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° m Functions, Composition & Inverses
Question 1

1. The functions f and g are defined by
f(;ﬂr):9—x2 xeR x=20
3
x) = xeR x>0
g( ) 2x + 1
(a) Write down the range of f
1)
(b) Find the value of fg(1.5)
(2)
(¢c) Find g’
3)
WORKED SOLUTION Question 1 - WMA13/01 January 2023
0 Part (a)

Forz > 0, f(z) = 9 — 2% has maximum f£(0) = 9 and decreases without a lower bound.

range(f) = (—o, 9]

Part (b)
Apply g before f:

g(1.5) = ’

3\ 135
mzza fg(1-5)=f(3/4):9— <Z) :1_6°

The intermediate value 3/4 is in the nonnegative domain of f.

fol15) = =

Part (c)

lety=3/(2¢ +1). Theny(2z + 1) = 3,50 22y = 3 —y and ¢ = (3 — y)/(2y). Exchange the
variables. Since g decreases from 3 towards 0 on [0, 00), its range is (0, 3], which is the inverse
domain.

g (z) = ) 0<z<3




@ rinaL ANswER
(a) range(f) = (—00,9] (b) fg(1.5) = 135 () g7(2) = 3z 0<z<3
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Qu estion 2 m Trig Equations & R-Form

2. f(x)zcosx+2sinx

(a) Express f(x) in the form Rcos(x - (x), where R and a are constants,
R>0and0 < a < g

Give the exact value of R and give the value of ¢, in radians, to 3 decimal places.

(3)
g(x) =3- 7f(2x)
(b) Using the answer to part (a),
(1) write down the exact maximum value of g (x),
(11) find the smallest positive value of x for which this maximum value occurs,
giving your answer to 2 decimal places.
3)
WORKED SOLUTION Question 2 - WMA13/01 January 2023

0 Part (a)

Expand Rcos(z — a) = Rcosacosz + Rsinasinz. Comparing coefficients gives Rcosa = 1
and Rsina = 2. Thus R? = 12 4+ 22 = 5 and tan a = 2. The specified first-quadrant phase is
a = arctan2 = 1.1071487 ... radians.

R = \/5, a = 1.107 radians

0 Part (b)

Using the exact phase o = arctan 2, write g(z) = 3 — 7v/5 cos(2z — a). () The negative cosine
coefficient means the maximum occurs when the cosine is —1; the maximum is 3 + 7\/5. (i)

2 —a =7+ 2nm so z = (7 + @) /2 + nw. The n = —1 value is negative; » = 0 is the smallest
positive one, £ = 2.1243706857 . . ., or 2.12 to two decimal places.

max g = 3 + 75, x=2.12

0 FINAL ANSWER
(@R = \/5, a = 1.107 radians (b) maxg =3 + 7\/3, =212
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Question 3

m Log Graphs & Exponential Models

3.
log,, v4
[ (0, 1.5)
(—4.8, 0) 0 X
Figure 1
The line / in Figure 1 shows a linear relationship between log,, v and x.
The line passes through the points (0, 1.5) and (—4.8, 0) as shown.
(a) Write down an equation for /.
(2)
(b) Hence, or otherwise, express y in the form kb*, giving the values of the constants k&
and b to 3 significant figures.
(3)
WORKED SOLUTION Question 3 - WMA13/01 January 2023

Part (a)
The gradient in the (z, logy ¥) coordinates is (1.5 — 0) /(0 — (—4.8)) = 1.5/4.8 = 5/16. The
vertical intercept is 1.5 = 3/2, giving the equation below.

lo —iw—ki
B10Y = 16 2




o Part (b)

Exponentiating base 10 gives
y = 100/16)2+3/2 _ 103/2(10%/16)=

Therefore k = 10%2 = 31.62277660 .. .. and b = 10516 = 2.053525026 . . .. To three significant
figures the model constants are 31.6 and 2.05.

k=316, b=205 (y~ 31.6(2.05)°)

e FINAL ANSWER
(a)logyy = Tz + 3 (b) k = 31.6, b=205 (y~ 31.6(2.05)%)
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Question 4 Rational Algebra

_2x7 +15x% +35x% 4+ 21x — 4

5 xeR x>-3
(x+3)

4. f(x)

(a) Find the values of the constants 4, B, C and D such that

f(x)zAx2+Bx+C+ D >
(b) Hence find,
[£(x)dx
3)
WORKED SOLUTION Question 4 - WMA13/01 January 2023

o Part (a)

Multiply the proposed identity by (& + 3)2 = 2% 4 6z + 9 and compare coefficients:
A=2, 6A+B=15=B=3, 9A+6B+C=35=C=—1.

The coefficient of & checks: 9B + 6C = 27 — 6 = 21. The constant equation is 9C + D = —4, so
D = 5.Hence f(z) =222+ 3z — 1+ 5(z + 3) 2.

|A=2, B=3, C=-1, D=5

‘,I%ﬂw)

Integrate each term in the decomposition:

2 3 5
— 22 -1 -2 — 2,3 22 Y K.
/f(ac)d:z: /[:1: +3z—1+5(z+3)“|dz 32 —|—2a: z :c—|—3+

Here K is an arbitrary constant; the domain £ > —3 avoids the denominator zero.

Ews—l-iwz—w—
3 2 z+3

+ K

@ rinAL ANsWER

@A=2 B=3, C=-1, D=5b)2s3+3s?-o-25+K
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Qu estion 5 m Trig Equations & R-Form

S. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(a) Prove that

nmw
cot? x — tan? x = 4cot 2x cosec2x X # - 7€ 7
4)
T T
(b) Hence solve, for —— < 0 < —
2 2
4cot 26 cosec26 = 2tan’ 6
giving your answers to 2 decimal places.
C))
WORKED SOLUTION Question 5 - WMA13/01 January 2023
o Part (a)
For z # mr/2, both sine and cosine are nonzero. Then
cot’z —tan’z = 0054:; —sin'z = (cosza: _ sin22w)(0052 @ + sin® z) = 1c0s 3$ = 40?5 2z - ! = 4 cot 2z csc 2x.
sin® z cos? z sin® z cos? x 4sin” 2z sin2z sin2z

cot? z — tan® z = 4 cot 2z csc 2z

° Part (b)

By part (a), the equation is cot?  — tan? @ = 2tan? 6, so cot? § = 3tan? @. The original expression
excludes @ = 0 in the stated interval, so tan 8 # 0 and multiplication by tan? @ gives

1=3tan?9 — tanh=+3"V4,

Tangent is one-to-one on (—/2,7/2); the two angles are + arctan(371/4) = +0.6497662865. . .
radians. Both are valid and nonzero. To two decimal places:

|6 =—0.65, 0.65 radians|




@ rinaL ANswER
(a) cot? 2 — tan® z = 4 cot 2z csc 2z (b) = —0.65, 0.65 radians
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Question 6

S

Figure 2
Figure 2 shows a sketch of the graph with equation
y = ‘3x—5a|—2a
where a is a positive constant.
The graph

* cuts the y-axis at the point P
* cuts the x-axis at the points Q and R
* has a minimum point at S

(a) Find, in simplest form in terms of «, the coordinates of
(1) point P
(i1) points Q and R
(111) point §
“)

(b) Find, in simplest form in terms of a, the values of x for which

|3x - 5a| —2a= ‘x - 2a|
4)



WORKED SOLUTION Question 6 - WMA13/01 January 2023

o Part (a)

Fory = |3z — 5a| — 2a witha > 0: () Atz = 0, y = 5a — 2a = 3a, so P = (0, 3a). (i) Aty =0,
|3z — 5a| = 2a gives 3z — 5a = +2a. Thus x = a or 7a/3; since a < 7a/3, Q = (a,0) and
R = (7a/3,0). (iii) The modulus vanishes at z = 5a/3, giving the minimum S = (5a/3, —2a).

P=(0,3a), Q= (a,0), R=(7a/3,0), S=(5a/3,—2a)

o Part (b)

Split |3z — 5a| — 2a = |z — 2a| at x = 5a/3 and & = 2a; their order uses a > 0. For z < 5a/3:
3a — 3z = 2a — x, so x = a/2, which is in this region. For 5a/3 < z < 2a: 3z — Ta = 2a — z, so
x = 9a/4; this is outside the assumed region and is rejected. For > 2a: 3z — Ta = x — 2a, so

x = 5a/2, which is valid. These three regions cover the whole real line, so there are exactly two

solutions.

@ FiNAL ANSWER
@P=(0,3a), Q=(a,0), R=(7a/3,0), S=(5a/3,—2a)b)z= o T = 5Ta
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Qu estio n 7 m Applications of Differentiation

7. The curve C has equation

x=3tan(y—£} xeR —E<y<2—jFI
6 3 3
(a) Show that

d_yi a

dx x*+6b

where a and b are integers to be found.

4)
The point P with y coordinate 7; lies on C.
Given that the tangent to C at P crosses the x-axis at the point Q.
(b) find, in simplest form, the exact x coordinate of Q.
(5)
WORKED SOLUTION Question 7 - WMA13/01 January 2023
Part (a)
Putu =y — m/6. Since z = 3tanu,
dz 2 z?2+9
— =3sec?u=3(1+tan?u) =31+ — ) = :
a sec®u = 3(1 + tan”u) (—I-g) 3

This is positive for all real &, so we may take the reciprocal: dy/dz = 3/(z? + 9). Thus the required
integersarea =3, b= 9.

dy 3
dr  z2+9

, a=3, b=9




Part (b)
Aty = /3, = = 3tan(m/3 — m/6) = 3tan(n/6) = /3. The tangent gradient is
3/((v3)2 +9) = 1/4. Its point-gradient equation is

y—§=%(w—\/§)-

At its x-axis crossing y = 0, —47/3 = = — /3.

4
so=v3- T

eFINALANSWER
(@) & = 2 a=3, b=9bzg=v3—%

z2+9°
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. Integration
Question 8 @D (g

8. Find, in simplest form,

J.(Z cos x — sinx)” dx
5

WORKED SOLUTION Question 8 - WMA13/01 January 2023

0 Part (main)

Expand the square first:

(2cosz — sinx)? = 4 cos? & — 4sin x cos z + sin? z.

Use cos? = (1 + cos 2x)/2 sin? z = (1 — cos 2x)/2, and 2sin z cos = = sin 2z. The integrand

becomes

5 3 .
5 + Ecos 2z — 2sin 2z.

Integrating with the angle-2 chain factors gives 52 /2 + 3sin2z/4 + cos 2z + K.

5 3
/(2cosa: —sinz)?de = 3T+ Zsin2w +cos2z + K

@ FINAL ANSWER

(main) [(2cosz — sinz)?dz = %w + %sin 2z + cos2z + K
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Question 9 m Numerical Methods

Figure 3

Figure 3 shows a sketch of part of the curve C with equation

y=v3+de” x>0

(a) Find %, giving your answer in simplest form.

(2)
The point P with x coordinate « lies on C.
Given that the tangent to C at P passes through the origin, as shown in Figure 3,
(b) show that x = a is a solution of the equation
4x%e” —4e” —3=0
3
(c) Hence show that & lies between | and 2
(2)
(d) Show that the equation in part (b) can be written in the form
LN PR
2 (1

The iteration formula
X, = %\/4 + 3w’
with x; =1 is used to find an approximation for a.
(e) Use the iteration formula to find, to 4 decimal places, the value of
(i) x;

(i1) «

3
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Part (a)

Differentiate y = (3 + 413””'2)1/2 using the chain rule:
dy 1 2\ _1/9 2 4pe®’
= = (344e")7V2 4 20 = —.
dz 2 A /3 + 4611:2

:132

dy  Aze

&~ 5y de”

Q Part (b)

Since the tangent at P = (e, /3 + 4ea2) passes through the origin, its gradient is yp/c, with
a > 0. Equate this to the derivative:

dae® vV3+ 4e’

— —  4a%* =3 + 4e®.

vV 3 + 4e*’ a

Consequently £ = «a solves the displayed equation.

2

422 —4e®” —3=0

e Part (c)

Let h(z) = 4x%e® — 4e*" — 3, a continuous function. Then A(1) = —3 < 0 and
h(2) = 12e* — 3 = 652.1778... > 0, s0 a root lies between 1 and 2. Moreover
h'(z) = 8z3e®” > 0for z > 0, so this is the unique positive root corresponding to the tangent

abscissa a.

l<a<?2

o Part (d)

From 4z2e*" = 4e®’ + 3, divide by the positive e to get 42 =4 + 3e~*". The source domain has
x > 0, so take the positive square root.

T = %\/44—36_"’2




o Part (e)

With &1 = 1, the unrounded iterates start

zo = 1.1295616764 ..., z3=1.0997193683..., z4=1.1062486441..., x5 = 1.1048012899....

Continue: zg = 1.1051212304... 7 = 1.1050504628... g = 1.1050661137.. .,
zg = 1.1050626523 . . .; further iteration settles at 1.1050632792. . .. Therefore (i) z3 = 1.0997 and
(i) a = 1.1051, both to four decimal places.

z3 = 1.0997, o =1.1051|

@ FiNAL ANSWER

22
@ = 2 0 de%e” 4 —3=001<a<2( o= VAt 3 (@

z3 = 1.0997, a =1.1051
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Qu estion 1 0 m Log Graphs & Exponential Models

10. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

A population of fruit flies 1s being studied.

The number of fruit flies, F, in the population, ¢ days after the start of the study, is
modelled by the equation

~350e"
9 4 ek

F
where k is a constant.

Use the equation of the model to answer parts (a), (b) and (c).

(a) Find the number of fruit flies in the population at the start of the study.

1)
Given that there are 200 fruit flies in the population 15 days after the start of the study,
(b) show that £ = L1n12
Given also that, when 7 = T, the number of fruit flies in the population is increasing at a
rate of 10 per day,
(¢) find the possible values of T, giving your answers to one decimal place.
)
WORKED SOLUTION Question 10 - WMA13/01 January 2023

Part (a)
At the start t = 0, so e* = 1 and the model gives F(0) = 350/(9 + 1) = 35 fruit flies.

F(0) =35




o Part (b)

Using F(15) = 200,

350e!5* 15k 15k 15k
€

Take natural logs to obtain 15k = In 12, as required.

In12
k= 15

° Part (c)

By the quotient rule,

_ 350ke" (9 + e*) — 350ke®  3150ke’t

't (9+ eM)?2 T (@)

Set F'(T) = 10 and let u = €*T > 0. Then
315ku = (9 +u)? = u®+ (18 — 315k)u+ 81 =0.

With the exact k = In 12/15, the quadratic formula gives

_ 315k — 18 & +/(315k — 18)% — 324
N 2

= 2.5615490777... or 31.6214905678. ...

u

Both values are positive and at least 1, hence both correspond to T' > 0. Finally T = In u/k gives
5.6779528361 ... or 20.8488936858 . . . days. To one decimal place the two times are as follows.

T = 5.7 days, T = 20.8 days

@ FINAL ANSWER
(@) F(0) =35 (b) k= 212 (T =5.7days, T =20.8days



