a sketch of the curve with equation
T
x=23cos2y -3<x<3 Ogvfgg
(a) Find @ in terms of y.
(2)
(b) Hence show that
d Kk
dx 9 — x’
where £ is a constant to be found.
(3)

The point P(a, b) lies on the curve and is shown in Figure 2.
Given that

» the gradient of the curve at P is i

* both @ and b are positive

(¢) find the exact values of @ and b.

Q)
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7: A continuous curve has equation

y=-¢ “sin3x 0

N

=

V/A)
WA

The curve has a stationary point at the point P.

(a) Show, using calculus, that the x coordinate of P is a solution of the equation

o
X = —arctan| —
3 2x

(4)
Using the iteration formula
X, = larctan 3 x, =04
3 2x,
(b) find the value of
(i) x,
(i1) x,
giving your answers to 4 decimal places.
3)

(¢) Using a suitable interval and a suitable function which should be stated, show that
the x coordinate of P is 0.430 correct to 3 decimal places.

(2)
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V4

\
C
B /

TN

Figure 2

Figure 2 shows a sketch of the curve C with equation

x—gsin 3y+E 1< <37r
3 4 Y

The curve intersects the y-axis at the points 4 and B as shown.

(a) Find the exact value of the y coordinate of

*  point 4

* point B
(3)

(b) Show that
CHRP=
dx p - gx*

where p and ¢ are integers to be found.

(4)

The normal to C at 4 and the tangent to C at B intersect at the point D.
Using

* the answer to part (b)

* the sketch of curve C in Figure 2

(c) find, in simplest form, the exact x coordinate of D.

4
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8. A curve has equation

Show that

where a, b and n are integers to be found.

(4)
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9. h(x) =8+3sinx(cosx—2sinx) 0< x< 27
(a) Write h(x) in the form
P+Rsin(2x+a)
where P, R and a are positive constants, 0 <« <z

Give the exact values of P and R and give the value of a, in radians,
to 3 decimal places.

(6)
% A
M
>
o X
Figure 2
Figure 2 is a sketch of the curve with equation y=h(x)
(b) State the range of A.
(1)

The point M, shown in Figure 2, is the minimum point on the curve with the largest
x coordinate.

(c) Find the x coordinate of M.

(Solutions based entirely on calculator technology are not acceptable.)

(2)
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Qu estion 9 Trig Equations & R-Form

9. f(0) =5cosf — 4sind #eR

(a) Express f(f) in the form Rcos(f + a), where R and a are constants, R > 0 and
T
0<a< BX Give the exact value of R and give the value of ¢, in radians, to 3 decimal
places.

3)

The curve with equation y = cos @ is transformed onto the curve with equation y = f(8) by
a sequence of two transformations.

Given that the first transformation 1s a stretch and the second a translation,
(b) (i) describe fully the transformation that is a stretch,

(i1) describe fully the transformation that is a translation.
2)
Given
90

H - - -
O oy

(¢) find the range of g.
2
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Qu estion 7 m Trig Equations & R-Form

7.

(a) Express cosx + 4sinx in the form Rcos(x — a) where R > 0 and 0 < a < z

Give the exact value of R and give the value of «, in radians, to 3 decimal places.

3)
A scientist is studying the behaviour of seabirds in a colony.

She models the height above sea level, H metres, of one of the birds in the colony by
the equation

24

" " 0<t<65
3+cos(—r + 4sin —t)
2 2

H:

where ¢ seconds is the time after it leaves the nest.

Find, according to the model,

(b) the minimum height of the seabird above sea level, giving your answer to the
nearest cm,

2)

(c) the value of ¢, to 2 decimal places, when H = 10

“)
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Qu estion 9 m Trig Equations & R-Form

9.

(a) Express 12sinx — 5cosx in the form Rsin(x — a), where R and a are constants,
R>0and 0<a< g Give the exact value of R and give the value of « in radians,

to 3 decimal places.

3)
The function g is defined by
g(6) =10+ 12sin (26' —%) — 5cos (26' —%J 0>0
Find
(b) (1) the minimum value of g(d)
(i1) the smallest value of @ at which the minimum value occurs. .

The function h is defined by
h(f) =10 — (12sinf — 5cosf)?

(¢) Find the range of h.
2)
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=V

0 \J

M

Figure 5

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
Figure 5 shows the curve with equation

1+ 2cosx T 3T
yE T ——<x<=
1+ sinx 2 2

The point M, shown in Figure 5, is the minimum point on the curve.
(a) Show that the x coordinate of M is a solution of the equation

2sinx +cosx =-2

(C))

(b) Hence find, to 3 significant figures, the x coordinate of M.

)
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(a)

(b)

(c)

(d)

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

T
Express 8sinx — 15cosx in the form Rsin(x —a), where R >0 and 0 < a < 5

Give the exact value of R, and give the value of «, in radians, to 4 significant figures.

3)
f(x)= = >0
Y 41+ 16sinx - 30cosx
Find
(1) the minimum value of f(x)
(i1) the smallest value of x at which this minimum value occurs.
“4)
State the y coordinate of the minimum points on the curve with equation
y=2f(x)—5 x>0
(1)

State the smallest value of x at which a maximum point occurs for the curve
with equation

y=—1(2x) x>0
(1)
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9. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.
Given that cos20 —sin38# 0

(a) prove that

cos? @ _ 1+ siné
cos26 —sin3@ 1—2sin@ — 4sin2 0

“4)
(b) Hence solve, for 0 < & < 360°

cos’ 6
c0s 20 — sin 30

= 2cosecl

Give your answers to one decimal place.

(6
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9. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(a) Show that the equation

M = (2 + sec20)(cosO — sin0)
cosf +sind

can be written in the form

3sin26 —4cos26 =2
3)

3
(b) Hence solve for 7 < x < 7‘1

3sinxcosx )
——— = (2 + sec2x)(cos x — sin x)

COSX + sinx

giving the answer to 3 significant figures.

)
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Qu estion 8 m Trig Equations & R-Form

8. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(1) Solve, for 0 < 6 <«
3cosec =8cosbH

giving your answers, in radians, to 3 significant figures.
5)
(1) Solve, for 0 < x < 180°

tan2x —tan70° 3

1 + tan 2x tan 70° 8

giving your answers, in degrees, to one decimal place.

4
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9. h(x) =8+3sinx(cosx—2sinx) 0< x< 27
(a) Write h(x) in the form
P+ Rsin(2x+a)
where P, R and a are positive constants, 0 < < T

Give the exact values of P and R and give the value of «, in radians,
to 3 decimal places.

(6)
% A
M
|
O X
Figure 2
Figure 2 is a sketch of the curve with equation y=h(x)
(b) State the range of A.
1)

The point M, shown in Figure 2, is the minimum point on the curve with the largest
x coordinate.

(¢) Find the x coordinate of M.

(Solutions based entirely on calculator technology are not acceptable.)

(2)
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QI.I EStIOI‘I 7 Main topic: Applications of Differentiation

=Y

Figure 3
Figure 3 shows a sketch of part of the curve with equation
y=2cos3x—-3x+4 x>0
where x is measured in radians.
The curve crosses the x-axis at the point P, as shown in Figure 3.

Given that the x coordinate of P is «a,

(a) show that & lies between 0.8 and 0.9

)
The iteration formula
1
X073 arccos(1.5x —2)
can be used to find an approximate value for o.
(b) Using this iteration formula with x = 0.8 find, to 4 decimal places, the value of
1 x,
(if) x,
' 3

The point Q and the point R are local minimum points on the curve, as shown in Figure 3.

Given that the x coordinates of O and R are # and A respectively, and that they are the two
smallest values of x at which local minima occur,

(¢) find, using calculus, the exact value of § and the exact value of 4.

(6)
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Question 8

8.

(1) The curve C has equation y = g(x) where

‘ ;:r
g(x) = e™ sec2x —— <x< —

(a) Find g'(x)
(b) Hence find the x coordinate of the stationary point of C.

(i1) A different curve has equation

T
x = In(sin y) 0<y<5
Show that
dy _ &
dx  f(x)

where f(x) is a function of e that should be found.

m Trig Equations & R-Form

Main topic: Differentiation Techniques

2)

3)

4
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Question 6

(a)

(b)

(c)

(d)

f(x) = xcos(%) x>0

Find f'(x)
Show that the equation f'(x) =0 can be written as
X = karctan(g)
X
where k£ is an integer to be found.

Starting with x, = 2.5 use the iteration formula

k
x,,, = karctan ( —}
X

n

m Trig Equations & R-Form

Main topic: Numerical Methods

2)

()

with the value of k found in part (b), to calculate the values of x, and x_ giving your

answers to 3 decimal places.

Using a suitable interval and a suitable function that
of f'(x) =0 1is 2.581 correct to 3 decimal places.

2)

should be stated, show that a root

2)
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In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

7. (a) Prove that

sin2x cos2x AT
+ = cosecx x;t?neZ

COS X sin x

)

(b) Hence solve, for —% <0<Z

74 840 040 4 220
cos26  sin2f

giving your answers in radians to 3 significant figures where appropriate.

(6)
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Question 10

10.
VA

~ AN v
0 a

=V

Figure 4

Figure 4 shows a sketch of part of the curve with equation
y=(1+2cos2x)’
(a) Show that
(1 +2cos2x)*=p + gcos2x + rcosdx

where p, g and r are constants to be found.

(2)
The curve touches the positive x-axis for the second time when x = a, as shown in Figure 4.

The regions bounded by the curve, the y-axis and the x-axis up to x = a are shown shaded
in Figure 4.

(b) Find, using algebraic integration and making your method clear, the exact total area
of the shaded regions. Write your answer in simplest form.

©)
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Qu estIOI‘I 9 Main topic: Trig Identities & Exact Values

9. In this question you must show detailed reasoning.
Solutions relying entirely on calculator technology are not acceptable.
(1) Solve, for 0 < x < 7, the equation
2sec’x —3tanx =2

giving the answers, as appropriate, to 3 significant figures.

(4)
(i) Prove that

sin30 cos30
sin & cosf

2
“4)
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Qu estIOI‘I 7 Main topic: Trig Identities & Exact Values

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Show that the equation
2sin@ (3cot’20 —7) = 13secd
can be written as

3cosec’26 — 13 cosec26 —10=0
“4)

T

(b) Hence solve, for 0 < 8 < 5

, the equation

2sinf (3cot’260 — 7) = 13secd

giving your answers to 3 significant figures.

C))
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Qu estIOI‘I 9 Main topic: Trig Identities & Exact Values

9. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(a) Show that

cos2x sin2x nm
- + = Ccosecx X ;ﬁ — ne?
sinx  cosx 2
3)
T
(b) Hence solve, for 0 < 0 < B
cos26 sin26Y
: + =6cotd—4
sin® cosf
giving your answers to 3 significant figures as appropriate.
3)

(c) Using the result from part (a), or otherwise, find the exact value of

T
4 cos2x sin2x
- + cot xdx
<\ sinx COS X
i)

(2)
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Qu estIOI‘I 8 Main topic: Trig Identities & Exact Values

8. (a) Prove that

2cosec’26(1 —cos26) =1+ tan’ @
4)

(b) Hence solve for 0 < x < 360°, where x # (90n)°, n € N, the equation
2cosec”2x (1 — cos2x) =4 + 3secx
giving your answers to one decimal place.

(Solutions relying entirely on calculator technology are not acceptable.)

4)
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QI.I EStIOI‘I 1 0 Main topic: Differentiation Techniques

10. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

A curve C has equation

: . : 1.
The point P with x coordinate 1 lies on C

(a) Find the exact y coordinate of P

(2)
(b) Find dr
ind —
dy
(2)
(c) Hence show that % can be written in the form
dy |
dx \/q +r(x+s)°
where ¢,  and s are constants to be found.
3)

Using the answer to part (c),

(d) (1) state the x coordinate of the point where the value of ay 1S a minimum,

. .d .
(1) state the value of ay at this point.

(2)
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Va P

y= 1)

| =

v

Figure 1

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
Figure 1 shows a sketch of the curve with equation y = f(x), where
f(x) = 2¢*"* cos x 0<x<2n

The curve intersects the x-axis at point R, as shown in Figure 1.

(a) State the coordinates of R

1)
The curve has two turning points, at point P and point Q, also shown in Figure 1.
(b) Show that, at points P and O,
asin’ x + bsinx + ¢ = 0
where a, b and ¢ are integers to be found.
4)

(¢) Hence find the x coordinate of point O, giving your answer to 3 decimal places.

2
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Qu estIOI‘I 7 Main topic: Trig Identities & Exact Values

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Given that
J2 sin(x + 45°) = cos (x — 60°)
show that

tanx = -2 — \ﬁ
4)

(b) Hence or otherwise, solve, for 0 < 6 < 180°

V2 sin(20) = cos (20 — 105°)
4
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Question 10

m Trig Equations & R-Form

Main topic: Differentiation Techniques

10.

VA

P(a, b)
0 X
Figure 2
Figure 2 shows a sketch of the curve with equation
T
x=3cos2y 3<x<3 0§y<5
(a) Find —— in terms ofy.

dy

(b) Hence show that

where k is a constant to be found.

(2)

3)

The point P(a, b) lies on the curve and is shown in Figure 2.

Given that

» the gradient of the curve at Pis —

* both @ and b are positive

(¢) find the exact values of @ and b.

Q)
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Qu estiOI‘l 7 Main topic: Numerical Methods

7: A continuous curve has equation

y=-¢ “sin3x 0

N

=

V/A)
WA

The curve has a stationary point at the point P.

(a) Show, using calculus, that the x coordinate of P is a solution of the equation

o
X = —arctan| —
3 2x

(4)
Using the iteration formula
X, = larctan 3 x, =04
3 2x,
(b) find the value of
(i) x,
(i1) x,
giving your answers to 4 decimal places.
3)

(¢) Using a suitable interval and a suitable function which should be stated, show that
the x coordinate of P is 0.430 correct to 3 decimal places.

(2)
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8: In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Prove that

3tan x — tan’
tandx= "% xxQnt DT nel
| -3tan"x 6

3)

(b) Hence solve, for 0 < @ <Z

3tanf — tan’#

T 3tany = 2sec’30 — 8
— 3tan

giving your answers to 2 decimal places.

(3)
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Qu estIOI‘I 9 Main topic: Differentiation Techniques

V4

\
C
B /

TN

Figure 2

Figure 2 shows a sketch of the curve C with equation

x—gsin 3y+E 1< <37r
3 4 Y

The curve intersects the y-axis at the points 4 and B as shown.

(a) Find the exact value of the y coordinate of

*  point 4

* point B
(3)

(b) Show that
CHRP=
dx p - gx*

where p and ¢ are integers to be found.

(4)

The normal to C at 4 and the tangent to C at B intersect at the point D.
Using

* the answer to part (b)

* the sketch of curve C in Figure 2

(c) find, in simplest form, the exact x coordinate of D.

4
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Qu estIOI‘I 9 Main topic: Trig Identities & Exact Values

0. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Express
6sin” O cot20 + 4sin Ocos O

in terms of sin26 and cos26é only.

(3
(b) Hence show that the equation
3cot26 — 14 = 6sin’Hcot 20 + 4sinfcos O
can be written in the form
5sin’20+ 14sin20-3 =0
(3)

(c) Hence solve, for 0 < x < 90°, the equation
3cot2x — 14 = 6sin’xcot 2x + 4sinxcosx

giving your answers to one decimal place.

3)
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Qu estIOI‘I 6 Main topic: Trig Identities & Exact Values

6. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that the equation
2cos(6 —60°)=3sin0

can be written in the form

|
tan9—3(3+\/§) @

(b) Hence solve, for 0 < x <180°, the equation
2c0s(2x—70°) =3sin(2x-10°)

giving your solutions to one decimal place.

3)
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Qu estIOI‘I 8 Main topic: Trig Identities & Exact Values

8. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that

secf cosect — 0320
4cosec4b
(2)
(b) Hence show that the equation
4(5cos” 0 —9)cosec4d = 3(1 + tan’26) secHcosec §
can be written as
acos’ 26 + bcos20+ ¢ =0

where a, b and ¢ are integers to be found.

(3)

(c) Hence, solve for 0 < x < 180°, x # (45n)°, n € N, the equation
4(5 cos” x — 9)cosec4dx = 3(1 + tan’2x) secx cosec x

giving the answers to one decimal place.

4
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9. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

: VA

I

|

|

|

i

! y=1(x)

|

I

|

! A

I

I

| »

. 0| B X
x =k,

Figure 2
Figure 2 shows a sketch of the curve with equation
y=|2-4Inx+1)] x>k
where £ is a constant.
Given that the curve
* has an asymptote at x =k
* cuts the y-axis at point A

* meets the x-axis at point B

as shown in Figure 2,

(a) state the value of k

1
(b) (i) find the v coordinate of A

(i) find the exact x coordinate of B

3
(c) Using algebra and showing your working, find the set of values of x such that

|2 -4In(x + 1) >3
(5)
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Qu estiOI‘l 8 Main topic: Integration

8.

(1) Find, using algebraic integration, the exact value of

42
J. 2 dx

giving your answer in simplest form.

4)

(1) h(x) = > x> 1

C
Given h(x)=A4Ax + B + > where 4, B and C are constants to be found, find

(x=1)
J‘h(x) dx

(6)
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=V

[

Figure 3
Figure 3 shows a sketch of curve C| with equation y = S5¢"'+3
and curve C, with equation y = 10 — x*
The point P lieson C, and has y coordinate 13

(a) Find the x coordinate of P, writing your answer in the form Ink, where £ is a constant
to be found.

3)
The curve C, meets the curve C, at x = a and at x = f#, as shown in Figure 3.
(b) Using a suitable interval and a suitable function that should be stated, show that to

3 decimal places a = 1.134
3

The iterative equation

is used to find an approximation to f.

Using this iterative formula with x = -3

(c) find the value of x, and the value of £, giving each answer to 6 decimal places.

3)
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Question 8

8.

(1) The curve C has equation y = g(x) where

‘ ;:r
g(x) = e™ sec2x —— <x< —

(a) Find g'(x)
(b) Hence find the x coordinate of the stationary point of C.

(i1) A different curve has equation

T
x = In(sin y) 0<y<5
Show that
dy _ &
dx  f(x)

where f(x) is a function of e that should be found.

m Exponentials & Logarithms

Main topic: Differentiation Techniques

2)

3)

4
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Qu estIOI‘I 9 Main topic: Applications of Differentiation

9. (a) Given that

423 1042 _
x*—x" —10x° + 3x 95x2+P+ 0
x> —x—12 x—4

x>-3
find the value of the constant P and show that Q = 5
“4)

The curve C has equation y = g(x), where

4 ¥ 10x% +3x-9
gy =2 L — X TX ~3<x<35 xeR
x2—-x-12

(b) Find the equation of the tangent to C at the point where x = 2
Give your answer in the form y = mx + ¢, where m and ¢ are constants to be found.

(S

yil

=y

Figure 4

Figure 4 shows a sketch of the curve C.
The region R, shown shaded in Figure 4, is bounded by C, the y-axis, the x-axis and the
line with equation x =2

(¢) Find the exact area of R, writing your answer in the form « + bln2, where a and b
are constants to be found.

6
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Qu estIOI‘I 8 Main topic: Log Graphs & Exponential Models

8. The percentage, P, of the population of a small country who have access to the internet, is
modelled by the equation

P=ab'
where a and b are constants and ¢ 1s the number of years after the start of 2005

Using the data for the years between the start of 2005 and the start of 2010, a graph is
plotted of log, , P against z.

The points are found to lie approximately on a straight line with gradient 0.09 and intercept
0.68 on the log,, P axis.

(a) Find, according to the model, the value of a and the value of b, giving your answers
to 2 decimal places.

4)

(b) In the context of the model, give a practical interpretation of the constant a.

)

(c¢) Use the model to estimate the percentage of the population who had access to the
internet at the start of 2015

2)
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Qu estIOI‘I 8 Main topic: Log Graphs & Exponential Models

8. A scientist is studying a population of fish in a lake. The number of fish, N, in the
population, ¢ years after the start of the study, is modelled by the equation

B 600e0.3l‘
o 9 4 03

t=0

Use the equation of the model to answer parts (a), (b), (c), (d) and (e).

(a) Find the number of fish in the lake at the start of the study.
(1)

(b) Find the upper limit to the number of fish in the lake.
(1)

(c) Find the time, after the start of the study, when there are predicted to be 500 fish in
the lake. Give your answer in years and months to the nearest month.

4)
(d) Show that
dN B Aeﬂjl
dt (2+ e‘“f)2
where A4 is a constant to be found.
3)
) dN
Given that when =T, a4 =8

(e) find the value of T to one decimal place.

(Solutions relying entirely on calculator technology are not acceptable.)

4



WMA13/01 OCTOBER 2021 m Exponentials & Logarithms

Qu estIOI‘I 7 Main topic: Log Graphs & Exponential Models

7 The mass, M kg, of a species of tree can be modelled by the equation
log,,M=193log, r+0.684

where »cm is the base radius of the tree.

The base radius of a particular tree of this species is 45cm.

According to the model,

(a) find the mass of this tree, giving your answer to 2 significant figures.

(2)
(b) Show that the equation of the model can be written in the form
M= pr?
giving the values of the constants p and ¢ to 3 significant figures. o

(c) With reference to the model, interpret the value of the constant p.

(D
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Qu estIOI‘I 8 Main topic: Log Graphs & Exponential Models

8. A dose of antibiotics is given to a patient.

The amount of the antibiotic, x milligrams, in the patient's bloodstream ¢ hours after the
dose was given, is found to satisfy the equation

log,, x = 2.74 - 0.079%

(a) Show that this equation can be written in the form

1

xX=pq

where p and ¢ are constants to be found. Give the value of p to the nearest whole
number and the value of ¢ to 2 significant figures.
4)

(b) With reference to the equation in part (a), interpret the value of the constant p.

(1)

When a different dose of the antibiotic is given to another patient, the values of x and ¢
satisfy the equation

x=400x 14"

X
(c) Use calculus to find, to 2 significant figures, the value of m when =5

3
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Qu estiOI‘l 8 Main topic: Numerical Methods

¥

Figure 4 is a graph showing the velocity of a sprinter during a 100 m race.
The sprinter’s velocity during the race, vms ', is modelled by the equation

v=12-¢"""—12¢"™ {

W

0
where f seconds is the time after the sprinter begins to run.

According to the model,

(a) find, using calculus, the sprinter’s maximum velocity during the race.

&)

Given that the sprinter runs 100m in 7 seconds, such that

[[vdi=100
0
(b) show that T is a solution of the equation
1
T= 5(116 — 16607+ "0 1)

@

The iteration formula

1
T, = E(l 16 — 162 75 + ' 10 _ o m)
is used to find an approximate value for 7’

Using this iteration formula with 7| = 10

(¢) find, to 4 decimal places,

(i) the value of 7,

(i1) the time taken by the sprinter to run the race, according to the model.

(&)
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10.

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

A population of fruit flies is being studied.

The number of fruit flies, F, in the population, ¢ days after the start of the study, is
modelled by the equation

~350¢k
9 4 el

F
where k is a constant.

Use the equation of the model to answer parts (a), (b) and (¢).

(a) Find the number of fruit flies in the population at the start of the study.
1)

Given that there are 200 fruit flies in the population 15 days after the start of the study,

(b) show that k& = L11112

Given also that, when 7 = T, the number of fruit flies in the population is increasing at a
rate of 10 per day,

(c) find the possible values of T, giving your answers to one decimal place.

©)
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Qu estIOI‘I 7 Main topic: Log Graphs & Exponential Models

7. A scientist is studying two different populations of bacteria.

The number of bacteria N in the first population is modelled by the equation

N=4e" 1>0
where A and k are positive constants and 7 i1s the time in hours from the start of
the study.
Given that

* there were 2500 bacteria in this population at the start of the study
» there were 10000 bacteria 8 hours later

(a) find the exact value of 4 and the value of & to 4 significant figures.

3)
The number of bacteria N in the second population is modelled by the equation
N=60000¢ t>0
where 7 is the time in hours from the start of the study.
(b) Find the rate of decrease of bacteria in this population exactly 5 hours from the start
of the study. Give your answer to 3 significant figures.
(2)

When ¢ = T, the number of bacteria in the two different populations was the same.

(c) Find the value of 7, giving your answer to 3 significant figures.

(Solutions relying entirely on calculator technology are not acceptable.)

3)
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6. An area of sea floor is being monitored.

The area of the sea floor, Skm’, covered by coral reefs is modelled by the equation

S=pq'
where p and ¢ are constants and ¢ is the number of years after monitoring began.

Given that

log,, S = 4.5 — 0.006¢

(a) find, according to the model, the area of sea floor covered by coral reefs when =2

(2)
(b) find a complete equation for the model in the form
S=pq
giving the value of p and the value of ¢ each to 3 significant figures.
3)

(c) With reference to the model, interpret the value of the constant ¢

(1)
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7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The curve C has equation

16

T 9G6x - )

w | =

where £ is a positive constant not equal to 3

(a) Find 4 giving your answer in simplest form in terms of &.

(2)
The point P with x coordinate 1 lies on C.
Given that the gradient of the curve at P is —12
(b) find the two possible values of &
3)
Given also that £ < 3
(c) find the equation of the normal to C at P, writing your answer in the
form ax + by + ¢ = 0, where a, b and ¢ are integers to be found.
3)

(d) show, using algebraic integration that,

3

jidxz AIn10
9(3x — k)

1

where A is a constant to be found.

4)



WMA13/01 MAY/JUNE 2024 m Exponentials & Logarithms

Qu estIOI‘I 8 Main topic: Log Graphs & Exponential Models

h A

=Y

Figure 4

Figure 4 is a graph showing the path of a golf ball after the ball has been hit until it first
hits the ground.

The vertical height, & metres, of the ball above the ground has been plotted against the
horizontal distance travelled, x metres, measured from where the ball was hit.

The ball travels a horizontal distance of d metres before it first hits the ground.
The ball is modelled as a particle travelling in a vertical plane above horizontal ground.
The path of the ball is modelled by the equation

h=1.5x—0.5xe"™ 0<x<d
Use the model to answer parts (a), (b) and (c).

(a) Find the value of d, giving your answer to 2 decimal places.

(Solutions relying entirely on calculator technology are not acceptable.)

3)

(b) Show that the maximum value of & occurs when

X = SOIn( 150 )
x+ 50

4)

Using the iteration formula

150 .
X = SUln[ J with x, = 30
" x +50

(c) (i) find the value of x, to 2 decimal places,

(i) find, by repeated iteration, the horizontal distance travelled by the golf ball
before it reaches its maximum height. Give your answer to 2 decimal places.

3
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\

Figure 4

The heart rate of a horse is being monitored.
The heart rate H, measured in beats per minute (bpm), is modelled by the equation

H=32+40e""-20e""
where ¢ minutes is the time after monitoring began.
Figure 4 is a sketch of H against 7.
Use the equation of the model to answer parts (a) to (e).

(a) State the initial heart rate of the horse.

1
In the long term, the heart rate of the horse approaches L bpm.
(b) State the value of L.

1
The heart rate of the horse reaches its maximum value after 7 minutes.
(¢) Find the value of T, giving your answer to 3 decimal places.

(Solutions based entirely on calculator technology are not acceptable.)

(5)
The heart rate of the horse is 37 bpm after M minutes.
(d) Show that M is a solution of the equation

8
t=5In| ——
[1 +4e" )
(2)

Using the iteration formula

8
t  =5In| —— with ¢ =10
n+l [1 + 4670,910 J 1

(e) (i) find, to 4 decimal places, the value of ¢,

(11) find, to 4 decimal places, the value of M
(3)
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_y’ A

v

Figure 1

Figure 1 shows a sketch of part of the curve C with equation y = f(x) where
f(x) = 6+/x In(4x) x>0
The curve cuts the x-axis at point P

(a) State the x coordinate of P
(1)

The point O, shown in Figure 1, is the stationary point on C

(b) Use calculus to find the exact coordinates of Q

(5)
(c) Hence find the range of the function g(x) where

g(x) =-21f(x)
(2)
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6: In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The temperature, @°C, of a computer processor, # minutes after the computer is switched
off, 1s modelled by the equation

6=21+Ae"

where A and k are positive constants.

Given that the temperature of the processor was 75°C when the computer was
switched off,

(a) find the value of A.

(2)
Given also that it takes 5 minutes for the temperature of the processor to decrease from
75°C to 25°C,
(b) find the value of k, giving your answer to 3 significant figures.

3)

At time T minutes, the temperature of the processor is decreasing at a rate of 9°C
per minute.

(¢) Find the value of T according to the model, giving your answer to 2 decimal places.

3
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6. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

5 d
(i) Given y=In(2¢’ +5) find dxy
(2)
(11) A curve C has equation y = f(x) where
21x
f(x) = eR
(x) 3 + k *

where £ is a positive integer, k > 1

Given that

k
I f(x)dx < 7In8
1

find the greatest possible value of &

©)
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8. A curve has equation

Show that

where a, b and n are integers to be found.

(4)
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10.

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Two populations of insects are being studied over the same period of time.

The number of insects N, in population A4, ¢ years after the start of the study, is
modelled by the equation

N, =8000+900e"*
According to the model,

(a) find the rate of growth in the number of insects in population 4 exactly 5 years after
the start of the study.

(2

The number of insects Nyin population B, ¢ years after the start of the study, is
modelled by the equation

N, =8000+ Pe”
where P and k are positive constants.
Given that
* there are 10000 insects in population B at the start of the study
« there are 11570 insects in population B exactly 4 years after the start of the study
» there are the same number of insects in population 4 and population B after T years
find, according to the models,

(b) the exact value of P and the value of & to 3 decimal places,

“4)

(¢) the value of T, giving your answer to one decimal place.

3)



WMA13/01 MAY/JUNE 2026 m Exponentials & Logarithms

Qu estIOI‘I 7 Main topic: Log Graphs & Exponential Models

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The selling price of a car is monitored over a 15-year period.

The selling price P, of the car, in thousands of pounds, 7 years after monitoring began,
is modelled by the equation

P.=7+16e™"  0<t<15

Given that when ¢ = T the selling price of the car is £15000

(a) find, according to the model, the value of 7. Give the answer to 2 decimal places.

3)

(b) Find the value of & when 7 = 5. Give the answer to 2 decimal places.

The selling price of a van 1s monitored over the same 15-year period.

The selling price P, of the van, in thousands of pounds, 7 years after monitoring began,
1s modelled by the equation

P,=4+me’™ 0<1<15
where m 1s a constant.
Use the equations of these models to answer parts (¢) and (d).

Given that P,=36 when =0
(c) (1) state the value of m

(1) find the difference between the initial selling price of the car and the initial
selling price of the van.

3)
When ¢ = a, the selling price of the car is equal to the selling price of the van.

(d) Find, using algebra and showing your working, the value of a, giving the answer to
3 significant figures.

4)
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o Log Graphs & Exponential Models
Question 8

8. The percentage, P, of the population of a small country who have access to the internet, is
modelled by the equation

P=ab'
where a and b are constants and ¢ is the number of years after the start of 2005

Using the data for the years between the start of 2005 and the start of 2010, a graph is
plotted of log , P against ¢.

The points are found to lie approximately on a straight line with gradient 0.09 and intercept
0.68 on the log,, P axis.

(a) Find, according to the model, the value of @ and the value of b, giving your answers
to 2 decimal places.

4

(b) In the context of the model, give a practical interpretation of the constant a.

(1)

(c¢) Use the model to estimate the percentage of the population who had access to the
internet at the start of 2015

2)
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o m Log Graphs & Exponential Models
Question 8

8.

A scientist 1s studying a population of fish in a lake. The number of fish, N, in the
population, ¢ years after the start of the study, is modelled by the equation

~600e"
24 el

t=0

Use the equation of the model to answer parts (a), (b), (c), (d) and (e).

(a) Find the number of fish in the lake at the start of the study.
(1)

(b) Find the upper limit to the number of fish in the lake.
(1)

(c) Find the time, after the start of the study, when there are predicted to be 500 fish in
the lake. Give your answer in years and months to the nearest month.

4)
(d) Show that
dN B Ael]j:
i (2+ e‘”’)2
where A4 is a constant to be found.
3)
) dN
Given that when =T, P 8

(e) find the value of T to one decimal place.

(Solutions relying entirely on calculator technology are not acceptable.)

4
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o m Log Graphs & Exponential Models
Question 7

7 The mass, M kg, of a species of tree can be modelled by the equation
log ,M=193log, r+0.684

where rcm is the base radius of the tree.

The base radius of a particular tree of this species is 45 cm.
According to the model,

(a) find the mass of this tree, giving your answer to 2 significant figures.

(2)
(b) Show that the equation of the model can be written in the form
M= pr?
giving the values of the constants p and ¢ to 3 significant figures.
3)

(c) With reference to the model, interpret the value of the constant p.

(1)
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Question 8

8. A dose of antibiotics is given to a patient.

The amount of the antibiotic, x milligrams, in the patient's bloodstream ¢ hours after the
dose was given, is found to satisfy the equation

log,, x = 2.74 - 0.079

(a) Show that this equation can be written in the form

x=pq"
where p and ¢ are constants to be found. Give the value of p to the nearest whole
number and the value of ¢ to 2 significant figures.

C))

(b) With reference to the equation in part (a), interpret the value of the constant p.

(1)

When a different dose of the antibiotic is given to another patient, the values of x and ¢
satisfy the equation

x=400x1.4"

x
(c) Use calculus to find, to 2 significant figures, the value of T when 1=15

(&)
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10.

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

A population of fruit flies 1s being studied.

The number of fruit flies, F, in the population, ¢ days after the start of the study, is
modelled by the equation

_ 350e*

F =
9 4 ek

where k is a constant.

Use the equation of the model to answer parts (a), (b) and (c).

(a) Find the number of fruit flies in the population at the start of the study.
1)

Given that there are 200 fruit flies in the population 15 days after the start of the study,

(b) show that £ = L1n12

Given also that, when 7 = T, the number of fruit flies in the population is increasing at a
rate of 10 per day,

(¢) find the possible values of T, giving your answers to one decimal place.

)
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o m Log Graphs & Exponential Models
Question 7

7. A scientist is studying two different populations of bacteria.

The number of bacteria N in the first population is modelled by the equation

N=4e" t>0
where A and k are positive constants and 7 is the time in hours from the start of
the study.
Given that

« there were 2500 bacteria in this population at the start of the study
* there were 10000 bacteria 8 hours later

(a) find the exact value of A4 and the value of & to 4 significant figures.

3)
The number of bacteria N in the second population is modelled by the equation
N=60000¢ " t>0
where 7 is the time in hours from the start of the study.
(b) Find the rate of decrease of bacteria in this population exactly 5 hours from the start
of the study. Give your answer to 3 significant figures.
(2)

When ¢t = T, the number of bacteria in the two different populations was the same.

(c) Find the value of 7, giving your answer to 3 significant figures.

(Solutions relying entirely on calculator technology are not acceptable.)

3)
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o m Log Graphs & Exponential Models
Question 6

6. An area of sea floor is being monitored.

The area of the sea floor, Skm’, covered by coral reefs is modelled by the equation
S=pq'

where p and g are constants and ¢ is the number of years after monitoring began.

Given that

log,, S = 4.5 — 0.006¢

(a) find, according to the model, the area of sea floor covered by coral reefs when 7=2

(2)
(b) find a complete equation for the model in the form
S=pq
giving the value of p and the value of ¢ each to 3 significant figures.
3)

(c) With reference to the model, interpret the value of the constant ¢

(1)
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Question 8

hA

A 4

Figure 4

Figure 4 is a graph showing the path of a golf ball after the ball has been hit until it first
hits the ground.

The vertical height, & metres, of the ball above the ground has been plotted against the
horizontal distance travelled, x metres, measured from where the ball was hit.

The ball travels a horizontal distance of d metres before it first hits the ground.
The ball is modelled as a particle travelling in a vertical plane above horizontal ground.
The path of the ball is modelled by the equation

h=15x—0.5xe"™ 0<x<d
Use the model to answer parts (a), (b) and (c).

(a) Find the value of d, giving your answer to 2 decimal places.

(Solutions relying entirely on calculator technology are not acceptable.)

3
(b) Show that the maximum value of & occurs when
X = 501n( 150 )
x+50
C))
Using the iteration formula
X ., = SOIn( 150 J with x, = 30
" x + 350

(¢) (1) find the value of x, to 2 decimal places,

(i) find, by repeated iteration, the horizontal distance travelled by the golf ball
before it reaches its maximum height. Give your answer to 2 decimal places.

3
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Question 8

K

Figure 4

The heart rate of a horse is being monitored.
The heart rate H, measured in beats per minute (bpm), is modelled by the equation

H=32+40e " -20e "
where 7 minutes is the time after monitoring began.
Figure 4 is a sketch of H against .
Use the equation of the model to answer parts (a) to (e).

(a) State the initial heart rate of the horse.

1)
In the long term, the heart rate of the horse approaches L bpm.
(b) State the value of L.

1)
The heart rate of the horse reaches its maximum value after 7 minutes.
(¢) Find the value of T, giving your answer to 3 decimal places.

(Solutions based entirely on calculator technology are not acceptable.)

(3)
The heart rate of the horse is 37 bpm after M minutes.
(d) Show that M is a solution of the equation

8
t=5In| ——
(1 +4e )
(2)

Using the iteration formula

8
{ =5l ———— with ¢ =10
n+l [1 + 4670-9’” J 1

(e) (i) find, to 4 decimal places, the value of ¢,

(i1) find, to 4 decimal places, the value of M

(3
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Question 6

m Log Graphs & Exponential Models

6: In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The temperature, °C, of a computer processor, £ minutes after the computer is switched
off, is modelled by the equation

0=21+4e"

where A and k are positive constants.

Given that the temperature of the processor was 75°C when the computer was
switched off,

(a) find the value of 4.

(2)
Given also that it takes 5 minutes for the temperature of the processor to decrease from
75°C to 25°C,
(b) find the value of k, giving your answer to 3 significant figures.

3

At time T minutes, the temperature of the processor is decreasing at a rate of 9°C
per minute.

(¢) Find the value of T according to the model, giving your answer to 2 decimal places.

3
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Qu estion 1 0 m Log Graphs & Exponential Models

10.

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Two populations of insects are being studied over the same period of time.

The number of insects N, in population A4, ¢ years after the start of the study, is
modelled by the equation

N, =8000+900e"*
According to the model,

(a) find the rate of growth in the number of insects in population 4 exactly 5 years after
the start of the study.

(2)

The number of insects Ny in population B, ¢ years after the start of the study, is
modelled by the equation

N, =8000+ Pe”
where P and k are positive constants.
Given that
* there are 10000 insects in population B at the start of the study
* there are 11570 insects in population B exactly 4 years after the start of the study
« there are the same number of insects in population A4 and population B after T years
find, according to the models,

(b) the exact value of P and the value of & to 3 decimal places,

(C))

(c) the value of 7, giving your answer to one decimal place.

3
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Question 7

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The selling price of a car is monitored over a 15-year period.

The selling price P, of the car, in thousands of pounds, # years after monitoring began,
1s modelled by the equation

P.=7+16e"" 0<t<15

Given that when ¢ = T the selling price of the car is £15000

(a) find, according to the model, the value of 7. Give the answer to 2 decimal places.

3)

(b) Find the value of % when ¢ = 5. Give the answer to 2 decimal places.

: (2)
The selling price of a van is monitored over the same 15-year period.

The selling price P, of the van, in thousands of pounds, ¢ years after monitoring began,
is modelled by the equation

P,=4+me™  0<1<15
where m is a constant.

Use the equations of these models to answer parts (c¢) and (d).

Given that P, = 36 when 7= 0
(c) (1) state the value of m

(1) find the difference between the initial selling price of the car and the initial
selling price of the van.

3)
When ¢ = a, the selling price of the car is equal to the selling price of the van.

(d) Find, using algebra and showing your working, the value of a, giving the answer to
3 significant figures.

4
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Qu estio n 8 m Differentiation Techniques

8. (1) The curve C has equation y = g(x) where

‘ ar
g(x) = e™ sec2x —— <x< —

(a) Find g'(x)
2)

(b) Hence find the x coordinate of the stationary point of C.

3)

(11) A different curve has equation

x = In(sin y) 0<y<%
Show that
y _ @
dx  f(x)

where f(x) is a function of e that should be found.

4)
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Qu estio n 1 0 m Differentiation Techniques

10. The curve C has equation

(a)

(b)

(c)

x = 3sec’ 2y x>3 0<y<%

., dx .
Find — in terms of y.
4 2)
Hence show that

dr _p

dx gxJx -3

where p is irrational and ¢ is an integer, stating the values of p and g¢.

3
Find the equation of the normal to C at the point where y = %, giving your answer

in the form y = mx + ¢, giving m and ¢ as exact irrational numbers.

S)
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Qu estio n 7 m Differentiation Techniques

7. Given that

T
x=6sin*2y 0<y<z

show that

dy 1
dr  AJ(Bx - x?)

where A and B are integers to be found.

)



WMA13/01 OCTOBER 2021

Qu estio n 6 m Differentiation Techniques

6.

(1) The curve C| has equation

y=3In( -5 -4’ +15  x>+5

. . P .
Show that C| has a stationary point at x = By where p is a constant to be found.

4)
(i) A different curve C, has equation
y=4x - 12sin’ x

(a) Show that, for this curve,

dy :
— =4+ Bsin2x
dx

where 4 and B are constants to be found.

(b) Hence, state the maximum gradient of this curve.

C))
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c Differentiation Techniques
Question 8

8. A curve C has equation y = f(x), where
. (1
f(x)= arcsm(ax) —2<x<?2 ——<y<

(a) Sketch C.

1)
(b) Given x = 2siny, show that
v _ 1
dx A - x?
where A4 is a constant to be found.
3)

The point P lies on C and has y coordinate %

(¢) Find the equation of the tangent to C at P. Write your answer in the form y = mx + ¢,
where m and ¢ are constants to be found.

(&)
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Qu estio n 1 0 Differentiation Techniques

10. VA

=V

Figure 3

Figure 3 shows a sketch of the curve C with equation

x=ye” velR
(a) Show that
dv_
dx x(1+2y)

“4)

Given that the straight line with equation x = k, where £ is a constant, cuts C at exactly
two points,

(b) find the range of possible values for «.
(3)
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Qu estio n 6 m Differentiation Techniques

2 + 3sinx

COSX + sinx
Show that

dy atanx+bsecx +c

dx secx + 2sinx

where a, b and ¢ are integers to be found.

(6)
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Qu estio n 1 0 m Differentiation Techniques

10.

=V

Figure 4

Figure 4 shows a sketch of the curve with equation

2y +6
~ 3y-3

X

(a) Find a giving your answer as a fully simplified fraction.
4)

The tangents at points P and Q on the curve are parallel to the y-axis, as shown
in Figure 4.

(b) Use the answer to part (a) to find the equations of these two tangents.

4)
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Qu estio n 1 0 m Differentiation Techniques

10. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

A curve C has equation

|
The point P with x coordinate 1 lies on C

(a) Find the exact y coordinate of P

(2)
_ dx
(b) Find —
dy
(2)
(c) Hence show that & can be written in the form
dy |
dx \/q +r(x+s)°
where ¢,  and s are constants to be found.
3)

Using the answer to part (c),

(d) (1) state the x coordinate of the point where the value of ay 1S a minimum,

. .d L
(11) state the value of Ey at this point.

(2)
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Qu estio n 1 0 m Differentiation Techniques

10.

P(a, b)
0 X
Figure 2
Figure 2 shows a sketch of the curve with equation
T
x=3cos2y 3<x<3 OQ}JQE
(a) Find 5 in terms of y.
(2)
(b) Hence show that
vk
dx 9 — x*
where k£ is a constant to be found.
3)

The point P(a, b) lies on the curve and is shown in Figure 2.
Given that

+ the gradient of the curve at P is —%

* both @ and b are positive

(c) find the exact values of @ and b.

)
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3
C
B /

TN

Figure 2

Figure 2 shows a sketch of the curve C with equation

2 sin| 3y + = ﬂ i
X == — — <y <

3 y 4 Y

The curve intersects the y-axis at the points 4 and B as shown.

(a) Find the exact value of the v coordinate of

* point 4

* point B
(3)

(b) Show that
-
dx p—qx’

where p and ¢ are integers to be found.

4)

The normal to C at 4 and the tangent to C at B intersect at the point D.
Using

* the answer to part (b)

* the sketch of curve C in Figure 2

(¢) find, in simplest form, the exact x coordinate of D.

(4)
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Qu estio n 8 m Differentiation Techniques

8. A curve has equation

Show that

dx B x(b+ (In x)”)

where a, b and n are integers to be found.

4)
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Qu estio n 6 m Differentiation Techniques

6. The curve C has equation

2
X = (3sin2y — 6_y]
T

Given that
. . . T .
* the point P with y coordinate 2 lies on C

* the tangent to C at P cuts the x-axis at the point O

use calculus to find the x coordinate of O

(6)
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QI.I EStIOI‘I 7 Main topic: Applications of Differentiation

=Y

Figure 3
Figure 3 shows a sketch of part of the curve with equation
y=2cos3x—-3x+4 x>0
where x is measured in radians.
The curve crosses the x-axis at the point P, as shown in Figure 3.

Given that the x coordinate of P is «a,

(a) show that & lies between 0.8 and 0.9

)
The iteration formula
1
X073 arccos(1.5x —2)
can be used to find an approximate value for o.
(b) Using this iteration formula with x = 0.8 find, to 4 decimal places, the value of
1 x,
(if) x,
' 3

The point Q and the point R are local minimum points on the curve, as shown in Figure 3.

Given that the x coordinates of O and R are # and A respectively, and that they are the two
smallest values of x at which local minima occur,

(¢) find, using calculus, the exact value of § and the exact value of 4.

(6)
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Qu estIOI‘I 9 Main topic: Applications of Differentiation

9. (a) Given that

423 1042 _
x*—x" —10x° + 3x 95x2+P+ 0
x> —x—12 x—4

x>-3
find the value of the constant P and show that Q = 5
“4)

The curve C has equation y = g(x), where

4 ¥ 10x% +3x-9
gy =2 L — X TX ~3<x<35 xeR
x2—-x-12

(b) Find the equation of the tangent to C at the point where x = 2
Give your answer in the form y = mx + ¢, where m and ¢ are constants to be found.

(S

yil

=y

Figure 4

Figure 4 shows a sketch of the curve C.
The region R, shown shaded in Figure 4, is bounded by C, the y-axis, the x-axis and the
line with equation x =2

(¢) Find the exact area of R, writing your answer in the form « + bln2, where a and b
are constants to be found.

6
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Question 6

(a)

(b)

(c)

(d)

f(x) = xcos(%) x>0

Find f'(x)
Show that the equation f'(x) =0 can be written as
X = karctan(g)
X
where k£ is an integer to be found.

Starting with x, = 2.5 use the iteration formula

k
x,,, = karctan ( —}
X

n

m Differentiation Techniques

Main topic: Numerical Methods

2)

()

with the value of k found in part (b), to calculate the values of x, and x_ giving your

answers to 3 decimal places.

2)

Using a suitable interval and a suitable function that should be stated, show that a root

of f'(x) =0 1is 2.581 correct to 3 decimal places.

2)
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Question 9

3x-2
SO [ S S
() J.3x2—4x+5

(2)

2)
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Qu estIOI‘I 8 Main topic: Log Graphs & Exponential Models

8. A scientist is studying a population of fish in a lake. The number of fish, N, in the
population, ¢ years after the start of the study, is modelled by the equation

B 600e0.3l‘
o 9 4 03

t=0

Use the equation of the model to answer parts (a), (b), (c), (d) and (e).

(a) Find the number of fish in the lake at the start of the study.
(1)

(b) Find the upper limit to the number of fish in the lake.
(1)

(c) Find the time, after the start of the study, when there are predicted to be 500 fish in
the lake. Give your answer in years and months to the nearest month.

4)
(d) Show that
dN B Aeﬂjl
dt (2+ e‘“f)2
where A4 is a constant to be found.
3)
) dN
Given that when =T, a4 =8

(e) find the value of T to one decimal place.

(Solutions relying entirely on calculator technology are not acceptable.)

4
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Qu estiOI‘l 9 Main topic: Numerical Methods

VA

y=1f(x)

=V

Figure 3

Figure 3 shows a sketch of part of the curve with equation y = f(x), where

1

=X

f(x) = x(x* — 4)e 2

(a) Find f'(x).

(2)
The line / is the normal to the curve at O and meets the curve again at the point P.
The point P lies in the 3rd quadrant, as shown in Figure 3.
(b) Show that the x coordinate of P is a solution of the equation
1 \/7'
¥ =oV16 + ¢’
C)

(c) Using the iterative formula

1 T with v =
You = =o\16 4+ e Withy =2

2
find, to 4 decimal places,
(i) the value of x,

(i) the x coordinate of P.

3
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Qu estIOI‘I 6 Main topic: Functions, Composition & Inverses

6. The function f'is defined by

5x -3
f(x) = x>4
x—4
(a) Show, by using calculus, that f is a decreasing function.
3)
(b) Find f™
3)

ax +
(¢) (1) Show that ff(x) = Tre where a, b and ¢ are constants to be found.

(i) Deduce the range of ff.
()
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Qu estIOI‘I 8 Main topic: Log Graphs & Exponential Models

8. A dose of antibiotics is given to a patient.

The amount of the antibiotic, x milligrams, in the patient's bloodstream ¢ hours after the
dose was given, is found to satisfy the equation

log,, x = 2.74 - 0.079%

(a) Show that this equation can be written in the form

1

xX=pq

where p and ¢ are constants to be found. Give the value of p to the nearest whole
number and the value of ¢ to 2 significant figures.
4)

(b) With reference to the equation in part (a), interpret the value of the constant p.

(1)

When a different dose of the antibiotic is given to another patient, the values of x and ¢
satisfy the equation

x=400x 14"

X
(c) Use calculus to find, to 2 significant figures, the value of m when =5

3
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Qu estIOI‘I 6 Main topic: Applications of Differentiation

6.
VA
C
P
0 X
Figure 3

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The function f is defined by

1
f(x) = 5(x* — 2)(4x + 9) x=-=

(a) Show that

B k(5x* +9x - 2)

£'(x) i
(4x +9)?
where £ is an integer to be found.
“4)
(b) Hence, find the values of x for which f'(x) =0
1)
Figure 3 shows a sketch of the curve C with equation y = f(x).
The curve has a local maximum at the point P
(¢) Find the exact coordinates of P
(2)

The function g is defined by

gx)=2f(x)+4 —

L=
VAN
=
VAN
o

(d) Find the range of g
(3)
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Qu estiOI‘l 8 Main topic: Numerical Methods

¥

Figure 4 is a graph showing the velocity of a sprinter during a 100 m race.
The sprinter’s velocity during the race, vms ', is modelled by the equation

v=12-¢"""—12¢"™ {

W

0
where f seconds is the time after the sprinter begins to run.

According to the model,

(a) find, using calculus, the sprinter’s maximum velocity during the race.

&)

Given that the sprinter runs 100m in 7 seconds, such that

[[vdi=100
0
(b) show that T is a solution of the equation
1
T= 5(116 — 16607+ "0 1)

@

The iteration formula

1
T, = E(l 16 — 162 75 + ' 10 _ o m)
is used to find an approximate value for 7’

Using this iteration formula with 7| = 10

(¢) find, to 4 decimal places,

(i) the value of 7,

(i1) the time taken by the sprinter to run the race, according to the model.

(&)
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QI.I EStIOI‘I 9 Main topic: Trig Equations & R-Form

=V

0 \j

M

Figure 5

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
Figure 5 shows the curve with equation

1+ 2cosx T 3
y=— ——<x <=
1+ sinx 2 2

The point M, shown in Figure 5, is the minimum point on the curve.
(a) Show that the x coordinate of M is a solution of the equation

2sinx + cosx=-2

“4)

(b) Hence find, to 3 significant figures, the x coordinate of M.

6
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QI.I EStIOI‘I 7 Main topic: Applications of Differentiation

7. The curve C has equation

x=3tan(}fjr} xeR —E<y<2ir
6 3 3
(a) Show that

d_y_ a

dx x*2+b

where a and b are integers to be found.

(4)
The point P with y coordinate % lies on C.
Given that the tangent to C at P crosses the x-axis at the point Q.

(b) find, in simplest form, the exact x coordinate of Q.

3)
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Qu estiOI‘l 9 Main topic: Numerical Methods

Figure 3

Figure 3 shows a sketch of part of the curve C with equation

y=v3+4e” x>0

(a) Find %, giving your answer in simplest form.

(2)
The point P with x coordinate « lies on C.
Given that the tangent to C at P passes through the origin, as shown in Figure 3,
(b) show that x = a is a solution of the equation
4x%e” —de” ~3=10
(3
(c) Hence show that ¢ lies between 1 and 2
(2)
(d) Show that the equation in part (b) can be written in the form
v
2 (M
The iteration formula
1 2
X, = 5 4+ 3¢

with x; =1 is used to find an approximation for a.
(e) Use the iteration formula to find, to 4 decimal places, the value of
(i) x;

(i) «

3



WMA13/01 JANUARY 2023 m Differentiation Techniques
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10.

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

A population of fruit flies is being studied.

The number of fruit flies, F, in the population, ¢ days after the start of the study, is
modelled by the equation

~350¢k
9 4 el

F
where k is a constant.

Use the equation of the model to answer parts (a), (b) and (¢).

(a) Find the number of fruit flies in the population at the start of the study.
1)

Given that there are 200 fruit flies in the population 15 days after the start of the study,

(b) show that k& = L11112

Given also that, when 7 = T, the number of fruit flies in the population is increasing at a
rate of 10 per day,

(c) find the possible values of T, giving your answers to one decimal place.

©)
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Qu estIOI‘I 7 Main topic: Log Graphs & Exponential Models

7. A scientist is studying two different populations of bacteria.

The number of bacteria N in the first population is modelled by the equation

N=4e" 1>0
where A and k are positive constants and 7 i1s the time in hours from the start of
the study.
Given that

* there were 2500 bacteria in this population at the start of the study
» there were 10000 bacteria 8 hours later

(a) find the exact value of 4 and the value of & to 4 significant figures.

3)
The number of bacteria N in the second population is modelled by the equation
N=60000¢ t>0
where 7 is the time in hours from the start of the study.
(b) Find the rate of decrease of bacteria in this population exactly 5 hours from the start
of the study. Give your answer to 3 significant figures.
(2)

When ¢ = T, the number of bacteria in the two different populations was the same.

(c) Find the value of 7, giving your answer to 3 significant figures.

(Solutions relying entirely on calculator technology are not acceptable.)

3)
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Qu estIOI‘I 8 Main topic: Applications of Differentiation

VA

Figure 3

Figure 3 shows a sketch of the curve C with equation y = f(x), where
f(x)=(2x+ 1)’e™
(a) Show that
f'(x)=AQ2x+ 1) (1 —4x) e ™

where A4 is a constant to be found.

C))

(b) Hence find the exact coordinates of the two stationary points on C.

3)
The function g is defined by
g(x)=8f(x—-2)

(c) Find the coordinates of the maximum stationary point on the curve with equation
y=g(x).
(2)
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Qu estIOI‘I 7 Main topic: Functions, Composition & Inverses

N T~

(0]

Figure 1

Figure 1 shows a sketch of the curve C with equation y = f(x) where
fx) = e (2x2 = 3)
(a) Find the range of f

(2)
(b) Show that
£'(x) = 2x(26% = 3)e™ (4 - Bx?)
where 4 and B are constants to be found.
4)

Given that the line y = k, where k is a constant, k£ > 0, intersects the curve at exactly
two distinct points,

(c) find the exact range of values of k&

4)
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y= 1)

| =

v

Figure 1

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
Figure 1 shows a sketch of the curve with equation y = f(x), where
f(x) = 2¢*"* cos x 0<x<2n

The curve intersects the x-axis at point R, as shown in Figure 1.

(a) State the coordinates of R

1)
The curve has two turning points, at point P and point Q, also shown in Figure 1.
(b) Show that, at points P and O,
asin’ x + bsinx + ¢ = 0
where a, b and ¢ are integers to be found.
4)

(¢) Hence find the x coordinate of point O, giving your answer to 3 decimal places.

2
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7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The curve C has equation

16

T 9G6x - )

w | =

where £ is a positive constant not equal to 3

(a) Find 4 giving your answer in simplest form in terms of &.

(2)
The point P with x coordinate 1 lies on C.
Given that the gradient of the curve at P is —12
(b) find the two possible values of &
3)
Given also that £ < 3
(c) find the equation of the normal to C at P, writing your answer in the
form ax + by + ¢ = 0, where a, b and ¢ are integers to be found.
3)

(d) show, using algebraic integration that,

3

jidxz AIn10
9(3x — k)

1

where A is a constant to be found.

4)
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VA /

LA 4

Figure 3
In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
Figure 3 shows a sketch of part of the curve with equation
y = a7
The line /, shown in Figure 3, is the normal to the curve at the point P(8, 5)

(a) Use calculus to show that an equation of / is

5x+2y-50=0
()

The region R, shown shaded in Figure 3, is bounded by the curve, the x-axis and /.

(b) Use algebraic integration to find the exact area of R.

@
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h A

=Y

Figure 4

Figure 4 is a graph showing the path of a golf ball after the ball has been hit until it first
hits the ground.

The vertical height, & metres, of the ball above the ground has been plotted against the
horizontal distance travelled, x metres, measured from where the ball was hit.

The ball travels a horizontal distance of d metres before it first hits the ground.
The ball is modelled as a particle travelling in a vertical plane above horizontal ground.
The path of the ball is modelled by the equation

h=1.5x—0.5xe"™ 0<x<d
Use the model to answer parts (a), (b) and (c).

(a) Find the value of d, giving your answer to 2 decimal places.

(Solutions relying entirely on calculator technology are not acceptable.)

3)

(b) Show that the maximum value of & occurs when

X = SOIn( 150 )
x+ 50

4)

Using the iteration formula

150 .
X = SUln[ J with x, = 30
" x +50

(c) (i) find the value of x, to 2 decimal places,

(i) find, by repeated iteration, the horizontal distance travelled by the golf ball
before it reaches its maximum height. Give your answer to 2 decimal places.

3
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VA

/

=V

Figure 5

The curve shown in Figure 5 has equation

x=4sin’y — 1 ogyg%

The point P(k, %J lies on the curve.

(a) Verify that k=2

1)
. . dx .
(b) (i) Find — interms of y
dy

.. dy |

ii) Hence show that — = —M ———

W dx 24yx+14J3-x
(6)

The normal to the curve at P cuts the x-axis at the point N.
(c) Find the exact area of triangle OPN, where O is the origin.

. - ~ 2
Give your answer in the form ar + bz~ where a and b are constants.

3)
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V A

v

Figure 3

The curve C has equation y = f(x), where

fx)=x"Va4x+7 x}—%

(a) Show that

for* (2x +3)
="

where £ is a constant to be found.

4)
The point P, shown in Figure 3, is the minimum turning point on C.
(b) Find the coordinates of P.
(2)
(c) Hence find the range of the function g defined by
7
g(x)=-41(x) xéfz
(2)

The point Q with coordinates (% gj lies on C.

(d) Find the coordinates of the point to which Q is mapped when C is transformed to

the curve with equation
3
y—40f(x) -8
2

(2)
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\

Figure 4

The heart rate of a horse is being monitored.
The heart rate H, measured in beats per minute (bpm), is modelled by the equation

H=32+40e""-20e""
where ¢ minutes is the time after monitoring began.
Figure 4 is a sketch of H against 7.
Use the equation of the model to answer parts (a) to (e).

(a) State the initial heart rate of the horse.

1
In the long term, the heart rate of the horse approaches L bpm.
(b) State the value of L.

1
The heart rate of the horse reaches its maximum value after 7 minutes.
(¢) Find the value of T, giving your answer to 3 decimal places.

(Solutions based entirely on calculator technology are not acceptable.)

(5)
The heart rate of the horse is 37 bpm after M minutes.
(d) Show that M is a solution of the equation

8
t=5In| ——
[1 +4e" )
(2)

Using the iteration formula

8
t  =5In| —— with ¢ =10
n+l [1 + 4670,910 J 1

(e) (i) find, to 4 decimal places, the value of ¢,

(11) find, to 4 decimal places, the value of M
(3)
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Figure 5
Figure 5 shows a sketch of part of the curve C with equation y = f(x) where

6x* +4x -2 1
f(x):L r>_=
2x +1 2

(a) Find f'(x), giving the answer in simplest form.

(3)
The line / is the normal to C at the point P(2, 6)
(b) Show that an equation for / is
16y +5x =106
3)
(c) Write f (x) in the form Ax+ B+ T a1 where A4, B and D are constants.
3)

The region R, shown shaded in Figure 5, is bounded by C, / and the x-axis.

(d) Use algebraic integration to find the exact area of R, giving vour answer in the
form P+ QIn3, where P and Q are rational constants,

(Solutions based entirely on calculator technology are not acceptable.)

(©)



WMA13/01 JANUARY 2025 m Differentiation Techniques

Qu estIOI‘I 9 Main topic: Applications of Differentiation

_y’ A

v

Figure 1

Figure 1 shows a sketch of part of the curve C with equation y = f(x) where
f(x) = 6+/x In(4x) x>0
The curve cuts the x-axis at point P

(a) State the x coordinate of P
(1)

The point O, shown in Figure 1, is the stationary point on C

(b) Use calculus to find the exact coordinates of Q

(5)
(c) Hence find the range of the function g(x) where

g(x) =-21f(x)
(2)
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6: In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The temperature, @°C, of a computer processor, # minutes after the computer is switched
off, 1s modelled by the equation

6=21+Ae"

where A and k are positive constants.

Given that the temperature of the processor was 75°C when the computer was
switched off,

(a) find the value of A.

(2)
Given also that it takes 5 minutes for the temperature of the processor to decrease from
75°C to 25°C,
(b) find the value of k, giving your answer to 3 significant figures.

3)

At time T minutes, the temperature of the processor is decreasing at a rate of 9°C
per minute.

(¢) Find the value of T according to the model, giving your answer to 2 decimal places.

3
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7: A continuous curve has equation

y=-¢ “sin3x 0

N

=

V/A)
WA

The curve has a stationary point at the point P.

(a) Show, using calculus, that the x coordinate of P is a solution of the equation

o
X = —arctan| —
3 2x

(4)
Using the iteration formula
X, = larctan 3 x, =04
3 2x,
(b) find the value of
(i) x,
(i1) x,
giving your answers to 4 decimal places.
3)

(¢) Using a suitable interval and a suitable function which should be stated, show that
the x coordinate of P is 0.430 correct to 3 decimal places.

(2)
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Question 6

6. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

5 d
(i) Given y=In(2¢’ +5) find dxy
(2)
(11) A curve C has equation y = f(x) where
21x
f(x) = eR
(x) 3 + k *

where £ is a positive integer, k > 1

Given that

k
I f(x)dx < 7In8
1

find the greatest possible value of &

©)
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7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

A curve C has equation

X2+ (3k=2)x

y = 2xe

where k is a constant.

Given that C has two distinct turning points, find the range of possible values of k.

(7
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10.

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Two populations of insects are being studied over the same period of time.

The number of insects N, in population A4, ¢ years after the start of the study, is
modelled by the equation

N, =8000+900e"*
According to the model,

(a) find the rate of growth in the number of insects in population 4 exactly 5 years after
the start of the study.

(2

The number of insects Nyin population B, ¢ years after the start of the study, is
modelled by the equation

N, =8000+ Pe”
where P and k are positive constants.
Given that
* there are 10000 insects in population B at the start of the study
« there are 11570 insects in population B exactly 4 years after the start of the study
» there are the same number of insects in population 4 and population B after T years
find, according to the models,

(b) the exact value of P and the value of & to 3 decimal places,

“4)

(¢) the value of T, giving your answer to one decimal place.

3)
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7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The selling price of a car is monitored over a 15-year period.

The selling price P, of the car, in thousands of pounds, 7 years after monitoring began,
is modelled by the equation

P.=7+16e™"  0<t<15

Given that when ¢ = T the selling price of the car is £15000

(a) find, according to the model, the value of 7. Give the answer to 2 decimal places.

3)

(b) Find the value of & when 7 = 5. Give the answer to 2 decimal places.

The selling price of a van 1s monitored over the same 15-year period.

The selling price P, of the van, in thousands of pounds, 7 years after monitoring began,
1s modelled by the equation

P,=4+me’™ 0<1<15
where m 1s a constant.
Use the equations of these models to answer parts (¢) and (d).

Given that P,=36 when =0
(c) (1) state the value of m

(1) find the difference between the initial selling price of the car and the initial
selling price of the van.

3)
When ¢ = a, the selling price of the car is equal to the selling price of the van.

(d) Find, using algebra and showing your working, the value of a, giving the answer to
3 significant figures.

4)
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Qu estio n 7 m Applications of Differentiation

=V

Figure 3
Figure 3 shows a sketch of part of the curve with equation
v=2cos3x-3x+4 x>0
where x is measured in radians.
The curve crosses the x-axis at the point P, as shown in Figure 3.

Given that the x coordinate of P is a,

(a) show that & lies between 0.8 and 0.9

(2)
The iteration formula
|
X .= 3 arccos(1.5x —2)
can be used to find an approximate value for a.
(b) Using this iteration formula with x = 0.8 find, to 4 decimal places, the value of
@ x,
(ii) x,
' 3

The point Q and the point R are local minimum points on the curve, as shown in Figure 3.

Given that the x coordinates of Q and R are /5 and A respectively, and that they are the two
smallest values of x at which local minima occur,

(c) find, using calculus, the exact value of /# and the exact value of 4.

(6)
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9. (a) Given that

4 _ 3 102 _
x* —x" —10x* + 3x 9Ex2+P+ 0
x2—-x—12 x—4

x>-3
find the value of the constant P and show that O = 5
4)

The curve C has equation y = g(x), where

43 10x2 +3x -9
e e R ~3<x<35 xeR
x2—-x—-12

(b) Find the equation of the tangent to C at the point where x = 2
Give your answer in the form y = mx + ¢, where m and ¢ are constants to be found.

6

yil

=y

Figure 4

Figure 4 shows a sketch of the curve C.
The region R, shown shaded in Figure 4, is bounded by C, the y-axis, the x-axis and the
line with equation x =2

(¢) Find the exact area of R, writing your answer in the form a + bln2, where a and b
are constants to be found.

(S
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6.
VA
C
P
0 X
Figure 3

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The function f is defined by

1
f(x)=5(x"—2)(4x +9)? X ==

(a) Show that

3 k(5x% +9x - 2)

t'(x) ]
(4x +9)?
where £ is an integer to be found.
(C))
(b) Hence, find the values of x for which f'(x) =0
1)
Figure 3 shows a sketch of the curve C with equation y = f(x).
The curve has a local maximum at the point P
(¢) Find the exact coordinates of P
(2)

The function g is defined by

glx)=2f(x)+4 -

o
/AN
=
/AN
o

(d) Find the range of g
3)
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7. The curve C has equation

x=3tan(y—£} xeR —E<y<2—jFI
6 3 3
(a) Show that

d_yi a

dx x*+6b

where a and b are integers to be found.

4)
The point P with y coordinate 7; lies on C.
Given that the tangent to C at P crosses the x-axis at the point Q.

(b) find, in simplest form, the exact x coordinate of Q.

©)
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VA

Figure 3

Figure 3 shows a sketch of the curve C with equation y = f(x), where
f(x)=(2x+1)'e™
(a) Show that
') =A2x + 1)’ (1 —4x) e ™

where A4 1s a constant to be found.

)

(b) Hence find the exact coordinates of the two stationary points on C.

3
The function g is defined by
g(x)=8f(x —2)

(c) Find the coordinates of the maximum stationary point on the curve with equation
y=g(x).
(2)
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. Applications of Differentiation
Question 6

Va P

y=1(x)

| 5]

Figure 1

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
Figure 1 shows a sketch of the curve with equation y = f(x), where
f(x) = 2¢**"" cos x 0< x< 2

The curve intersects the x-axis at point R, as shown in Figure 1.

(a) State the coordinates of R

1)
The curve has two turning points, at point P and point 0, also shown in Figure 1.
(b) Show that, at points P and O,
asin’x + bsinx + ¢ =0
where a, b and ¢ are integers to be found.
4)

(¢) Hence find the x coordinate of point O, giving your answer to 3 decimal places.

(2
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Question 7

m Applications of Differentiation

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The curve C has equation

16

=— X #
93x — k)

Y

W | =

where £ is a positive constant not equal to 3

(a) Find d_y giving your answer in simplest form in terms of k.
X

(2)
The point P with x coordinate 1 lies on C.
Given that the gradient of the curve at P is —12
(b) find the two possible values of &
(3)
Given also that k < 3
(c) find the equation of the normal to C at P, writing your answer in the
form ax + by + ¢ = 0, where a, b and ¢ are integers to be found.
3)

(d) show, using algebraic integration that,

3

deF 21n10
9(3x — k)
1

where 4 1s a constant to be found.

4
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m Applications of Differentiation

i

Figure 3

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.
Figure 3 shows a sketch of part of the curve with equation
N e
The line /, shown in Figure 3, is the normal to the curve at the point P(8, 5)

(a) Use calculus to show that an equation of / is

5x+2y-50=0
)]

The region R, shown shaded in Figure 3, is bounded by the curve, the x-axis and /.

(b) Use algebraic integration to find the exact area of R.

“4)
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Question 9

m Applications of Differentiation

VA

/

=V

Figure 5

The curve shown in Figure 5 has equation

x = 4sin’y - 1 ogygg

The point P[k, %) lies on the curve.

(a) Verify that k=2

(1
) . dx .
(b) (1) Find — in terms of y
dy

- dy 1

11) Hence show that — = ————

W dx 2Jx+1J3-x
(6)

The normal to the curve at P cuts the x-axis at the point N.
(c) Find the exact area of triangle OPN, where O is the origin.

. . - 2
Give your answer in the form arx + bz~ where a and b are constants.

3



WMA13/01 JANUARY 2025

Qu estio n 9 m Applications of Differentiation

_,V 3

v

Figure 1

Figure 1 shows a sketch of part of the curve C with equation y = f(x) where
f(x) = 6x In(4x) x>0
The curve cuts the x-axis at point P

(a) State the x coordinate of P

1)
The point O, shown in Figure 1, is the stationary point on C

(b) Use calculus to find the exact coordinates of O

(5)
(¢) Hence find the range of the function g(x) where

g(x) = -2f(x)
(2)
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. Applications of Differentiation
Question 7

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

A curve C has equation

X2+ (3k=2)x

y = 2xe

where k is a constant.

Given that C has two distinct turning points, find the range of possible values of .

(7)
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Question 8

8.

(1) The curve C has equation y = g(x) where

‘ ;:r
g(x) = e™ sec2x —— <x< —

(a) Find g'(x)
(b) Hence find the x coordinate of the stationary point of C.

(i1) A different curve has equation

T
x = In(sin y) 0<y<5
Show that
dy _ &
dx  f(x)

where f(x) is a function of e that should be found.

m Applications of Differentiation

Main topic: Differentiation Techniques

2)

3)

4
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Question 6

(a)

(b)

(c)

(d)

f(x) = xcos(%) x>0

Find f'(x)
Show that the equation f'(x) =0 can be written as
X = karctan(g)
X
where k£ is an integer to be found.

Starting with x, = 2.5 use the iteration formula

k
x,,, = karctan ( —}
X

n

m Applications of Differentiation

Main topic: Numerical Methods

2)

()

with the value of k found in part (b), to calculate the values of x, and x_ giving your

answers to 3 decimal places.

2)

Using a suitable interval and a suitable function that should be stated, show that a root

of f'(x) =0 1is 2.581 correct to 3 decimal places.

2)
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10. The curve C has equation

(a)

(b)

(c)

x =3sec’2y  x>3 0<y<%

dx
Find — in terms of y.

& )
Hence show that

dv__»p

dx gxJx -3

where p is irrational and ¢ is an integer, stating the values of p and g¢.

3)
Find the equation of the normal to C at the point where y = %, giving your answer

in the form y = mx + ¢, giving m and ¢ as exact irrational numbers.

S))
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8. A scientist is studying a population of fish in a lake. The number of fish, N, in the
population, ¢ years after the start of the study, is modelled by the equation

B 600e0.3l‘
o 9 4 03

t=0

Use the equation of the model to answer parts (a), (b), (c), (d) and (e).

(a) Find the number of fish in the lake at the start of the study.
(1)

(b) Find the upper limit to the number of fish in the lake.
(1)

(c) Find the time, after the start of the study, when there are predicted to be 500 fish in
the lake. Give your answer in years and months to the nearest month.

4)
(d) Show that
dN B Aeﬂjl
dt (2+ e‘“f)2
where A4 is a constant to be found.
3)
) dN
Given that when =T, a4 =8

(e) find the value of T to one decimal place.

(Solutions relying entirely on calculator technology are not acceptable.)

4
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Qu estIOI‘I 6 Main topic: Differentiation Techniques

6.

(1) The curve C| has equation

y=3InG>-5) -4 +15  x>5

. . P .
Show that C| has a stationary point at x = B3 where p 1s a constant to be found.

“4)
(i) A different curve C, has equation
y=4x—12sin’ x

(a) Show that, for this curve,

dy .
— =A+ Bsin2x
dx

where 4 and B are constants to be found.

(b) Hence, state the maximum gradient of this curve.

C))
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8. A curve C has equation y = f(x), where
f(x) = arcsin[;x) -2<x<2 ——<y<

(a) Sketch C.

1)
(b) Given x = 2siny, show that
dy 1
dx A - xz
where A4 is a constant to be found.
3)

The point P lies on C and has y coordinate %

(c) Find the equation of the tangent to C at P. Write your answer in the form y = mx + ¢,
where m and ¢ are constants to be found.

3
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VA

y=1f(x)

=V

Figure 3

Figure 3 shows a sketch of part of the curve with equation y = f(x), where

1

=X

f(x) = x(x* — 4)e 2

(a) Find f'(x).

(2)
The line / is the normal to the curve at O and meets the curve again at the point P.
The point P lies in the 3rd quadrant, as shown in Figure 3.
(b) Show that the x coordinate of P is a solution of the equation
1 \/7'
¥ =oV16 + ¢’
C)

(c) Using the iterative formula

1 T with v =
You = =o\16 4+ e Withy =2

2
find, to 4 decimal places,
(i) the value of x,

(i) the x coordinate of P.

3
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6. The function f'is defined by

5x -3
f(x) = x>4
x—4
(a) Show, by using calculus, that f is a decreasing function.
3)
(b) Find f™
3)

ax +
(¢) (1) Show that ff(x) = Tre where a, b and ¢ are constants to be found.

(i) Deduce the range of ff.
()
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8. A dose of antibiotics is given to a patient.

The amount of the antibiotic, x milligrams, in the patient's bloodstream ¢ hours after the
dose was given, is found to satisfy the equation

log,, x = 2.74 - 0.079%

(a) Show that this equation can be written in the form

1

xX=pq

where p and ¢ are constants to be found. Give the value of p to the nearest whole
number and the value of ¢ to 2 significant figures.
4)

(b) With reference to the equation in part (a), interpret the value of the constant p.

(1)

When a different dose of the antibiotic is given to another patient, the values of x and ¢
satisfy the equation

x=400x 14"

X
(c) Use calculus to find, to 2 significant figures, the value of m when =5

3
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10. VA

=V

Figure 3

Figure 3 shows a sketch of the curve C with equation

x=ye” yelR
(a) Show that
Y__r
dx x(1+2y)

(C))

Given that the straight line with equation x = k, where £ is a constant, cuts C at exactly
two points,

(b) find the range of possible values for £.
(3)
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¥

Figure 4 is a graph showing the velocity of a sprinter during a 100 m race.
The sprinter’s velocity during the race, vms ', is modelled by the equation

v=12-¢"""—12¢"™ {

W

0
where f seconds is the time after the sprinter begins to run.

According to the model,

(a) find, using calculus, the sprinter’s maximum velocity during the race.

&)

Given that the sprinter runs 100m in 7 seconds, such that

[[vdi=100
0
(b) show that T is a solution of the equation
1
T= 5(116 — 16607+ "0 1)

@

The iteration formula

1
T, = E(l 16 — 162 75 + ' 10 _ o m)
is used to find an approximate value for 7’

Using this iteration formula with 7| = 10

(¢) find, to 4 decimal places,

(i) the value of 7,

(i1) the time taken by the sprinter to run the race, according to the model.

(&)
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M

Figure 5

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
Figure 5 shows the curve with equation

1+ 2cosx T 3
y=— ——<x <=
1+ sinx 2 2

The point M, shown in Figure 5, is the minimum point on the curve.
(a) Show that the x coordinate of M is a solution of the equation

2sinx + cosx=-2

“4)

(b) Hence find, to 3 significant figures, the x coordinate of M.

6
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Figure 3

Figure 3 shows a sketch of part of the curve C with equation

y=v3+4e” x>0

(a) Find %, giving your answer in simplest form.

(2)
The point P with x coordinate « lies on C.
Given that the tangent to C at P passes through the origin, as shown in Figure 3,
(b) show that x = a is a solution of the equation
4x%e” —de” ~3=10
(3
(c) Hence show that ¢ lies between 1 and 2
(2)
(d) Show that the equation in part (b) can be written in the form
v
2 (M
The iteration formula
1 2
X, = 5 4+ 3¢

with x; =1 is used to find an approximation for a.
(e) Use the iteration formula to find, to 4 decimal places, the value of
(i) x;

(i) «

3
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In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

A population of fruit flies is being studied.

The number of fruit flies, F, in the population, ¢ days after the start of the study, is
modelled by the equation

~350¢k
9 4 el

F
where k is a constant.

Use the equation of the model to answer parts (a), (b) and (¢).

(a) Find the number of fruit flies in the population at the start of the study.
1)

Given that there are 200 fruit flies in the population 15 days after the start of the study,

(b) show that k& = L11112

Given also that, when 7 = T, the number of fruit flies in the population is increasing at a
rate of 10 per day,

(c) find the possible values of T, giving your answers to one decimal place.

©)
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7. A scientist is studying two different populations of bacteria.

The number of bacteria N in the first population is modelled by the equation

N=4e" 1>0
where A and k are positive constants and 7 i1s the time in hours from the start of
the study.
Given that

* there were 2500 bacteria in this population at the start of the study
» there were 10000 bacteria 8 hours later

(a) find the exact value of 4 and the value of & to 4 significant figures.

3)
The number of bacteria N in the second population is modelled by the equation
N=60000¢ t>0
where 7 is the time in hours from the start of the study.
(b) Find the rate of decrease of bacteria in this population exactly 5 hours from the start
of the study. Give your answer to 3 significant figures.
(2)

When ¢ = T, the number of bacteria in the two different populations was the same.

(c) Find the value of 7, giving your answer to 3 significant figures.

(Solutions relying entirely on calculator technology are not acceptable.)

3)
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=V

Figure 4

Figure 4 shows a sketch of the curve with equation

2y"+6
C 3p-3

X

dx
(a) Find a giving your answer as a fully simplified fraction.

4)

The tangents at points P and Q on the curve are parallel to the y-axis, as shown
in Figure 4.

(b) Use the answer to part (a) to find the equations of these two tangents.

)
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N T~

(0]

Figure 1

Figure 1 shows a sketch of the curve C with equation y = f(x) where
fx) = e (2x2 = 3)
(a) Find the range of f

(2)
(b) Show that
£'(x) = 2x(26% = 3)e™ (4 - Bx?)
where 4 and B are constants to be found.
4)

Given that the line y = k, where k is a constant, k£ > 0, intersects the curve at exactly
two distinct points,

(c) find the exact range of values of k&

4)
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10. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

A curve C has equation

: . : 1.
The point P with x coordinate 1 lies on C

(a) Find the exact y coordinate of P

(2)
(b) Find dr
ind —
dy
(2)
(c) Hence show that % can be written in the form
dy |
dx \/q +r(x+s)°
where ¢,  and s are constants to be found.
3)

Using the answer to part (c),

(d) (1) state the x coordinate of the point where the value of ay 1S a minimum,

. .d .
(1) state the value of ay at this point.

(2)
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=Y

Figure 4

Figure 4 is a graph showing the path of a golf ball after the ball has been hit until it first
hits the ground.

The vertical height, & metres, of the ball above the ground has been plotted against the
horizontal distance travelled, x metres, measured from where the ball was hit.

The ball travels a horizontal distance of d metres before it first hits the ground.
The ball is modelled as a particle travelling in a vertical plane above horizontal ground.
The path of the ball is modelled by the equation

h=1.5x—0.5xe"™ 0<x<d
Use the model to answer parts (a), (b) and (c).

(a) Find the value of d, giving your answer to 2 decimal places.

(Solutions relying entirely on calculator technology are not acceptable.)

3)

(b) Show that the maximum value of & occurs when

X = SOIn( 150 )
x+ 50

4)

Using the iteration formula

150 .
X = SUln[ J with x, = 30
" x +50

(c) (i) find the value of x, to 2 decimal places,

(i) find, by repeated iteration, the horizontal distance travelled by the golf ball
before it reaches its maximum height. Give your answer to 2 decimal places.

3



WMA13/01 OCTOBER 2024 m Applications of Differentiation

Qu estIO n 7 Main topic: Graph Transformations

V A

v

Figure 3

The curve C has equation y = f(x), where

fx)=x"Va4x+7 x}—%

(a) Show that

for* (2x +3)
="

where £ is a constant to be found.

4)
The point P, shown in Figure 3, is the minimum turning point on C.
(b) Find the coordinates of P.
(2)
(c) Hence find the range of the function g defined by
7
g(x)=-41(x) xéfz
(2)

The point Q with coordinates (% gj lies on C.

(d) Find the coordinates of the point to which Q is mapped when C is transformed to

the curve with equation
3
y—40f(x) -8
2

(2)
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\

Figure 4

The heart rate of a horse is being monitored.
The heart rate H, measured in beats per minute (bpm), is modelled by the equation

H=32+40e""-20e""
where ¢ minutes is the time after monitoring began.
Figure 4 is a sketch of H against 7.
Use the equation of the model to answer parts (a) to (e).

(a) State the initial heart rate of the horse.

1
In the long term, the heart rate of the horse approaches L bpm.
(b) State the value of L.

1
The heart rate of the horse reaches its maximum value after 7 minutes.
(¢) Find the value of T, giving your answer to 3 decimal places.

(Solutions based entirely on calculator technology are not acceptable.)

(5)
The heart rate of the horse is 37 bpm after M minutes.
(d) Show that M is a solution of the equation

8
t=5In| ——
[1 +4e" )
(2)

Using the iteration formula

8
t  =5In| —— with ¢ =10
n+l [1 + 4670,910 J 1

(e) (i) find, to 4 decimal places, the value of ¢,

(11) find, to 4 decimal places, the value of M
(3)
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Figure 5
Figure 5 shows a sketch of part of the curve C with equation y = f(x) where

6x* +4x -2 1
f(x):L r>_=
2x +1 2

(a) Find f'(x), giving the answer in simplest form.

(3)
The line / is the normal to C at the point P(2, 6)
(b) Show that an equation for / is
16y +5x =106
3)
(c) Write f (x) in the form Ax+ B+ T a1 where A4, B and D are constants.
3)

The region R, shown shaded in Figure 5, is bounded by C, / and the x-axis.

(d) Use algebraic integration to find the exact area of R, giving vour answer in the
form P+ QIn3, where P and Q are rational constants,

(Solutions based entirely on calculator technology are not acceptable.)

(©)
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10.

P(a, b)
0 X
Figure 2
Figure 2 shows a sketch of the curve with equation
T
x=23cos2y -3<x<3 Ogvfgg
(a) Find @ in terms of y.
(2)
(b) Hence show that
d Kk
dx 9 — x’
where £ is a constant to be found.
(3)

The point P(a, b) lies on the curve and is shown in Figure 2.
Given that

» the gradient of the curve at P is i

* both @ and b are positive

(¢) find the exact values of @ and b.

Q)
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6: In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The temperature, @°C, of a computer processor, # minutes after the computer is switched
off, 1s modelled by the equation

6=21+Ae"

where A and k are positive constants.

Given that the temperature of the processor was 75°C when the computer was
switched off,

(a) find the value of A.

(2)
Given also that it takes 5 minutes for the temperature of the processor to decrease from
75°C to 25°C,
(b) find the value of k, giving your answer to 3 significant figures.

3)

At time T minutes, the temperature of the processor is decreasing at a rate of 9°C
per minute.

(¢) Find the value of T according to the model, giving your answer to 2 decimal places.

3



WMA13/01 MAY/JUNE 2025 m Applications of Differentiation

Qu estiOI‘l 7 Main topic: Numerical Methods

7: A continuous curve has equation

y=-¢ “sin3x 0

N

=

V/A)
WA

The curve has a stationary point at the point P.

(a) Show, using calculus, that the x coordinate of P is a solution of the equation

o
X = —arctan| —
3 2x

(4)
Using the iteration formula
X, = larctan 3 x, =04
3 2x,
(b) find the value of
(i) x,
(i1) x,
giving your answers to 4 decimal places.
3)

(¢) Using a suitable interval and a suitable function which should be stated, show that
the x coordinate of P is 0.430 correct to 3 decimal places.

(2)
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Figure 2

Figure 2 shows a sketch of the curve C with equation

x—gsin 3y+E 1< <37r
3 4 Y

The curve intersects the y-axis at the points 4 and B as shown.

(a) Find the exact value of the y coordinate of

*  point 4

* point B
(3)

(b) Show that
CHRP=
dx p - gx*

where p and ¢ are integers to be found.

(4)

The normal to C at 4 and the tangent to C at B intersect at the point D.
Using

* the answer to part (b)

* the sketch of curve C in Figure 2

(c) find, in simplest form, the exact x coordinate of D.

4
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10.

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Two populations of insects are being studied over the same period of time.

The number of insects N, in population A4, ¢ years after the start of the study, is
modelled by the equation

N, =8000+900e"*
According to the model,

(a) find the rate of growth in the number of insects in population 4 exactly 5 years after
the start of the study.

(2

The number of insects Nyin population B, ¢ years after the start of the study, is
modelled by the equation

N, =8000+ Pe”
where P and k are positive constants.
Given that
* there are 10000 insects in population B at the start of the study
« there are 11570 insects in population B exactly 4 years after the start of the study
» there are the same number of insects in population 4 and population B after T years
find, according to the models,

(b) the exact value of P and the value of & to 3 decimal places,

“4)

(¢) the value of T, giving your answer to one decimal place.

3)
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6. The curve C has equation

Given that
. . . T .
* the point P with y coordinate 2 lies on C

« the tangent to C at P cuts the x-axis at the point O

use calculus to find the x coordinate of Q

(6)
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7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The selling price of a car is monitored over a 15-year period.

The selling price P, of the car, in thousands of pounds, 7 years after monitoring began,
is modelled by the equation

P.=7+16e™"  0<t<15

Given that when ¢ = T the selling price of the car is £15000

(a) find, according to the model, the value of 7. Give the answer to 2 decimal places.

3)

(b) Find the value of & when 7 = 5. Give the answer to 2 decimal places.

The selling price of a van 1s monitored over the same 15-year period.

The selling price P, of the van, in thousands of pounds, 7 years after monitoring began,
1s modelled by the equation

P,=4+me’™ 0<1<15
where m 1s a constant.
Use the equations of these models to answer parts (¢) and (d).

Given that P,=36 when =0
(c) (1) state the value of m

(1) find the difference between the initial selling price of the car and the initial
selling price of the van.

3)
When ¢ = a, the selling price of the car is equal to the selling price of the van.

(d) Find, using algebra and showing your working, the value of a, giving the answer to
3 significant figures.

4)
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. Integration
Question 8 EIED (eegone

8.

(1) Find, using algebraic integration, the exact value of

42
J‘ 2 dx
3 3x -1

giving your answer in simplest form.

4)

23 = Txr +8x+1
(x—=1)°

x> 1

(i) h(x) =

C
Given h(x) = Ax + B+ ————5 where 4, B and C are constants to be found, find

(x—1
J.h(x) dx

(6)
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Question 9 Q@D (g

3x-2
SO [ S S
() J.3x2—4x+5

(2)

2)
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QueStion 10 Integration

10.

~ AN v
0 a

=V

Figure 4

Figure 4 shows a sketch of part of the curve with equation
y=(1+2cos2x)’
(a) Show that
(1 +2cos2x)*=p + gcos2x + rcosdx

where p, g and r are constants to be found.

(2)
The curve touches the positive x-axis for the second time when x = a, as shown in Figure 4.

The regions bounded by the curve, the y-axis and the x-axis up to x = a are shown shaded
in Figure 4.

(b) Find, using algebraic integration and making your method clear, the exact total area
of the shaded regions. Write your answer in simplest form.

©)
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. Integration
Question 8 @D (g

8. Find, in simplest form,

J.(Z cos x — sinx)” dx
5
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. Integration
Question 9 EIED) (g

o/ ¢

Figure 5

Figure 5 shows a sketch of part of the curve C with equation y = f(x) where

£ 6x° +4x -2 - 1
X)=——— X>——=
2x +1 2

(a) Find f'(x), giving the answer in simplest form.

3)
The line / is the normal to C at the point P(2, 6)
(b) Show that an equation for / is
16y + 5x =106
3)
(¢) Write f(x) in the form Ax + B + S where A4, B and D are constants.
3)

The region R, shown shaded in Figure 5, is bounded by C, [ and the x-axis.

(d) Use algebraic integration to find the exact area of R, giving your answer in the
form P+ QIn3, where P and O are rational constants.

(Solutions based entirely on calculator technology are not acceptable.)

)
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QU eStion 6 Integration

6. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

5 d
(i) Given y=In(2¢’ +5) find dxy
(2)
(11) A curve C has equation y = f(x) where
21x
f(x) = eR
(x) 3 + k *

where £ is a positive integer, k > 1

Given that

k
I f(x)dx < 7In8
1

find the greatest possible value of &

©)
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9. (a) Given that

423 1042 _
x*—x" —10x° + 3x 95x2+P+ 0
x> —x—12 x—4

x>-3
find the value of the constant P and show that Q = 5
“4)

The curve C has equation y = g(x), where

4 ¥ 10x% +3x-9
gy =2 L — X TX ~3<x<35 xeR
x2—-x-12

(b) Find the equation of the tangent to C at the point where x = 2
Give your answer in the form y = mx + ¢, where m and ¢ are constants to be found.

(S

yil

=y

Figure 4

Figure 4 shows a sketch of the curve C.
The region R, shown shaded in Figure 4, is bounded by C, the y-axis, the x-axis and the
line with equation x =2

(¢) Find the exact area of R, writing your answer in the form « + bln2, where a and b
are constants to be found.

6
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Y

Figure 4 is a graph showing the velocity of a sprinter during a 100 m race.
The sprinter’s velocity during the race, vms ', is modelled by the equation

v=12-¢e" " 12¢""™ t

A\

0
where £ seconds is the time after the sprinter begins to run.

According to the model,

(a) find, using calculus, the sprinter’s maximum velocity during the race.

(%)

Given that the sprinter runs 100m in 7 seconds, such that

jrv dr=100
0
(b) show that T is a solution of the equation
1
T= E(116 —16e 7T " o)

)

The iteration formula

1
T”*l - 5(1167 16e %7+ el 0 _ ¢ 10)

is used to find an approximate value for 7'

Using this iteration formula with 7| = 10

(¢) find, to 4 decimal places,

(i) the value of T,

(ii) the time taken by the sprinter to run the race, according to the model.

(©)
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9. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(a) Show that

cos2x sin2x nm
- + = Ccosecx X#£ —— neZ
sinx  cosx 2
3)
T
(b) Hence solve, for 0 < 0 < B
cos26 sin26Y
: + =6cotd—4
sin® cosf
giving your answers to 3 significant figures as appropriate.
(5)

(c) Using the result from part (a), or otherwise, find the exact value of

T
4 cos2x sin2x
- + cot xdx
<\ sinx COS X
i)

()
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7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The curve C has equation

16

T 9G6x - )

w | =

where £ is a positive constant not equal to 3

(a) Find 4 giving your answer in simplest form in terms of &.

(2)
The point P with x coordinate 1 lies on C.
Given that the gradient of the curve at P is —12
(b) find the two possible values of &
3)
Given also that £ < 3
(c) find the equation of the normal to C at P, writing your answer in the
form ax + by + ¢ = 0, where a, b and ¢ are integers to be found.
3)

(d) show, using algebraic integration that,

3

jidxz AIn10
9(3x — k)

1

where A is a constant to be found.

4)
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VA /

LA 4

Figure 3
In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
Figure 3 shows a sketch of part of the curve with equation
y = a7
The line /, shown in Figure 3, is the normal to the curve at the point P(8, 5)

(a) Use calculus to show that an equation of / is

5x+2y-50=0
()

The region R, shown shaded in Figure 3, is bounded by the curve, the x-axis and /.

(b) Use algebraic integration to find the exact area of R.

@
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Qu estion 9 m Integration Main topic: Modulus

Figure 2

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Find H 1, 4e*“3j dx
2x + 5 (2)

Figure 2 shows a sketch of part of the curve C| and part of the graph C,
The curve C| has equation

Rt
Y+ s

+ 4¢3
The graph C, has equation

y=a-—|bx—1|
where a and b are positive integers.

(b) State, in terms of @ and/or b, the coordinates of the maximum point of C,

(2)
Given that
* C, intersects C,atx =3
* C, crosses the y-axis at (0, 9)
(¢) find the value of @ and the value of b
3

The region R, shown shaded in Figure 2, is bounded by C,, C,, the x-axis and the y-axis.

(d) Find the area of R, giving the answer to 3 significant figures.

4)
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=V

[

Figure 3
Figure 3 shows a sketch of curve C| with equation y = Se* '+ 3
and curve C, with equation y =10 — x’
The point P lieson C, and has y coordinate 18

(a) Find the x coordinate of P, writing your answer in the form Ink, where £ is a constant
to be found.

)

The curve C| meets the curve C, at x = a and at x = f#, as shown in Figure 3.

(b) Using a suitable interval and a suitable function that should be stated, show that to
3 decimal places a = 1.134

)

The iterative equation

is used to find an approximation to £.

Using this iterative formula with x = =3

(c) find the value of x, and the value of £, giving each answer to 6 decimal places.

)
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Question 6 m Numerical Methods

(a)

(b)

(c)

(d)

f(x) = xcos(g) x>0

Find f'(x)
(2)
Show that the equation f'(x) =0 can be written as
k
X = karctan(—)
X
where k is an integer to be found.
(2)

Starting with x = 2.5 use the iteration formula

k
x,,, = karctan ( —)
xﬁ

with the value of & found in part (b), to calculate the values of x, and x, giving your
answers to 3 decimal places.

2)

Using a suitable interval and a suitable function that should be stated, show that a root
of f'(x)=0 1is 2.581 correct to 3 decimal places.

2)



WMA13/01 OCTOBER 2021
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VA

y=1()

=V

Figure 3

Figure 3 shows a sketch of part of the curve with equation y = f(x), where

1

f(x) = x(x> — 4)e 2

(a) Find f'(x).

)
The line / is the normal to the curve at O and meets the curve again at the point P.
The point P lics in the 3rd quadrant, as shown in Figure 3.
(b) Show that the x coordinate of P is a solution of the equation
1 \/71
¥=-oV16 +¢
4)

(c) Using the iterative formula

1| L e
Tt = T5N16 + e’ with x, =2

find, to 4 decimal places,
(i) the value of x,

(i) the x coordinate of P.

3)



WMA13/01 MAY/JUNE 2022

Question 8 m Numerical Methods

Y

Figure 4 is a graph showing the velocity of a sprinter during a 100 m race.
The sprinter’s velocity during the race, vms ', is modelled by the equation

v=12-¢e" " 12¢""™ t

A\

0
where £ seconds is the time after the sprinter begins to run.

According to the model,

(a) find, using calculus, the sprinter’s maximum velocity during the race.

(%)

Given that the sprinter runs 100m in 7 seconds, such that

jrv dr=100
0
(b) show that T is a solution of the equation
1
T= E(116 —16e 7T " o)

)

The iteration formula

1
T”*l - 5(1167 16e %7+ el 0 _ ¢ 10)

is used to find an approximate value for 7'

Using this iteration formula with 7| = 10

(¢) find, to 4 decimal places,

(i) the value of T,

(ii) the time taken by the sprinter to run the race, according to the model.

(©)
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Question 9 m Numerical Methods

Figure 3

Figure 3 shows a sketch of part of the curve C with equation

y=v3+de” x>0

(a) Find %, giving your answer in simplest form.

(2)
The point P with x coordinate « lies on C.
Given that the tangent to C at P passes through the origin, as shown in Figure 3,
(b) show that x = a is a solution of the equation
4x%e” —4e” —3=0
3
(c) Hence show that & lies between | and 2
(2)
(d) Show that the equation in part (b) can be written in the form
LN PR
2 (1

The iteration formula
X, = %\/4 + 3w’
with x; =1 is used to find an approximation for a.
(e) Use the iteration formula to find, to 4 decimal places, the value of
(i) x;

(i1) «

3
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Question 7

m Numerical Methods

7: A continuous curve has equation
2 . T
y=e  sin3x ng\{g

The curve has a stationary point at the point P.

(a) Show, using calculus, that the x coordinate of P is a solution of the equation

o
X = —arctan| —
3 2x

(4)
Using the iteration formula
X, = larctan 3 x, =04
3 2x,
(b) find the value of
1) x,
(1) x .
giving your answers to 4 decimal places.
(3)

(c) Using a suitable interval and a suitable function which should be stated, show that
the x coordinate of P is 0.430 correct to 3 decimal places.

(2)
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Figure 3
Figure 3 shows a sketch of part of the curve with equation
y=2cos3x—-3x+4 x>0
where x is measured in radians.
The curve crosses the x-axis at the point P, as shown in Figure 3.

Given that the x coordinate of P is «a,

(a) show that & lies between 0.8 and 0.9

)
The iteration formula
1
X073 arccos(1.5x —2)
can be used to find an approximate value for o.
(b) Using this iteration formula with x = 0.8 find, to 4 decimal places, the value of
1 x,
(if) x,
' 3

The point Q and the point R are local minimum points on the curve, as shown in Figure 3.

Given that the x coordinates of O and R are # and A respectively, and that they are the two
smallest values of x at which local minima occur,

(¢) find, using calculus, the exact value of § and the exact value of 4.

(6)



WMA13/01 MAY/JUNE 2024 m Numerical Methods

Qu estIOI‘I 8 Main topic: Log Graphs & Exponential Models
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Figure 4

Figure 4 is a graph showing the path of a golf ball after the ball has been hit until it first
hits the ground.

The vertical height, & metres, of the ball above the ground has been plotted against the
horizontal distance travelled, x metres, measured from where the ball was hit.

The ball travels a horizontal distance of d metres before it first hits the ground.
The ball is modelled as a particle travelling in a vertical plane above horizontal ground.
The path of the ball is modelled by the equation

h=1.5x—0.5xe"™ 0<x<d
Use the model to answer parts (a), (b) and (c).

(a) Find the value of d, giving your answer to 2 decimal places.

(Solutions relying entirely on calculator technology are not acceptable.)

3)

(b) Show that the maximum value of & occurs when

X = SOIn( 150 )
x+ 50

4)

Using the iteration formula

150 .
X = SUln[ J with x, = 30
" x +50

(c) (i) find the value of x, to 2 decimal places,

(i) find, by repeated iteration, the horizontal distance travelled by the golf ball
before it reaches its maximum height. Give your answer to 2 decimal places.

3
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\

Figure 4

The heart rate of a horse is being monitored.
The heart rate H, measured in beats per minute (bpm), is modelled by the equation

H=32+40e""-20e""
where ¢ minutes is the time after monitoring began.
Figure 4 is a sketch of H against 7.
Use the equation of the model to answer parts (a) to (e).

(a) State the initial heart rate of the horse.

1
In the long term, the heart rate of the horse approaches L bpm.
(b) State the value of L.

1
The heart rate of the horse reaches its maximum value after 7 minutes.
(¢) Find the value of T, giving your answer to 3 decimal places.

(Solutions based entirely on calculator technology are not acceptable.)

(5)
The heart rate of the horse is 37 bpm after M minutes.
(d) Show that M is a solution of the equation

8
t=5In| ——
[1 +4e" )
(2)

Using the iteration formula

8
t  =5In| —— with ¢ =10
n+l [1 + 4670,910 J 1

(e) (i) find, to 4 decimal places, the value of ¢,

(11) find, to 4 decimal places, the value of M
(3)



