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WMA13/01 MAY/JUNE 2024

Question 1

y=1x)

=V

Figure 1
Figure 1 shows a sketch of the graph with equation y = f(x) where
f(x)=2|x-5[+10
The point P, shown in Figure 1, is the vertex of the graph.

(a) State the coordinates of P

(2)

(b) Use algebra to solve

Z‘x—S‘ + 10 > 6x
(Solutions relying on calculator technology are not acceptable.)

(2)

(¢) Find the point to which P is mapped, when the graph with equation y = f(x) is

transformed to the graph with equation y = 3f(x — 2)
(2)
WORKED SOLUTION Question 1 - WMA13/01 May/June 2024

Part (a)
The modulus is smallest whenz — 5 = 0. Atz = 5, f(5) = 10.

P = (5,10)




o Part (b)

Forz <5, |z —5=5—= so

20—2z > 6z — m<g.

This is consistent with & < 5. Forz > 5, |z — 5| = ¢ — 5, so 2z > 6z, which requires < 0 and is
inconsistent with this branch. The equality point £ = 5/2 is excluded because the inequality is strict.

z< 2
2

o Part (c)

The transformation y = 3f(z — 2) moves a point (z,y) to (z + 2, 3y). Thus P = (5,10) moves to
(5+2,3-10).

(7,30)

@ riNAL ANSWER
(@) P = (5,10) (b)z < 3 () (7, 30)
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QU eStion 2 Integration

2x° —5x+8

2. g(x) = _—

(a) Write g(x) in the form

Ax + B+

x—2

where A, B and C are integers to be found.

3)
(b) Hence use algebraic integration to show that
8
I g(x)dx =a + fIn3
4
where « and f are integers to be found.
4)
WORKED SOLUTION Question 2 - WMA13/01 May/June 2024

o Part (a)

Multiplying the proposed identity by £ — 2 gives
22> — 5z 4 8 = (Az + B)(z — 2) + C = Az® + (B —2A)z + C — 2B.

Thus A=2, B—4=—-5and C —2(—1) =8, giving B= —1, C = 6. Hence
9(z) =22 —1+46/(x — 2), forz # 2.
A=2, B=-1, C=6

" Part (b)

Since z — 2 > 0 throughout [4, 8],

/sg(m)dw = [z’ —z+6In(z —2)]2 =(64—8+6In6) — (16 —4+6In2) =44+ 61In(6/2).
4

|44+ 6In3, oa=44, B=6|




e FINAL ANSWER
@A=2 B=-1, C=6(044+6In3, a=44, B=6
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c m Log Graphs & Exponential Models
Question 3

3. (i) The variables x and y are connected by the equation
y=— x>0

Sketch the graph of log v against log x

Show on your sketch the coordinates of the points of intersection of the graph with
the axes.

3
(i)

|

log, N 4

Figure 2

Figure 2 shows the linear relationship between log, N and 1.

Show that N = ab’ where a and b are constants to be found.

3



WORKED SOLUTION Question 3 - WMA13/01 May/June 2024

Part (i)
Put X = log,, z and Y = log;, y. Taking logarithms of y = 10%/z3 gives
Y =6 —3X.

At X =0Y =6;atY =0, X = 2. The graph is a straight line of gradient —3.
Y =6-3X; (0’6)7 (270)

logyy

P

(0,6)

0 \ > logo @
o Part (i)

The gradient in the given plot is (4 — 0)/(0 — (—2)) = 2 and its vertical intercept is 4. Therefore
logz N = 2t + 4. Exponentiating in base 3,

N = 32t+4 — 34(32)t —81- gt.

|a=81, b=9|

@ FiNAL ANSWER
)Y =6—3X; (0,6), (2,0)(a=81, b=09
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Qu estio n 4 m Trig Identities & Exact Values

4. f(x) = 8sinxcosx + 4cos’x — 3

(a) Write f(x) in the form
asin2x + bcos2x + ¢

where a, b and ¢ are integers to be found.

3)
(b) Use the answer to part (a) to write f(x) in the form
Rsin(2x +a) + ¢
T
where R >0 and 0 < a < 5
Give the exact value of R and give the value of « in radians to 3 significant figures.
3)
(c) Hence, or otherwise,
(1) state the maximum value of f(x)
(11) find the second smallest positive value of x at which a maximum value of f(x)
occurs. Give your answer to 3 significant figures.
3)
WORKED SOLUTION Question 4 - WMA13/01 May/June 2024

0 Part (a)

Use sin 2z = 2sinz cosz and 2cos?z = 1 + cos 2z:

f(z) = 4sin 2z + 2(1 + cos 2x) — 3 = 4sin 2z + 2 cos 2z — 1.




o Part (b)

Expanding Rsin(2z + a) and matching coefficients gives

Rcosa =4, Rsina = 2.

Squaring and adding, R? = 20, so R = 2v/5 since R > 0. Also tana = 1/2, and 0 < @ < /2
selects a = arctan(1/2) = 0.463647609. .. radians. Thus

f(x) = 2/5sin(2x + arctan(1/2)) — 1. With the phase displayed to 3 significant figures,
f(z) ~ 2v/5sin(2z + 0.464) — 1.

R=2V5, oa=0.464radians, c=—1

o Part (c)

(i) The sine term has maximum 1, hence the maximum of f is 2\/3 — 1. (ii) Maxima occur when
T «

T
2 =_ 42 == - = 4k
T+ o 2—|— km, T=oT km

The value for k = 0is 0.553574... > 0, while kK = —1 is negative. The second positive value
therefore has k = 1:
5T

T == %arcta.n(l/2) = 3.695167....

max f = 2v5 —1, 2z = 3.70 radians

0 FINAL ANSWER
@a=4, b=2, c=—-1bR= 2\/3, a = 0.464 radians, c= —1 (¢
max f = 2¢/5—1, =z = 3.70 radians
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° m Functions, Composition & Inverses
Question 5

5. The functions f and g are defined by
f(x) =2+ 5Inx x>0

6x -2 1
x> -
2x +1 3

g(x) =

(a) Find f'(22)

(2)
(b) Use differentiation to prove that g is an increasing function.
3)
(¢) Find g
3)
(d) Find the range of fg
(2)
WORKED SOLUTION Question 5 - WMA13/01 May/June 2024

o Part (a)

To find f71(22), solve f(u) = 22: 2+ 5lnu =22, solnu =4 andu=¢€* > 0.

FH22) =€
o Part (b)
Using the quotient rule,
§(z) = 6(2z +1) — 2(6z — 2) _ 10 .
2z +1)? 2z + 1)?

For every z > 1/3, the denominator is positive, so ¢'(z) > 0. Thus g is strictly increasing on its
entire domain.

g is strictly increasing for = > 3




o Part (c)

Sety = (6z — 2)/(2z + 1). Then

2zy +y = 6z — 2, (6—2y)z=y+2, T =

Asz | 1/3, g(x) — 0;as x — oo, g(x) — 3. Since g is strictly increasing, its range is (0, 3); neither
limiting value is attained. Interchange the input and output symbols.

T+ 2
6— 2z’

0<z<3

g (z) =

° Part (d)

The inner function g takes every value in (0, 3). Since f(u) = 2 4+ 5Inwu is increasing for u > 0, its
values on this interval run from —oo to, but not including, 2 + 51n 3.

Range(fg) = (—o0, 2+ 51n3)

@ rinaL ANswER
(a) f71(22) = e* (b) g is strictly increasing forz > 3 () g '(z) = &2, 0<z<3(d)
Range(fg) = (—o0, 2+ 51n3)
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Question 6

m Applications of Differentiation

i

Figure 3

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.
Figure 3 shows a sketch of part of the curve with equation
N e
The line /, shown in Figure 3, is the normal to the curve at the point P(8, 5)

(a) Use calculus to show that an equation of / is

5x+2y-50=0
)]

The region R, shown shaded in Figure 3, is bounded by the curve, the x-axis and /.

(b) Use algebraic integration to find the exact area of R.

“4)



WORKED SOLUTION Question 6 - WMA13/01 May/June 2024

o Part (a)

Fory = (4a — 7)/2,

dy 1 1 2
2 = (e -7V 4= —— .
dx 2( ) vir -7

At P = (8,5), the tangent gradient is 2/5, so the normal gradient is —5/2. The point-gradient

equation is

y—5=——(z—8), 2y — 10 = —5z + 40.

52 4 2y — 50 = 0

o Part (b)

The curve meets the z-axis at & = 7/4. The normal meets it at z = 10. Split the shaded region at P,

into a curve area from 7/4 to 8 and a triangle from 8 to 10:

(42 — 7)3/2 ] T

8
v4w—7dm:[ 5 =&

7/4 7/a
The triangle has area 1 (10 — 8) - 5 = 5. Hence the total area is 125/6 + 5.

_ 155
6

Area(R)

@ FinNAL ANSWER
(@) 5z + 2y — 50 = 0 (b) Area(R) = %
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Question 7

m Trig Identities & Exact Values

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Given that

J2 sin(x + 45°) = cos (x — 60°)

show that
tanx=-2 —f3
4)
(b) Hence or otherwise, solve, for 0 < 8 < 180°
V2 sin(26) = cos (26 — 105°)
(4)
WORKED SOLUTION Question 7 - WMA13/01 May/June 2024
0 Part (a)
Expand both compound angles:
. 1 3 .
SINT + COS T = Ecosw + Tsmw.
Thus (2 — \/g) sin z = — cos . Here cos & # 0: otherwise this equation would require sinz = 0 as

well, which is impossible. Dividing by (2 — \/g) cos x gives
1 2++3
2-+/3 (2 -+3)(2+V3)

tanx = —

tanw=—2—\/§




o Part (b)

Setx = 20 — 45°. Then  + 45° = 20 and x — 60° = 20 — 105°, so part (a) gives
tan(26 — 45°) = —2 — /3. Since tan 75° = 2 + /3,

20 — 45° = —75° + 180°k, 0 = —15° 4+ 90°k.

In0 < 6 < 180° only k = 1, 2 are allowed. Substitution in the original equation confirms both

values.

9 =75°, 165°

@ FiNAL ANSWER
(@) tanz = —2 — /3 (b) @ = 75°, 165°
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c m Log Graphs & Exponential Models
Question 8

hA

A 4

Figure 4

Figure 4 is a graph showing the path of a golf ball after the ball has been hit until it first
hits the ground.

The vertical height, & metres, of the ball above the ground has been plotted against the
horizontal distance travelled, x metres, measured from where the ball was hit.

The ball travels a horizontal distance of d metres before it first hits the ground.
The ball is modelled as a particle travelling in a vertical plane above horizontal ground.
The path of the ball is modelled by the equation

h=15x—0.5xe"™ 0<x<d
Use the model to answer parts (a), (b) and (c).

(a) Find the value of d, giving your answer to 2 decimal places.

(Solutions relying entirely on calculator technology are not acceptable.)

3
(b) Show that the maximum value of & occurs when
X = 501n( 150 )
x+50
C))
Using the iteration formula
X ., = SOIn( 150 J with x, = 30
" x + 350

(¢) (1) find the value of x, to 2 decimal places,

(i) find, by repeated iteration, the horizontal distance travelled by the golf ball
before it reaches its maximum height. Give your answer to 2 decimal places.

3
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o Part (a)

At the first landing, h =0andz =d > 0:
0 =d(1.5 — 0.5¢%02%), 0024 — 3

Taking logarithms, 0.02d = In 3, hence d = 501n 3 = 54.930614. . .. The root z = 0 is the launch
point, not the landing point.

° Part (b)

By the product and chain rules,

Rh'(z) = 1.5 — 0.5¢%9%* — 0.012e%%%®,

At a stationary point,
0022 _ 150

1.5 = 0.01 50)e%022 )
(z+50)e ’ z + 50

Since  + 50 > 0, logarithms give 0.02z = In(150/(z + 50)). Also
hi(z) = —(0.02 + 0.0002z)e%%2% < 0 on [0, d]. Thus the stationary point is the unique maximum;

the endpoints both have zero height.
150
=501
v . ( z + 50 )

° Part (c)

(i) With 1 = 30,
150
30 + 50

o = 501In ( ) = 31.43043297....

(i) Continuing with full intermediate precision gives x3 = 30.54431108.. ., 4 = 31.09139065.. .,
x5 = 30.75292479. .. and g = 30.96205562.. . .. Continued iteration converges to 30.88212.. .,
which lies in (0, d). This is the horizontal distance at maximum height, not the maximum height itself.

Tr9 = 3143, Lmaximum = 30.88 m

@ FiNAL ANSWER

(a)d = 54.93m (b) = 501n (-5 ) () 3 = 3143, Tmaximem = 30.88 m




WMA13/01 MAY/JUNE 2024

Question 9

m Applications of Differentiation

VA

/

=V

Figure 5

The curve shown in Figure 5 has equation

x = 4sin’y - 1 ogygg

The point P[k, %) lies on the curve.

(a) Verify that k=2

(1
) . dx .
(b) (1) Find — in terms of y
dy

- dy 1

11) Hence show that — = ————

W dx 2Jx+1J3-x
(6)

The normal to the curve at P cuts the x-axis at the point N.
(c) Find the exact area of triangle OPN, where O is the origin.

. . - 2
Give your answer in the form arx + bz~ where a and b are constants.

3
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o Part (a)

Aty=7/3,z=4(v3/2)? -1=3-1=2

0 Part (b)

(i) Differentiating with respect to y gives

Z .
— = 8sinycosy.
dy

(i) For 0 < y < m/2, both sine and cosine are positive,and —1 < £ < 3. Fromz + 1 = 4sin?y,

. ve+1 z+1 V3—=x
siny = 5 cosy=4/1— = 5

Consequently dz/dy = 24/ + 14/3 — z. Taking the reciprocal proves the required formula on
—1 <z <3 Atz = —1 and £ = 3 the denominator is zero: these are endpoint vertical tangents,
not finite derivatives.

d—$—8sinycosy @— 1
dy ’ dz 2ve+1V/3 -z

e Part (c)

At P = (2,7/3) the tangent gradient is 1/(2+/3), so the normal gradient is —24/3. Thus the normal
isy — m/3 = —2/3(z — 2). Setting y = 0 gives N = (2 + m/(6+/3),0). Triangle OPN has
horizontal base ON = 2 + m/(6+/3) and perpendicular height 7/3:

1 r\nr 7w n?
Area(OPN)==(2+ — )= =~ + .
rea(OPN) 2( 6\/§)3 3 363

Area(OPN) = 37 + ——

@ FiNAL ANSWER

@@ k=2 () ‘é—z = 8sinycosy, dy

& = 37iv3= (© Area(OPN) = g7+ o



