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c m Log Graphs & Exponential Models
Question 1

1. A population of a rare species of toad is being studied.

The number of toads, N, in the population, ¢ years after the start of the study, is modelled
by the equation

90060.121'
N= 2012 11 t>20,teR

According to this model,

(a) calculate the number of toads in the population at the start of the study,

(D

(b) find the value of r when there are 420 toads in the population, giving your answer to
2 decimal places.

“4)
(¢c) Explain why, according to this model, the number of toads in the population can never
reach 500
ey
WORKED SOLUTION Question 1 - WMA13/01 January 2020

0 Part (a)

At the start of the study,t = 0, so

900e° 900

N(0) = =
(0) 2e0 +1 3

= (300}

There are initially 300 toads.



o Part (b)

Set N = 420 and clear the denominator:

90060'12t
~ g0d2t 11’
420(2¢%% + 1) = 900e*'*,

420 = 60e%1%,
012t _ 7.

420

Taking natural logarithms gives

7
A2t =1 = —— = 16.2159179....
012t =In7 = ¢ 012 6.2159179

In

Thus |t = 16.22 years|to 2 decimal places.

° Part (c)

Divide the numerator and denominator by e

0.12¢.

900
N= 2t e 012"

Since e 912t > ( for every finite ¢ > 0, the denominator is greater than 2. Hence
y g

N<@=450<500.

The population approaches 450 as t increases without bound, so it can never reach 500 according to
this model.

0 FINAL ANSWER
(a) 300 (b) t = 16.22 years (c) N < 450 < 500, sothepopulationcanneverreach500
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° m Functions, Composition & Inverses
Question 2

2. The function f and the function g are defined by

f(x) = x>0,xeR

X+
5
g(x)zalnx x>0,xeR

(a) Find, in simplest form, the value of fg(e?)

(2)
(b) Find f!
3)
(¢c) Hence, or otherwise, find all real solutions of the equation
f1(x) = f(x)
(3)
WORKED SOLUTION Question 2 - WMA13/01 January 2020

0 Part (a)

First evaluate the inner function:

g(e?) = gln(ez) = g X 2=05.

Then apply f to this result:

12
fe(e?) = f(5) = 511 2.




o Part (b)

Put y = f(x) and rearrange to make z the subject:

12 12
1) =12 T
er1 o Yt — Ty

y:

Forz > 0, the denominatorz +1 > 1,50 0 < f(z) < 12. Conversely, every ywith 0 < y < 12
gives € = 12/y — 1 > 0. Thus the range of f, and hence the domain of its inverse, is (0, 12).
Interchanging « and y gives

12
f‘l(w)=?—1, 0<z<12.

c Part (c)

Both functions must be defined, so 0 < & < 12. Substitute the formula for the inverse and multiply
by the nonzero quantity z(x + 1):
12 12
z T
(12 —z)(z + 1) = 12z,
12 + 11z — 22 = 12,
24+z—-12=0,
(z+4)(z—3)=0.

The algebraic candidates are £ = —4 and & = 3. Reject £ = —4 because it lies outside 0 < z < 12.
Forz =3, f71(3) = 12/3 — 1 = 3 = £(3), so the only real solution is

@ FiNAL ANSWER
@ fge)=fB)=2& =20 f(z)=2 -1, 0<z<12(Qz=3
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c m Log Graphs & Exponential Models
Question 3

3.
log,, v 4
\ 0.4)
(6, 0)
(0] log,, x
Figure 1

Figure 1 shows a linear relationship between log, v and log  x

The line passes through the points (0, 4) and (6, 0) as shown.

(a) Find an equation linking log,, v with log  x
2

(b) Hence, or otherwise, express y in the form px?, where p and ¢ are constants to be

found.
&)
WORKED SOLUTION Question 3 - WMA13/01 January 2020

° Part (a)

The horizontal coordinate is log; « and the vertical coordinate is logy y. The gradient of the line is
0-4 2

m _— _——

6—-0 3

The vertical intercept is 4, so the required equation is

2
logyoy=4- 510810 Z




o Part (b)

Taking powers of 10 on both sides gives

y — 104—%log10:1:

= 10% (10180 7) >/
= 10000z ~*/3,
Here £ > 0, as required for log;, « to exist. Therefore
y = 10000z 23, p=10000, g=——|

@ rinAL ANSWER
(a) logyoy = 4 — Zlogy = (b) y = 10000z %3, p = 10000, g¢=—

([N
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Qu estio n 4 m Differentiation Techniques

_(@x+5)

4. (i) f) ===

P
(a) Find f'(x) in the form % where P(x) and QO(x) are fully factorised quadratic
X

expressions.

(b) Hence find the range of values of x for which f(x) is increasing.

(6)
(i)
g(x)=xvsindx  0<x< %
The curve with equation y = g(x) has a maximum at the point M.
Show that the x coordinate of M satisfies the equation
tandx + kx =0

where £ is a constant to be found.

&)
WORKED SOLUTION Question 4 - WMA13/01 January 2020

o Part (i)(a)
Using the quotient rule and the chain rule,
(z — 3)4(2z + 5) — (2= + 5)2

f,(:li) = (CB _ 3)2
_ (2z + 5){4(z — 3) — (2= + 5)}
(z —3)?
B (2z + 5)(2z — 17)
= @—3) ) z # 3.

Thus P(z) = (2z + 5)(2z — 17) and Q(z) = (z — 3)? are fully factorised quadratics.



o Part (i) (b)
For z # 3, the denominator (z — 3)? is positive, so the sign of f/(z) is the sign of
(2 + 5)(2x — 17). For an increasing function we require

(2z + 5)(2z — 17) > 0.

Both factors are negative when z < — =3, and both are positive when > 17 . Therefore the required

2!
values are

:1:<—E or :1:>1—7
2 2 |

° Part (i)

For0 < z < 7, we have sin4z > 0. Applying the product rule and the chain rule gives

/!
g(z \/s1n4:1:+:1:(
(=)= 2+/sin4zx

sin 4x + 2z cos 4z

v/sin 4z

) 4 cos4x

Since g(0) = 0 while g(x) > 0 in the interior, the stated maximum M does not occur at ¢ = 0. Its
coordinate therefore lies in 0 < & < 7, where g is differentiable, so g'(z) = 0 at M. Consequently,

sin4x + 2z cos4xz = 0.

At such a point cos 4 # 0: the only interior zero of cos 4z is z = 5 Where the left-hand side above

is 1, not 0. Dividing by cos 4 therefore gives
[tan 4z + 2z = 0|, k= 2|

@ FiNAL ANSWER

()@ LA ()o)o < 5 or 2> U (i) tands+22 =0,k =2
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Qu estio n 5 m Trig Identities & Exact Values

5. (a) Use the substitution 7 = tanx to show that the equation
12tan2x + Scotxsec’ x =0
can be written in the form

5t4 241 -5=0

4)
(b) Hence solve, for 0 < x < 360°, the equation
12tan2x + 5cotxsec’ x =0
Show each stage of your working and give your answers to one decimal place.
4)
WORKED SOLUTION Question 5 - WMA13/01 January 2020

0 Part (a)

Let t = tan z. For the original equation to be defined, sin # 0, cos  # 0 and cos 2z # 0; hence
t#0and t2 # 1. Using the double-angle and reciprocal identities,
2tanz 2t

1 2 2
tan2m:1—tan2w:1—t2’ cotw=?, sec’z =14 t°.

Substituting into the equation gives
24t 5(1+1¢%)
1—¢t2 t

0.

Multiply by the nonzero quantity ¢(1 — ¢2) and expand:
24t? 4 5(1 + t?)(1 — t?) = 0,
24t% + 5 — 5t* = 0.

Therefore

5t — 2412 — 5 =0.




o Part (b)

Factor the quadratic in t2:

1
(5> +1)(t*-5)=0 — t2=—g or t?=75.

Since tis real, ¢2 > 0, so discard ¢ = —1/5. Thus
tanz = t = £/5.

In degrees, let

o = tan"(v/5) = 65.905157 ... °.

Tangent is positive in quadrants | and Il and negative in quadrants Il and IV. The four solutions in
0 < z < 360° are therefore

r=a, 180°—a, 180°+«a, 360° —a.

These have finite, nonzero tangent with £2 = 5 # 1, so every transformation in part (a) is reversible
and all four satisfy the original equation. To one decimal place,

z=65.9°, 114.1°, 245.9°, 204.1°.

@ rinAL ANSWER
(a) 5t — 242 —5 =0 (b) ¢ — 65.9°, 114.1°, 245.9°, 294.1°
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Question 6

=V

Figure 2
Figure 2 shows part of the graph with equation y = f(x), where
fx)=2[2x—- 5| +3 x>0
The vertex of the graph is at point P as shown.

(a) State the coordinates of P.
2

(b) Solve the equation f(x) =3x — 2
4

Given that the equation
f(x) =kx +2
where k is a constant, has exactly two roots,

(¢) find the range of values of &.

3



WORKED SOLUTION Question 6 - WMA13/01 January 2020

o Part (a)

At the vertex, the expression inside the modulus is zero:

2r-5=0 = wzi, f(—>=3.

5
Hence|P = (5,3) :

o Part (b)

Write the function in its two branches:

On the left branch,

13—-4z=3z—2 — Tzr=15 — zx=—.

Thisliesin0 < z < %, so it is valid. On the right branch,
dr—T7T=3z—-2 = zx=05b.

This satisfies z > % so it is also valid. Thus

15
= — :5.
€ 7 or r




Part (c)

Each straight branch can have at most one intersection with y = kz + 2. Two distinct roots therefore
require one intersection strictly to each side of the vertex.

For the left branch,

13—4zx=kx+2 — zp= kl—_:4
The condition0 < z, < % first requires k 4+ 4 > 0, then gives
kl—j4<g = 22<5(k+4) = k>§.
For the right branch,
e —T=kx+2 — xp= %
The conditionxg > % requires k < 4, and then
4%19>g = 18>54-k) = k>%.

Atk = % both intersections coincide at the vertex, giving only one root. At k = 4, the line is parallel
to the right branch and has no intersection with that branch, again leaving only one root. Hence

2
—<k<4|
5< <

@ FiNAL ANSWER

(a)P=(%,3) (b)mz%orsz(c)%<k<4
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Qu estio n 7 m Applications of Differentiation

=V

Figure 3
Figure 3 shows a sketch of part of the curve with equation
v=2cos3x-3x+4 x>0
where x is measured in radians.
The curve crosses the x-axis at the point P, as shown in Figure 3.

Given that the x coordinate of P is a,

(a) show that & lies between 0.8 and 0.9

(2)
The iteration formula
|
X .= 3 arccos(1.5x —2)
can be used to find an approximate value for a.
(b) Using this iteration formula with x = 0.8 find, to 4 decimal places, the value of
@ x,
(ii) x,
' 3

The point Q and the point R are local minimum points on the curve, as shown in Figure 3.

Given that the x coordinates of Q and R are /5 and A respectively, and that they are the two
smallest values of x at which local minima occur,

(c) find, using calculus, the exact value of /# and the exact value of 4.

(6)
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o Part (a)

Let f(x) = 2cos 3z — 3z + 4, using radians. Then

£(0.8) = 2cos2.4 — 2.4 + 4 = 0.1252125... > 0,
£(0.9) = 2cos 2.7 — 2.7+ 4 = —0.5081443 ... < 0.

The function is continuous on [0.8,0.9], so this change of sign shows that there is a root between
the endpoints. Moreover, f'(z) = —6sin 3z — 3 < 0 on this interval, so this root is unique there.
Thus the crossing shown at P has|0.8 < a < 0.9].

o Part (b)(i)

Using the inverse cosine in radians,

1 1
zo = garccos(1.5(0.8) —-2)= garccos(—0.8) = 0.8326971....

Hence |x2 = 0.8327|to 4 decimal places.

° Part (b)ii)

Continue the iteration, retaining the full calculator values at each step:

1

x3 = garccos(1.5a:2 —2)=10.8067674...,
1

Ty = ga,rccos(l.5m3 —2) =0.827119%...,

1
T5 = ga.rccos(l.5:c4 —2) =0.8110216....

Therefore |z5 = 0.8110 | to 4 decimal places.



Part (c)

Differentiate the curve equation:

d d?
d—z — _6sin3zc — 3, d—;; — —18cos3z.
At a stationary point,
—6sin3z—-3=0 — sin3m=—%.

For ¢ > 0, the stationary points therefore belong to the two families

3m=7—67r—|—2mr or 3:czllT7r+2n7r, n=0,1,2,....

In the first family, cos 3z = —@, giving yl= 94/3 > 0, so these are local minima. In the second

family, cos 3z = 73 and y/= —9\/§ < 0, so these are local maxima and are excluded. Thus all
positive minimum coordinates are
r 2nmw

+ — n=0,1,2,....

T=18 T 3

The two smallest are obtained withn = 0 and n = 1:

_ o

T
ﬂ_ﬁ’ A 18

@ FINAL ANSWER
() 0.8 < a < 0.9 (b)(i) z2 = 0.8327 (b)(ii) 25 = 0.8110 () = 1=, A = Lr
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. Integration
Question 8 EIED (eegone

8. (1) Find, using algebraic integration, the exact value of

42
J‘ 2 dx
3 3x -1

giving your answer in simplest form.

4)
- 2x3 —T7x? +8x +1
(i1) h(x) = 2 x>1
(x=1)
. C e
Given h(x)=Ax+ B + (j where A, B and C are constants to be found, find
x —
J.h(x) dx
(6)
WORKED SOLUTION Question 8 - WMA13/01 January 2020

Part (i)
Since 3z — 1 > 0 throughout 3 < z < 42, an antiderivative is

2 2
/3:1:—1 dm—gln(3m—1)—|—K.

The factor 1/3 compensates for the derivative of 3z — 1. Thus

2 4 9 )
— | 213z -1
/3 T dz [3 n(3z )]3

= %(111 125 — In 8)

() 20((%))

Using In(a®) = 31Ina for a > 0, the exact value in simplest form is

o (2)




o Part (ii)

Multiply the given decomposition by (z — 1)2:
223 — 722+ 8z 4+ 1= (Az + B)(z — 1)+ C
= Az’ + (B — 24)z* + (A —2B)z + (B + C).

Comparing coefficients gives

A=2 B-24A=-7T= B=-3, B+C=1= C=4.

The coefficient of z also agrees, since A — 2B = 2 — 2(—3) = 8. Hence
A=2  B=-3, C=4,] h(z)=2z-3+4(z—1)"2

Integrating each term,

/h(w) dz = /(2:1: —3+4(z—1)2)dz
=z -3¢z —4(x— 1) + K.

Therefore, forz > 1,

4
— p2 =
/h(w)dw—w 3z :z:—1+K’

where K is an arbitrary constant of integration, distinct from the coefficient C' = 4.

0 FINAL ANSWER
M2l (3)@A=2  B=-3, C=4 [hz)dc=2>-3z— 2 +K
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Qu estion 9 Trig Equations & R-Form

9. f(0) =5cosf — 4sind #eR

(a) Express f(f) in the form Rcos(f + a), where R and a are constants, R > 0 and
T
0<a< BX Give the exact value of R and give the value of ¢, in radians, to 3 decimal
places.

3)

The curve with equation y = cos @ is transformed onto the curve with equation y = f(8) by
a sequence of two transformations.

Given that the first transformation 1s a stretch and the second a translation,
(b) (i) describe fully the transformation that is a stretch,

(i1) describe fully the transformation that is a translation.
2)
Given
90

H - - -
O oy

(¢) find the range of g.
2
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o Part (a)

Expanding the required form gives

Rcos(0+ a) = Rcosacosf — Rsinasin 6.

Comparing coefficients with 5 cos @ — 4sin 0,

Rcosa =5, Rsina = 4.

Squaring and adding, using R > 0, gives
RP=5"+4*=41 = |R=V4l|

Also, since 0 < a < 5,

4 4
tana = 5 o= arctan(g) =0.6747409... = |a = 0.675radians (3d.p.)|

Thus the exact form is

F(6) = V41 cos (0 + arctan%) .

° Part (b) (i)
A stretch parallel to the y-axis with scale factor | v/ 41| taking y = cos @ to y = v/41 cos 6.

o Part (b)ii)

A translation by the vector

(—Oa) _ (— a.rctzn(4/5)) N (—06675).

This moves the curve a units to the left, giving y = v/ 41 cos(8 + a).




° Part (c)

Since @ can be any real number,

VA1 <fO) <V4l — 0<(f(9)% <4l

Hence 4 < 4 + (f(6))? < 45. Taking reciprocals of these positive bounds and multiplying by 90
gives

239(9)3475.

Both endpoints are attained: the minimum occurs when f(6) = +4/41, and the maximum when

7(6) =0.

@ FiNAL ANSWER
(a) R = v/41, a = 0.675 radians (3 d.p.), £(6) = v/41 cos(6 + arctan®) (b)(i) V41 (b))

(_Oa) ©2<g(0) <%



