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Question1 m Numerical Methods

1. g(x) = 3x — 5 + 5sin (x?)
where x is measured in radians.

(a) Show that g(x)=0 has a root o in the interval [0.7_, 0.8]

(2)
(b) Show that the equation g(x)=0 can be written in the form
1
x =[arcsin(1- px)]?
where p is a constant to be found.
1)
Using the iteration formula
!
X, =[aresin (1 px,)]”
with the value of p found in part (b) and starting with x, =0.7
(c) (1) find, to 4 decimal places, the value of x,
(11) find, by repeated iteration, the value of a, giving your answer
to 4 decimal places.
3
WORKED SOLUTION Question 1 - WMA13/01 January 2026

Part (a)
Let g(z) = 3z — 5 + 5sin(z?). Using radians,
g(0.7) = —0.546870559...,  g(0.8) — 0.385977207.. ...

Since g is continuous and changes sign, a root « lies between 0.7 and 0.8.



o Part (b)

3
3z —5+5sin(z?) =0 = sin(z?®)=1- o

On the stated root interval, 0.49 < 22 < 0.64 < /2, so the principal inverse sine and positive

square root give

xz = \/a,rcsin(l — 32), p=rx.

Q Part (c)(i)
Starting with 1 = 0.7,

Ty = \/a.rcsin(l — 0.6(0.7)) = 0.786593091 . .. = 0.7866.

Q rart (G
Continue z,11 = 4/arcsin(l — 0.6z,,) in radians, retaining the full calculator values. The iterates
converge to 0.7568924378. . ., so

a =0.7589 (4 decimal places).

0 FINAL ANSWER
(a) aroot\alphaliesbetween0.7and0.8$$ (b) p = % (©)(i) 0.7866 (c)(ii) o = 0.7589
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Qu estio n 2 m Differentiation Techniques

2. (i) Given y =x?In2x, find in simplest form, %

(2)
(11) Given
2x
fx)=— x> =3
(4x+3)” 4
show that
Fl(x) = 2e " (ax +3b)
(4x+3)
where a and b are constants to be found.
4)
WORKED SOLUTION Question 2 - WMA13/01 January 2026

0 Part (i)

Use the product rule and - In(2z) = 1/z:

d 1

° Part (ii)

Write f(z) = e2®(4x + 3) 2. Product and chain rules give
f'(z) = 2e**(4z + 3) 72 — 8e**(4z + 3) %,

Factoring out 2e22(4x + 3) 3,

, 2¢*"((4z +3) —4)  2e*(4z — 1)

f (‘E) = 3 = 3
(4x + 3) (4 +3)

Thusa =4 and b = —1.

@ FiNAL ANSWER
(i) z(2In(2z) + 1) (la=4, b= -1
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. Integration
Question 3 EIED (eegone

3. (1) Find, in simplest form,

[2(3x+5) dv
(2)
3 2
(ii) f(x):ﬂfx +x"—=T7x+14 1
(x—D(x+2)
(a) Write f(x) in the form
ax+b+——
x-1
where a, b and ¢ are constants to be found.
4)
(b) Hence, using algebraic integration, find
[ fdx
writing the answer in simplest form.
4)
WORKED SOLUTION Question 3 - WMA13/01 January 2026

o Part (i)

Increase the power to 8 and divide by both 8 and the inner derivative 3:

8
/2(3:1:+5)7d:1;= WJFC.



o Part (ii) (a)

The denominator is 2 + & — 2. The first quotient term is 4z. Subtracting 4(z2 + = — 2) leaves
—3z? + z + 14. The next quotient term is —3. Subtracting —3(z2 + & — 2) leaves 4z + 8. Thus
polynomial division gives

4+ 22 —Te+14= 4z — 3)(z* + 2 — 2) + 4z + 8.

Since 4z + 8 = 4(x + 2),

Az +2) =4 — 3+

f(w)=4w—3+(m_1)(x+2) 1

Hencea=4,b= -3 ¢c=4.

Q Part (i) (b)

For z > 1, an antiderivative is 222 — 3z + 4In(z — 1), so

9
/ f(z)dz = [22° — 3z + 4In(z — 1)]2 =135+4In8—-9—-4In2.
3
Thus the exact integral is 126 + 81n 2.

@ rinaL ANswER

() B2 4 ¢ (ii)a) a = 4, b= —3, ¢ = 4 (ii)(b) 126 + 81n2
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c m Log Graphs & Exponential Models
Question 4

4. The resting heart rate, 4 beats per minute, of a particular group of mammals, can be
modelled by the equation

log,ch=2.4-0.25log,,m
where m kg is the mass of the mammal.
The mass of one of these mammals is 3 kg.
According to the model,

(a) find the resting heart rate of this mammal. Give your answer to 3 significant figures.

(2)
(b) Show that the equation of the model can be written in the form
h= P
m'?
giving each of the values of the constants p and ¢ to 3 significant figures
where appropriate.
3
(c) With reference to the model, interpret the value of the constant p.
1)
WORKED SOLUTION Question 4 - WMA13/01 January 2026
Part (a)
Atm =3,

logigh = 2.4 — 0.25log;y3,  h=10%4"0250en3 — 190.862095....

The predicted heart rate is 191 beats per minute (3 significant figures).



o Part (b)

Using the power law of logarithms,

102.4
logg h = 10g10(102'4) - loglo(mo.zs) = logy ( m0-25 )

Therefore

p=10>* =251 (3sf), q=0.25.

The model, with its coefficient rounded as requested, is

251
m025

h =

o Part (c)

When m =1, h = p. Thus p is the model's predicted heart rate, in beats per minute, for a mammal

of mass 1 kg.

@ FiNAL ANSWER

(a) 191 beats per minute (b) p = 1024 = 251 (3 5.f.), qg=0.25 ()
predictedheartrate, inbeatsperminute, foramammalofmassikg
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° m Functions, Composition & Inverses
Question 5

5. The function f is defined by
2x+16

f:x— x#4
x—4
(a) Find ff(x), giving your answer as a single fraction in its simplest form.
(3)
(b) Find f7'(12)
(2)
The function g is defined by
g:x—>Inx x>0 x=ze
(c) Find the exact values of a such that
fg(a) = g(a)
(3)
WORKED SOLUTION Question 5 - WMA13/01 January 2026

o Part (a)

Substitute f(z) into f and multiply numerator and denominator by = — 4:

2(B°)+16 424324 16c—64 10z — 16

ff(z) = 2416 _4  22+16-4c+16 16—z

The composition requires & # 4 and f(z) # 4, hence also = # 16.

° Part (b)

To find £71(12), solve f(z) = 12:
2c+16 =12(x —4) = 10z = 64.

Thus f~1(12) = 32.



o Part (c)

Putu = Ina. Then fg(a) = g(a) means f(u) = u, where u # 4

2 1
Z%fzu — W —6u—16=0 — (u—8)u+2)=0.

Therefore @ = €8 or @ = e2. Both are positive and neither is e?, so both satisfy the domain

restrictions.

@ FiNAL ANSWER
@152 #4160 f(12) =2 ©a=elore™
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c Trig Identities & Exact Values
Question 6

6. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that the equation
2co0s(6 —60°) =3sin0

can be written in the form

tan 6 =%(3+\/§)

(4)
(b) Hence solve, for 0 < x <180°, the equation
2c0s(2x—70°) =3sin(2x—10°)
giving your solutions to one decimal place.
3)
WORKED SOLUTION Question 6 - WMA13/01 January 2026

o Part (a)

Expanding the compound angle,

2(cos 6 cos 60° + sin sin 60°) = 3sin,

so cos + /3sinf = 3sin @ and cos = (3 — /3) sin 0. If cos @ = 0, this equation would require
sin @ = 0, which is impossible. We may therefore divide by cos 6:
1 3++v/3 343

tan ) = _ _
MrTS_ /3 9-3 6

o Part (b)

Set @ = 2z — 10°, so 2z — 70° = 0 — 60° and —10° < 0 < 350°.

0= arctan( 3 +6\/§> + 180°n = 38.2619662...° + 180°n.

The admissible values are 38.2619662. . .° and 218.2619662. . .°. Hence = (6 + 10°)/2, giving
x = 24.1° or 114.1° (1 decimal place).



e FINAL ANSWER
(a) Y3 (b) z = 24.1° or 114.1°
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Question 7

}?‘

Figure 1
Figure 1 shows a sketch of part of the graph with equation y = f(x), where
f(x) =|3x—1 1‘—4
The vertex of the graph is at the point P, as shown in Figure 1.

(a) State the coordinates of P.

(2)
(b) Solve the equation f(x)=8

3)
The line / has equation y =mx, where m is a constant,
Given that / intersects the graph of y =f(x)at exactly one point,
(¢) find the possible values of m.

3)

The graph with equation y = f(x) is transformed onto the graph with equation
yv=af(x-b), where a and b are constants.

Given that the vertex of the graph with equation y =a f(x—5) is (5, 16)

(d) find the value of @ and the value of b.
(2)
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o Part (a)

At the vertex, 3z — 11 = 0,s0 P = (&, —4).

° Part (b)

32— 11| —4=8 — [3z—11|=12.

Thus 3z — 11 = 12 or 3z — 11 = —12, givingz = 2 orz = —

° Part (c)

Write the two branches explicitly:

o=

7—-3z z< il
f(z) = ; - 131 ’
3z — 15, €T Z 3
On the left branch, mx = 7 — 3z gives € = 7/(m + 3) for m # —3. This lies on the left branch
precisely when m < —3 orm > —12/11. On the right branch, ma = 3z — 15 gives
x = 15/(3 — m) form # 3. This lies on the right branch precisely when —12/11 < m < 3. At

m = —12/11, the two branch intersections coincide at the vertex, so there is only one distinct point.
Form < —3 or m > 3, only the left intersection exists. At m = —3 there is no intersection; at
m = 3 there is one. Consequently the complete answer is

m< —3 or mz—i—i or m>3.

° Part (d)

Undery = af(z — b), the vertex becomes (5 + b, —4a). Equating this with (5, 16) gives

11 4 16
—hF _ - = — = 4,
b 5 3 3, a

@ rinaL ANswER

@P=&,-4)bz=2or —3(@Qm<-3 or m=—F or m>3(d)
b— 11 _ 4 16 A

T3 T3 —1
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Qu estio n 8 m Differentiation Techniques

8. A curve has equation

Show that

dx B x(b+ (In x)”)

where a, b and n are integers to be found.

4)

WORKED SOLUTION Question 8 - WMA13/01 January 2026

o Solution

\paragraph{Solution} Differentiate = e2*32¥ with respect to ¥:

d
2% _ 9sec? ye?tmY — 2 sec?y.
dy

This is positive on the stated interval, so
dy 1
drz  2zsec?y

Taking logarithms of the original relation gives Inz = 2tany. Using sec?y = 1 + tan?y,
dy 1 _ 2
@ o (148E) 24+ (o)) '

Hencea =2, b=4and n = 2.

@ FiNAL ANSWER

(mainja=2,b=4,n=2
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Qu estion 9 m Trig Equations & R-Form

9. h(x) =8+3sinx(cosx—2sinx) 0< x< 27
(a) Write h(x) in the form
P+ Rsin(2x+a)
where P, R and a are positive constants, 0 < < T

Give the exact values of P and R and give the value of «, in radians,
to 3 decimal places.

(6)
% A
M
|
O X
Figure 2
Figure 2 is a sketch of the curve with equation y=h(x)
(b) State the range of A.
1)

The point M, shown in Figure 2, is the minimum point on the curve with the largest
x coordinate.

(¢) Find the x coordinate of M.

(Solutions based entirely on calculator technology are not acceptable.)

(2)
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o Part (a)

Use 2sinz cosz = sin 2z and 2sin?z = 1 — cos 2z:

h(z) =8+ 3sinzcosx — 6sin’z =5 + %sin2w+3cos2:v.

Expanding Rsin(2z + a) and comparing coefficients gives

Rcosa = %, Rsina = 3.

Therefore

9 3V5
P =35, R= Yl 9= T\/—, a = arctan(2) = 1.107 radians (3 d.p.).

Thus h(z) =5+ 3T‘/gsin(zz: + @) with the exact angle a = arctan(2).

0 Part (b)
The given interval includes two complete periods. The range is
3vH 3vH
[5 — T\/—’ 5+ T\/—] )

e Part (c)

At a minimum, sin(2z 4+ a) = —1, so
I «

2:v—|—a—37r—|—27m T = +7mn
2 ’ 4 2 '

On0 <z <21 n=0andn =1 give the two minima. The larger coordinate is

1
Ty = %” — jarctan(2) = 4.944212785...

zy =4.94 (3 significant figures).

@ rinaL ANsWER

(@P=5, R=35 = arctan2 (b) [5— V5 5+ 3—‘2/5] (© zar = 4.94
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Qu estion 1 0 m Log Graphs & Exponential Models

10. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Two populations of insects are being studied over the same period of time.

The number of insects N, in population A4, ¢ years after the start of the study, is
modelled by the equation

N, =8000+900e"*
According to the model,

(a) find the rate of growth in the number of insects in population 4 exactly 5 years after
the start of the study.

(2)

The number of insects Ny in population B, ¢ years after the start of the study, is
modelled by the equation

N, =8000+ Pe”
where P and k are positive constants.
Given that
* there are 10000 insects in population B at the start of the study
* there are 11570 insects in population B exactly 4 years after the start of the study
« there are the same number of insects in population A4 and population B after T years
find, according to the models,

(b) the exact value of P and the value of & to 3 decimal places,

(C))

(c) the value of 7, giving your answer to one decimal place.

3

WORKED SOLUTION Question 10 - WMA13/01 January 2026

0 Part (a)

dN
d—tA = 900(0.2)e%% = 180e%.

At t = 5, the growth rate is 180e = 489.290729. .. insects per year.



Part (b)
Att =0, 10000 = 8000 + P, so P = 2000 exactly. Using the population at t = 4,
3570
11570 = 2000e* = —1.785.
570 = 8000 + 2000e — e 5000 785

Taking natural logarithms,
In1.785

k= = 0.144854604... = 0.145 (3 d.p.).

o Part (c)

At equality, 8000 + 900e%2T = 8000 + 2000e*T, hence

0.2-k)T _ 20 T — In(20/9)

( In(20/9)
€ 9’ 02—k

Use the unrounded value k = In(1.785)/4:
T = 14.480042784 ... = 14.5 years (1 decimal place).

@ FINAL ANSWER
(a) 180e insects per year (b) P = 2000, k = 0.145 (3 d.p.) (c) 14.5 years



