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CHAPTERS VARIANTS EXAM QUESTIONS
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» 38 note pages in Save My Exams format, with your notes margin on every page
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CHAPTER 01

Rational Algebra

Algebraic fractions behave exactly like number fractions. Fac-
torise first, and every cancel, add and divide becomes routine.

3 6 12

CONCEPTS VARIANTS EXAM QUESTIONS

YOU WILL MASTER

» Factorise and cancel without losing the values x is not allowed to take
» Add, subtract, multiply and divide algebraic fractions into one simplest fraction

» Divide an improper fraction to get Ax + B + 9 and check it

» Finish every “Show that” in the exact form the question asks for
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Two note pages, six ways to be asked Y’t
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Rational Algebra

o1)- 1.1 Rational expressions

cancel: linear denominator  cancel: quadratic denominator

+and -: common denominator xand +

02)- 1.2 Improper algebraic fractions

divide by a linear divisor  divide by a quadratic divisor

C
AX+B+ ——
+ + (X _ 1)2
N\ J
Contents
11 Rational Expressions 3
1.2 Improper Algebraic Fractions 8
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Rational Expressions NOTE 11 4
Your notes

Rational Expressions

PURE 3 » ALGEBRA AND FUNCTIONS » RATIONAL EXPRESSIONS Exam code WMA13 Dr Eslam
Ahmed
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| What is a rational expression?

= A rational expression is a fraction whose numerator and denominator are poly-
x?+3x-10

2X -4
= |t follows exactly the same rules as number fractions.

nomials, e.g.

® |t is undefined wherever the denominator is zero.

_ x2+3x-10

x4 is undefined at x = 2.

How do I simplify a rational expression?

= Factorise the numerator and the denominator completely.
- common factor: 2x? - 6x = 2x(x - 3)
- difference of two squares: x? -9 = (x - 3)(x + 3)
- quadratic: 2x% +5x -3 = (2x - 1)(x + 3)

® Cancel any bracket that is a factor of the whole numerator and the whole
denominator.

® Never cancel terms that are added or subtracted.

The values that made the original denominator zero are still not allowed.
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( COMMON BRACKET /
X+5 2 CANCELS Your notes
_ X+5

= =
) 2 2
S T BuTxs2sTIL =
o
y 3
=

AHOLEAT x
- > X
~ 5 2

Only whole brackets cancel, and the forbidden value stays forbidden.

2
e.g. X -9
& SIMPLIFY ~—— =
(x-3)(x+3) <——[FACTORISE TOP AND BOTTOM
X(x +3)

ANSWER % X#0, x#-3

How do I add or subtract rational expressions?

STEP1 Factorise every denominator.

Build the lowest common denominator (LCD): every different factor, once
each, at its highest power.

Rewrite each fraction over the LCD and combine the numerators. Put
each numerator in a bracket.

Expand, collect, then factorise the new numerator and cancel if you can.

x2 -1 X-1
LCD = (x - 1)(x + 1)
NOT (x - 1)%(x + 1)
Building the LCD of ﬁ and F the shared factor is used once.
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How do | multiply or divide rational expressions? V4
Your notes
= Multiply: multiply the numerators together and the denominators together, -
then cancel. g
= Divide: flip the second fraction and multiply. §
A,C_AD z
B'D B C 2

® Factorise before multiplying out, so that cancelling is easy.

= Exclude the zeros of every original denominator and of the numerator you
divided by.

Examiner Tips and Tricks

® The most common form of this question is “Show that f(x) = g))(( +3,
+
where a, b, c and d are integers to be found”. The final line must be in

exactly that form.

= The answer is usually used again: to find f~'(x) (C02), to differentiate
(C10) or to integrate (C12). A slip here costs marks later.

® Check your simplified answer by substituting a simple value such as
x = 3 into the original and into your answer.

WHEN YOU SEE — YOU DO

“Simplify fully” / “in its simplest form” factorise top and bottom
completely, then cancel
common brackets

“ _ax+ b
Show that f(x) = xed’ where q, b, c and combine over the LCD,
d are integers factorise the new top,
cancel
“Express as a single fraction” one fraction, factorised,

nothing left to cancel

“x € R, x > 2" written after f(x) the domain is part of the
question: keep it with
your answer
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0 Your notes

Worked Example

=
(=
=
Simplify fully 2.+ 5X -3 z
p y y X2 + X _ 6 * a
2
(2x - 1)(x +3)
m <[ FACTORISE BOTH QUADRATICS |
X +3)(x -
X#-3, X#2 ‘EXCLUSIONS FROM THE ORIGI- ‘
NAL DENOMINATOR
=31 -1
xX=0: —=-=-=— QUICK CHECK WITH A SIMPLE ‘
-6 2 -2 VALUE
ANSWER 2XX “1  xz-3 2

Worked Example

_2x+5 3x+9 _ax+b
f(x) = X=2 xrx-6 x > 2. Show that f(x) = xad'
where q, b, c and d are integers to be found.

x>+ x-6=(x+3)(x-2) FACTORISE THE DENOMINATOR:
LCD IS (x +3)(x - 2)

(2x +5)(x +3)-(3x+9)
(x +3)(x-2)
_2x%+8x+6 _ 2(x+1)(x+3)

= = <——|EXPAND, COLLECT, FACTORISE |
(x+3)(x-2) (x+3)(x-2)

ONE FRACTION; BRACKET THE
SECOND NUMERATOR

11 18 2(3)+2
-3 - %_g- <—[ CHECK
x=3 7 5 8 3.3 { ]
ANSWER f(x)=2;+22: a=2,b=2,c=1,d=-2

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 6



ELITE IGCSE / PURE 3 P3 - CHAPTER 01 - RATIONAL ALGEBRA

0 Your notes

Worked Example
=
s S
2 ~
. . X°-9 X-3 =
° Simplify full + .
PV IUY o ox "X -4 g
(x - 3)(x +3) x (x-2)(x+2) ‘FLIP THE SECOND FRACTION AND ‘
X(x +2) x-3 FACTORISE
w < CANCEL (x - 3) AND (x +2) ]
X
x#0, 2, 3 ‘BOTH DENOMINATORS AND THE ‘
DIVISOR'S NUMERATOR
X+3)(x-2
ANSWER %, x#0, £2, 3

HOW THIS IS EXAMINED - past WMA13 papers

cancel: linear denominator [ NOT SEEN YET - BE READY |

cancel: quadratic denominator [ NOT SEEN YET - BE READY |
common denominator [SEEN&XINEXAMS] product or quotient [ NOT SEEN YET - BE READY |
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Improper Algebraic Fractions NOTE 1.2 V4
Your notes

Improper Algebraic Fractions

PURE 3 » ALGEBRA AND FUNCTIONS » RATIONAL EXPRESSIONS Exam code WMA13 Dr Eslam
Ahmed
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What is an improper algebraic fraction?

= Afraction is improper when the degree of the numerator is greater than or equal to
the degree of the denominator.
. 2X2 +5x - 8 (

~+ 3 degree 2 over degree 1) is improper.

3 is proper.
" proper.

® Like % =3+ %, an improper algebraic fraction can be written as
. remainder
- quotient + ———
divisor

= The remainder always has a lower degree than the divisor.

THE DIVISION IDENTITY LEARN THIS: NOT GIVEN

How do I divide using long division?

Write both polynomials in descending powers, using 0 for any missing
power.

Divide the leading term of what is left by the leading term of the divisor.
Multiply the divisor by that term and subtract the whole line.

Repeat until the degree of what is left is less than the degree of the
divisor.
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(2x2+5x -8):(x+2)=2x+1+ 2 /
X+2 Your notes
- 2x2 - 4x

=
X -8 §
-xX -2 =
— =]
-10 G

Long division of 2x? + 5x - 8 by x + 2: quotient 2x + 1, remainder -10.

Is there a quicker way?

® Write the identity with unknown constants and compare.
« 2x2+5x-8=(Ax+B)(x+2)+C

= Substitute the root of the divisor (x = -2) to find C immediately: this is the
remainder theorem.

= Compare coefficients (highest power, constant term) to find the rest.

® This method is especially quick when the divisor is a repeated factor such as
(x-1)2.

e.g. FIND THE REMAINDER WHEN x> - 2x + 7 IS DIVIDED BY x + 2

F(-2)=-8+4+7 (_{SUBSTITUTE THE ROOT OF THE w
DIVISOR
[ ANSWER remainder = 3 ]
STEP 1 Check: degree of top > degree of bottom
STEP2 Fill missing powers with 0
STEP3 r Long division or the identity
STEP 4 k Remainder theorem check
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Your notes

Examiner Tips and Tricks

C . .
" the identit
) [ ity

method is usually fastest and needs no long division layout.

® When the question gives the form, e.g. “Ax + B +
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= Divide by the expanded quadratic: (x - 1)? = x% - 2x + 1.

= This division is almost always followed by “Hence” integration (C12):
C
[—dx=Cln|x+2|.
X+2

WHEN YOU SEE — YOU DO

“Write g(x) in the form Ax + B + " &

> where
+
A, B and C are integers to be found”

long division by (x +2), or
the identity and compar-
ing coefficients

“ee _ C

LI S (x-127 find 4, B identity; put x = 1 first
and C”
“Hence use algebraic integration” / “Hence . o
find [ h(x)dx" integrate the divided

form term by term

Worked Example

2 -
g(x) = %, x>-2. Write g(x)inthe form Ax+B+ " ¢

+2
where A, B and C are integers to be found.

2x(x +2) = 2x% + 4x; subtract: x - 8 DIVIDE LEADING TERMS: 2x%: X =

2Xx

B

1(x +2)=x+2; subtract: -10

NEXT TERM OF THE QUOTIENT: ‘
+1

2(-2)? +5(-2) -8 =-10 <——REMAINDER THEOREM CHECK |

10
ANSWER =2x+1-——: A=2,B=1,C=-10
g(x)=2x+1-—=
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° Your notes

Worked Example
=
2 g
3_ 742 =
¢ h(x)=2x /X +8X+1,x>1. Givenh(x)=Ax+B+L, S
(x-1)? (x-1)? 3
find A, B and C. 3
2x3-7x%+8x+1=(Ax+B)(x-1)*+C <—| MULTIPLY THROUGH BY (x-1)* |
x=1: 2-7+8+1=C = C=4 <——| THE BRACKET VANISHES ]
x3: A=2 <——COMPARE THE HIGHEST POWER |
x=0: 1=B+C = B=-3 <——COMPARE CONSTANTS J

_ _ 4
ANSWER h(x) =2x -3+ —(x Ry

HOW THIS IS EXAMINED - past WMA13 papers
linear divisor [SEEN2XINEXAMS] quadratic divisor [SEEN6XINEXAMS'
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/
Where marks are lost o

=

(V2]

=

v RIGHT z

S

IR No cancelling: X2 - 1.8, @

X+6 _ 6 X X 3

X Only a bracket that multiplies every- =

thing can be cancelled.

< WRONG  RIGHT
x+3)(2x -1 = . - .
(x +3)( ) _ 2x-1 (nothing Add x # -3, x #2
(x+3)(x-2) X-2 Exclusions come from the original de-
else). .
nominator.
 RIGHT
x WRONG A-(3x+9) A-3x-9
A 3x+9 A-3x+9 B - B
B B B The minus sign applies to the whole
numerator.
Dividing x3 - 2x + 1 with no gap for Write x* + 0x® - 2x + 1 first.
x2. Missing powers shift every column.
 RIGHT
x WRONG ax+b
Stonn . 2(x + 1)(x +3) Cancel and match <o d"
opping a (x+3)(x-2)" “Show that” wants the exact final
form.
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Rational Algebra

Cancel

Factorise top and bottom completely.
Cancel whole brackets only, never
terms.

Keep the original exclusions.

Multiply and divide

x: straight across.
:: flip the second fraction.
Exclude zeros of the divisor’s top too.

P3 - CHAPTER 01 - RATIONAL ALGEBRA

Add and subtract

LCD: every factor once.

Bracket the second numerator after a
minus.

Factorise the new top and cancel.

Divide
Top degree > bottom: divide.

F=QD+R, degree R < degree D.
Put the root of D in to get R fast.

BOTTOM LINE Factorise first. Cancel only whole brackets, keep the
forbidden values, and finish in the exact form the question asks for.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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DR ESLAM AHMED
eliteigcse.com

CHAPTER 02

Functions, Composition
and Inverses

A function is a machine: know what it accepts (domain), what
it can produce (range), how to chain two machines, and how to
run one backwards.

b 13 26

CONCEPTS VARIANTS EXAM QUESTIONS

YOU WILL MASTER

» State domains and ranges, including the range on an interval with a turning point
» Evaluate and form composite functions in the right order: fg means g first

» Solve equations such as gg(x) = 78 and f(%) =g(a+ 3)

» Find ! with its domain, sketch it, and find where f meets f'
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Three note pages, thirteen ways to be asked /

Your notes

CHAPTER 02 MAP N

01)- 2.1Language of functions
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domain and range  one-one and many-one

range on an interval restricted domain

02 - 2.2 Composite functions

evaluate fg(5) form fg(x) domain of fg

solve gg(x) = R f(l) = g(a+3)

a

03)- 2.3 Inverse functions
find f7'(x)  restrict, then invert  graph of f

~1(R) without the formula  f(x) = f~'(x)

\\ J
Contents
21 Language of Functions 3
2.2 Composite Functions 7
2.3 Inverse Functions 1
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Language of Functions NOTE 21 V4
Your notes

Language of Functions

PURE 3 » ALGEBRA AND FUNCTIONS > FUNCTIONS Exam code WMA13 Dr Eslam Ahmed
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I What is a function?

= A function is a rule that gives exactly one output for every allowed input.

= The domain is the set of allowed inputs (x-values). It is written after the rule:
f(x)=2x?-5, x20.

= The range is the set of outputs it actually produces (y-values). Write it using
f(x), e.g. f(x) = -5, not using x.

® Notation: f(x) =... or f: x + .. mean the same thing.

What are one-one and many-one functions?

= One-one: every output comes from only one input. A horizontal line meets the
graph at most once.

= Many-one: some output comes from two or more inputs, e.g. X2 gives 4 from
X =2and x = -2.

= One-many rules (e.g. +/x) are not functions at all.

= Only a one-one function has an inverse.

ONE-ONE MANY-ONE NOT A FUNCTION

Mapping diagrams. Each input may send only one arrow.

How do I find the range on an interval?

m Sketch the graph only over the given domain.

® Find the value at each end of the interval.
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® Find any turning point inside the interval: it may be the smallest or largest /
value.
Your notes
® The range runs from the lowest to the highest of these values. Use < for values -
that are reached, < for values only approached. %’
=
=
«©
y :
1?2 RANGE ON THE y-AXIS
7
MINIMUM INSIDE THE
3 INTERVAL: (2, 3)
. > X
2 5
f(x) = x2-4x+7,0 < x < 5: the minimum is inside the in-

terval, so the range is 3 < f(x) < 12, not7 < f(x) < 12

e.g.  STATE THE RANGE OF f(x) = 2x2 -5, x > 0

f(0) = -5 and f increases for x 2 0 THE LOWEST POINT IS AT THE ‘
START OF THE DOMAIN

[ ANSWER  f(x) > -5 ]

Examiner Tips and Tricks

® The range must be written in terms of f(x) (or y): “f(x) = -5", never
MX 2 _5"‘

® For a rational function such as 2XX +22, x > 2, think about what happens

as x - 2 and as x — oo: the outputs approach (but never reach) 2, so
the range is f(x) > 2.

= Always check whether the domain contains a turning point. Using only
the end values is the most common error in this topic.
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ELITE IGCSE / PURE 3
WHEN YOU SEE — YOU DO

“State the range of f”

“0 < x < 5” with a quadratic

“Given that f is one-one / has an inverse,
find the smallest k” with domain x > kR

Worked Example

P3 - CHAPTER 02 - FUNCTIONS

sketch over the domain; Your notes
end values and turning

points; answer in f(x)

is the vertex inside?
then it gives the min or
max

R is the x-coordinate of
the turning point

f(x)=x?-4x+7,0<x<5. Find the range of f.

f(x)=(x-2)*+3
x =2 isinside[0,5] = min=3

f0) =7, f(5)=12

COMPLETE THE SQUARE: VERTEX
(2,3)

TURNING POINT INSIDE THE IN-
TERVAL

BOTH ENDS: THE LARGER GIVES
THE MAXIMUM

[ ANSWER 3 < f(x) < 12

Worked Example

f(x) = (x-3)? +1, x 2 k. Given that f is one-one, find the least
value of k and state the range of f for this k.

vertexat x =3

<——| CREASES, RIGHT OF IT f IN-

<—— TURNING POINT SO NO OUTPUT

LEFT OF THE VERTEX f DE-

CREASES

START THE DOMAIN AT THE

REPEATS

[ ANSWER least kR = 3; range f(x) =1
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HOW THIS IS EXAMINED - past WMA13 papers /

A Lo . Your notes
algebraic restrictions [SEENIXINEXAMS] restricted branch [SEEN3XINEXAMS
range on an interval [SEENOXINEXAMS!
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Composite Functions NOTE 2.2 4
Your notes

Composite Functions

PURE 3 » ALGEBRA AND FUNCTIONS > FUNCTIONS Exam code WMA13 Dr Eslam Ahmed
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What is a composite function?

= A composite function applies one function and then another to the result.

= fg(x) means f(g(x)): apply g first, then f. Read it from the inside out (right to
left).

® |n general fg(x) # gf(x): the order matters.

= f2(x) or ff(x) means apply f twice.

|FIRST| | SECOND |

fg(x): the input goes into g first, and its output goes into f.

How do I find fg(x) or evaluate fg(5)?

= Avalue: work out g(5) first, then put that number into f.

= An expression: replace every x in f(x) by the whole expression g(x), in brack-
ets, then simplify.

= Keep exact values (fractions, surds, In, e) all the way through.

| What is the domain of a composite function?

® x must be allowed in g, and the output g(x) must be allowed in f.

= So the domain of fg is the set of x in the domain of g for which g(x) lies in the
domain of f.

1
a

How do I solve equations such as gg(x) = k or f( ) =g(a+3)?

= Form the expression first, then solve: gg(x) = g(g(x))-
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= Look for a substitution: in (x? - 3)? - 3 = 78 treat x? - 3 as one block. /
u f(%) = g(a +3) is not a composite: put % into f and a + 3 into g separately. Your notes

= Reject any answer that makes an input illegal (e.g. a zero denominator).

e.g. f(x)=3x-1,4g(x) = x% FIND fg(2) AND gf(2)

g(2) =4 = f(4)=11 <—[fg: g FIRST |
f(2)=5 = g(5)=25 <—|gf: f FIRST J
[ ANSWER fg(2) = 11, gf(2) = 25: the order matters J

Examiner Tips and Tricks
= Write the middle step: “fg(5) = f(7) = ...". It earns the method mark
even if the arithmetic slips.
= When forming fg(x) put g(x) in a bracket before you substitute.

® “Solve gg(x) = 126" after expanding, a quartic in x is usually a
quadratic in x2. Remember x? = negative has no real solutions.

WHEN YOU SEE — YOU DO

“Find the value of fg(5)” / “Find gf(2)" inside function first;
write the middle value

Find fg(x), giving your answer in its substitute g(x) in brack-

simplest form ets into f, then simplify

“Solve the equation gg(x) = 126" form g(g(x)), then treat
the inner bracket as one
block

“Solve the equation f(%) =g(a+3)” two separate substitu-

tions, then solve; check
denominators

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 8
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ELITE IGCSE / PURE 3 P3 - CHAPTER 02 - FUNCTIONS

a Your notes

Worked Example

3
+7 'g
f(x) = h, x#2 and g(x) =2x-1. (a)Find fg(4). (b) Find 3
fg(x) in its simplest form. 2
g(4)=7 <—(a) g FIRST ]
f(7) = % <— | THEN f ]
(2x-1)+7
A <—[(B) REPLACE x IN f BY (2x - 1)
fo0= S | XINFBY@x-1)
_14 _2X+6 3
ANSWER  (a) fg(4) = (b) fg(x) = 5°—5, x#3
Worked Example
[ g(x) = x*> - 3, x € R. Solve gg(x) = 78. ]
(x*-3)2-3=78 <—[FORM g(g(x)) ]
(x*-3)>=81 = x?-3=19 <—|TREAT x2- 3 AS ONE BLOCK |
x2=12 or x%=-6(no real roots) <——REJECT THE NEGATIVE SQUARE |
[ ANSWER X = +2,/3 ]

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 9



ELITE IGCSE / PURE 3 P3 - CHAPTER 02 - FUNCTIONS

° Your notes

Worked Example
=
2 £
- Xi;, x#2 and g(x) = 2x - 1. Solve f(%) - g(a+3). 5
1.7 N
f(l) _a _1+7a MULTIPLY TOP AND BOTTOM BY
a/ 1_9 1-2a a
a
g(a+3)=2a+5 <—— | SEPARATE SUBSTITUTION ]

1+7a=(2a+5)(1-2a) = 4a®>+15a-4 =0 <—[CROSS-MULTIPLY AND COLLECT |

(ta-1)a+4)=0 <—{CHECK: 1 42 FOR BOTH ]

[ANSWER a=%ora=—4 J

Worked Example

? f(x)=1ln(x-1), x>1 and g(x) = 3-x?, x € R. Find the domain

of fg.
g(x)>1 THE OUTPUT OF g MUST BE A
VALID INPUT FOR f
3-x251 = x%2<2 <[ SOLVE THE INEQUALITY ]

[ANSWER 2 <x<2 ]

HOW THIS IS EXAMINED - past WMA13 papers

form fg(x) [SEENSXINEXAMS] domain of fg [ NOT SEEN YET - BE READY |
evaluate fg(5) [SEENTIXINEXAMS] solve a composite equation [SEENGXINEXAMS
f(u) = g(v) [SEENTRINEXAMSY
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ELITE IGCSE / PURE 3 P3 - CHAPTER 02 - FUNCTIONS

Inverse Functions NOTE 2.3

Inverse Functions

PURE 3 » ALGEBRA AND FUNCTIONS » FUNCTIONS Exam code WMA13 Dr Eslam Ahmed

What is an inverse function?

= The inverse f~' reverses f: if f(3) = 10 then f77(10) = 3.
= ffU(x) = ff(x) = x.

® Only one-one functions have an inverse. A many-one function must first be
restricted to a one-one part.

= f1(x) is not 1

f(x)
f f!
® domain: inputs of f = domain = range of f
® range: outputs of f ® range = domain of f

How do I find f~'(x)?

Write y = f(x).
Rearrange to make x the subject.
Swap: replace y by x, and write f~7(x) = ...

State the domain of f™': it is the range of f.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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ELITE IGCSE / PURE 3 P3 - CHAPTER 02 - FUNCTIONS

What does the graph of y = f~'(x) look like? ° /7

Your notes

® |t is the reflection of y = f(x) in the line y = x.

= Every point (a, b) on f becomes (b, a) on f~'; intercepts swap axes; asymptotes
swap (y = 3 becomes x = 3).

= If f is increasing, f and f~' can only meet on the line y = x, so solve f(x) = x.

f(x) = x> -3, x 2 0 and its inverse: mirror images in y = x, meeting on the line.

How do I find f~'(k) without the formula? °

= f-1(R) is the input that makes f give k. Solve f(x) = R, keeping only the solution
in the domain of f.

e.g. f(x) = x3+2x-1.FIND f(11)

xX3+2x-1=11 = x=2 SOLVE f(x) = 11 (TRY SMALL
INTEGERS)

[ ANSWER f~'(11) =2 ]

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 0112000 9622 12
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ELITE IGCSE / PURE 3 P3 - CHAPTER 02 - FUNCTIONS

Your notes

Examiner Tips and Tricks

= The answer “f~'(x) = ...” needs its domain to score full marks: “x > 3",
taken from the range of f.
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= With a quadratic, choose the * root that matches the domain of f: for
X23use3+ [..

= For a decreasing function, f(x) = f~'(x) is not guaranteed to happen
only on y = x. Solve f(x) = f~'(x) directly and check the answer is in
both domains.

WHEN YOU SEE — YOU DO

“Find f~'(x)"” [ “Find " y = f(x), make x the sub-
ject, swap, state the do-
main

“State the domain of " it is the range of f

“On Diagram 1, sketch the curve with

e = reflect in y = x; swap in-

tercepts and asymptotes

“find the exact x coordinate of P” where

y = f(x) meets y = f~(x) increasing f: solve f(x) =

x; otherwise solve f(x) =

£()
Worked Example
X+7 . -1 . .
f(x) = — o X> 2. Find f™'(x) and state its domain.
Y(x-2)=x+7 = Xy-2y=x+7 <— [ MULTIPLY OUT J
2y +7
X(y-1)=2y+7 = x= ‘COLLECT THE x TERMS, FAC- ‘
y-1 TORISE
x>2 = f(x)>1 RANGE OF f: AS X — oo, f — 1;
D ASXx -2, f >
ANSWER  f~"(x) = 2):( +17, x> 1

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 13



ELITE IGCSE / PURE 3 P3 - CHAPTER 02 - FUNCTIONS

0 Your notes

Worked Example

f(X) =4+3 ln(X—1), x>1 and g(X) = 2eX+3, X € R. Find f—‘](x)
and g~'(x), each with its domain.
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y-4

<—UNDO +4, x3, THEN ]

-4
ln(x—1):yT = Xx=1+e

range of f is R <——50 ! ACCEPTS EVERY x ]
eX = yzi = X= [n(g) <—[UNDO +3, x2, THEN e ]
-1 x4 -1 X-3
ANSWER f'(x)=1+e3, x€R g (x)=ln(T),x>3

Worked Example

[ f(x) = x> -6x+5, x 23. Find f'(x), stating its domain. ]
y=(x- 3)2 -4 <——| COMPLETE THE SQUARE ]
X-3=tfy+h = X=3+Jy+4 <—[TAKE + BECAUSE x 2 3 )
[ ANSWER f'(X)=3+x+4, x2-4 J
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ELITE IGCSE / PURE 3 P3 - CHAPTER 02 - FUNCTIONS

° Your notes

Worked Example
=
g
? f(x) =x?>-3, x20. The curves y = f(x) and y = f~'(x) meet at =
P. Find the exact x-coordinate of P. o
Z
f isincreasing, so P lieson y = x THE CURVES ARE MIRROR IM-
AGES IN y = x
x2-3=x = x*-x-3=0 < SOLVE f(x) = x ]
Xz 12\' 13 ‘RE]ECT THE NEGATIVE ROOT: X >
0

ANSWER =
X=T
Worked Example
? 6 el -1
o f(x)= 1 X 0. Find f~'(x) and solve f~'(x) = f(x).
Py 6
f (x)=;—‘|, 0<x<6 <—RANGE OF £ IS 0 < f(x) < 6 ]
6 = 6 _ 1T = 6x=6(x+1)-x(x+1) [ 15 DECREASING: SOLVE THE
xX+1 X ACTUAL EQUATION
x2+x-6=0 = x=2(x=-3rejected) <——CHECK 2 IS IN BOTH DOMAINS |

[ ANSWER X =2 J

HOW THIS IS EXAMINED - past WMA13 papers

find f~'(x) ISEENA6RINEXAMS) restrict then invert [ NOT SEEN YET - BE READY |
graph of f~' [SENZXINEXAMS) f'(k) directly [SEEN2XINEXAMS) f = f~' [SEENSXINEXANS)
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Where marks are lost

x WRONG

Range of f(x) =2x%>-5, x 20: “x 2

_5".

x WRONG

Range of x> -4x+7 0n 0 < x
from the ends only: 7 < f(x) <

x WRONG

fg(4) = g(f(4)).

x WRONG

Ay =
0= w00
x WRONG

FUx)=3%x+4.

<
12.

P3 - CHAPTER 02 - FUNCTIONS

v RIGHT

f(x) 2 -5.

The range describes outputs.

v RIGHT

3 < f(x) < 12: the vertex (2,3) is
inside.

Check for a turning point in the inter-
val.

v RIGHT
fa(4) = f(g(4)): g first.

Read composites from the inside out.

v RIGHT

7" undoes f; it is not the recipro-
cal.

The -1 is notation, not a power.

v RIGHT
3 +/x +4 only, because x 23 in f.

An inverse must be a function: one
output.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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ELITE IGCSE / PURE 3

Functions

Domain and range

Domain: allowed x. Range: outputs,
written with f(x).

On an interval: both ends and any
turning point inside.

Inverses

y = f(x), make x the subject, swap.
Domain of f~! = range of f.

Graph: reflectin y = x.

P3 - CHAPTER 02 - FUNCTIONS

Composites

fa(x) = f(g(x)): g first.
Substitute g(x) in brackets.
Domain of fg: g(x) must be allowed

in f.

f meets [

Increasing f: solve f(x) = x.
Otherwise solve f(x) = f'(x) and
check both domains.

BOTTOM LINE Know what goes in, what comes out, which machine
runs first, and how to run it backwards. Always state the domain.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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PURE 3 - WMA13 « VISUAL NOTES

DR ESLAM AHMED
eliteigcse.com

CHAPTER 03

Graph Transformations

Inside the bracket moves x the “wrong” way; outside moves y
the way it looks. Track a few key points and the whole graph
follows.

2 i K

CONCEPTS VARIANTS EXAM QUESTIONS

YOU WILL MASTER

» Map any point under f(x) +a, f(x +a), af(x), f(ax), -f(x) and f(-x)

» Combine an inside change and an outside change, e.g. 3f(2x) or f(-x) -1
» Sketch transformed graphs with every turning point and intercept labelled
» Work backwards: find a and b from a transformed vertex or maximum

Dr Eslam Ahmed - eliteigcse.com « WhatsApp 011 2000 9622



ELITE IGCSE / PURE 3 P3 - CHAPTER 03 - GRAPH TRANSFORMATIONS

Two note pages, four ways to be asked /

Your notes

CHAPTER 03 MAP N

Graph Transformations

01)- 3.1Single transformations
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outside: f(x)+a, af(x), -f(x) inside: f(x + a), f(ax), f(-x)

02 - 3.2 Combinations of transformations
inside and outside: 3f(2x)  reflection and shift: f(-x) - 1

find a, b from a vertex max and min values

g J
Contents
31 Single Transformations 3
3.2 Combinations of Transformations 7
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ELITE IGCSE / PURE 3 P3 - CHAPTER 03 - GRAPH TRANSFORMATIONS

Single Transformations NOTE 31 V4
Your notes

[ J o =
Single Transformations
PURE 3 > ALGEBRA AND FUNCTIONS > TRANSFORMATIONS - Exam code WMAT3 - Dr Eslam 5
Ahmed :
_UJ
3

| What is a graph transformation?

= A transformation changes the equation y = f(x) and so moves, stretches or
reflects its graph.

® Every transformation is either outside the function or inside the bracket:
- outside changes act on the y-coordinates, and do what they look like

- inside changes act on the x-coordinates, and do the opposite of what they
look like

= To sketch atransformed graph, move the key points (turning points, intercepts)
and keep the shape.

F\— ) 3
{Mm (o,O)J

The base curve for this page: y = f(x) with a min-

imum at (0,0), a maximum at (2,4) and a root at (3,0).

How do outside changes work?

= y = f(x) + a: translation by (2) (x,¥) = (x,y +a)

m y = af(x): vertical stretch, scale factor a. (x,y) — (x,ay)
m y = -f(x): reflection in the x-axis. (x,y) = (x,-y)

® x-coordinates never change. Roots of af(x) stay where they are.
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ELITE IGCSE / PURE 3 P3 - CHAPTER 03 - GRAPH TRANSFORMATIONS

How do inside changes work? V4

Your notes

= y = f(x + a): translation by (_(?). (x,y) = (x-a,y) (+a moves left)

= y = f(ax): horizontal stretch, scale factor%. (x,y) = (g,y) (f(2x) squashes)

=
w
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m y = f(-x): reflection in the y-axis. (x,y) = (-X,y)

= y-coordinates never change. The y-intercept of f(ax) stays the same.

y=f(x)+2 y=af(x), a=2 y =-f(x)
Q
o
> _— ——
O
y=f(x+2) y = f(2x) y = f(-x)
| Q o
— -\— > — fF
Six single transformations of the same curve. Dashed: y = f(x).
EQUATION TRANSFORMATION (2,4) MAPS TO
f(x)+2 translation (‘2’) (2,6)
2f(x) vertical stretch, scale factor 2 (2,8)
-f(x) reflection in the x-axis (2,-4)
f(x +2) translation (77) (0, 4)
f(2x) horizontal stretch, scale factor % (1,4)
f(-x) reflection in the y-axis (-2,4)

e.g.  WHERE DOES (2,4) GO UNDER y = f(x - 3)?

X-3=2 = x=5 INSIDE: SOLVE NEW INSIDE =
OLD x

[ ANSWER (5, 4) ]
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ELITE IGCSE / PURE 3 P3 - CHAPTER 03 - GRAPH TRANSFORMATIONS

Your notes

Examiner Tips and Tricks

® For an inside change, solve “new inside = old x-coordinate”. For f(2x)
and the point (2,4): 2x = 2, so x = 1. This never goes the wrong way.
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= Describe a stretch with its direction and scale factor: “a stretch paral-

lel to the x-axis, scale factor %

= Asymptotes move too: y = f(x) + 2 moves a horizontal asymptote up by
2.

WHEN YOU SEE — YOU DO

“Find the point to which P is mapped when

. inside: solve for x; out-
... Is transformed to ..."

side: apply toy

“y = f(2x)" halve the x-coordinates;
y unchanged

“y = 3f(x)" treble the y-coordinates;
roots unchanged

“y=f(-x)"1“y = -f(x)" inside minus: mirror in
y-axis; outside minus:
mirror in x-axis

Worked Example

The point P(6,-2) lies on the curve y = f(x). Find the point to
which P is mapped when the curve is transformed to (a) y =

f3x) (b)y =2f(x+1) (Ay=[f(X)I.

3X=6 = x=2 (A) INSIDE: NEW INSIDE = OLD x; |
y UNCHANGED

X+1=6 = x=5, y=2(-2)=-4 (B) INSIDE SHIFT, THEN OUTSIDE

STRETCH

y=1-2]=2 (C) MODULUS OUTSIDE: NEGATIVE
y IS REFLECTED UP

[ANSWER (@) (2,-2) (b)(5,-4) (c)(6,2) }
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HOW THIS IS EXAMINED - past WMA13 papers /
. . . 3 Your notes
vertical transformation [SEENTXINEXAMS] horizontal transformation [SEENXINEXAMS
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ELITE IGCSE / PURE 3 P3 - CHAPTER 03 - GRAPH TRANSFORMATIONS

Combinations of Transformations (0] ) V4
Your notes

[ ] [ ] [ ]
Combinations of Transformations 5
>
PURE 3 ALGEBRA AND FUNCTIONS TRANSFORMATIONS Exam code WMA13 Dr Eslam §
Ahmed :
2

| How do I apply two transformations at once?

= Separate the equation into its inside part and its outside part.
« y = 3f(2x): inside 2x (horizontal stretch %), outside x3 (vertical stretch 3)
 y = f(-x) - 1: inside -x (reflect in y-axis), outside -1 (down 1)

= An inside change and an outside change do not affect each other: apply the
inside one to x and the outside one to y.

= Two outside changes follow the normal order of operations: 2f(x) - 5 means
stretch first, then subtract 5.

MAPPING A POINT UNDER A COMBINED TRANSFORMATION

STEP 1 Write the key point (p, q)

STEP2 Inside: solve “new inside = p” for the new x

step3 | Outside: apply the outside operations to g in order

STEP 4 Plot and label the new point

127 *~ (2,4) > (1,12)
HALVE x, TREBLE y

> X

[SEIRw G

ROOT (3,0) - (2,0)

y = 3f(2x): squash towards the y-axis, then stretch away from the x-axis.
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ELITE IGCSE / PURE 3 P3 - CHAPTER 03 - GRAPH TRANSFORMATIONS

How do I find a and b from a transformed point? V4

Your notes

= Use the same rule backwards: inside gives an equation in the x-coordinates,
outside gives an equation in the y-coordinates.

® Fory =af(x+b): newx=oldx-b and newy =axoldy.

= Avertex, maximum or minimum is the best point to use: it is easy to read from
the question.
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How do transformations change maximum and minimum values?

® Qutside changes alter the values: if f has minimum -3, then 2f(x) - 5 has
minimum 2(-3)-5=-11.

= A negative outside factor swaps maxima and minima: -f turns a minimum of
-3 into a maximum of 3.

® Inside changes alter where it happens: if f is minimum at x = 1.2, then f(2x)
is minimum at x = 0.6.

Examiner Tips and Tricks

® “On separate diagrams”: one clean sketch per part, with every turning
point and the y-intercept labelled with both coordinates.

® The y-intercept is found by putting x = 0 into the new equation: for
y = f(-x)-1itis f(0) - 1.

= This topic often appears inside an R-form question (C07): “State the y
coordinate of the minimum points of y = 2f(x) - 5”. Only one line of
work is needed.

WHEN YOU SEE — YOU DO

“On separate diagrams, sketch y = 3f(2x)

andy = f(-x)- 1" move every key point:

inside to x, outside to y

“the vertex of y = af(x + b) is (-2, 5)" equation in x gives b;
equation in y gives a

“State the y coordinate of the minimum

points on y = 2f(x) - 5" apply the outside oper-

ations to the minimum
value

“the smallest value of x at which a

. - swaps max and min; 2x
maximum occurs for y = -f(2x)"” P

halves the x-value
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Worked Example

P3 - CHAPTER 03 - GRAPH TRANSFORMATIONS

s

y-intercept.

.

The curve y = f(x) has a minimum at (0, 0), a maximum at (2, 4)
and crosses the x-axis at (3, 0). On separate diagrams sketch (i)
y = 3f(2x) (ii) y = f(-x) - 1, showing the turning points and the

J/

(0,0) — (0,0), (2,4)— (1,12)

(3,0) - (2,0)

(0,0) —» (0,-1), (2,4) - (-2,3)

‘(I) HALVE EVERY x, TREBLE EVERY‘
h
y

<—| (1) THE ROOT MOVES T0O ]

(1) MIRROR IN THE y-AXIS, THEN
DOWN 1

ANSWER (i) min (0,0), max (1,12)
intercept), max (-2, 3)

(ii) min (0,-1) (also the y-

(i) y = 3f(2x)

e (1,12)

The two answers. Dashed: y

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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ELITE IGCSE / PURE 3 P3 - CHAPTER 03 - GRAPH TRANSFORMATIONS

0 Your notes

Worked Example

=

g

f(x) =2|x-3] +1. The graph of y = f(x) has its vertex at P. The g

graph is transformed to y = af(x + b), whose vertex is (-2, 5). b

Find P, a and b. §
x-3=0 = P(3,1) <——[ VERTEX: THE MODULUS IS ZERO |
x+b=3whenx=-2 = b=5 <——[INSIDE: NEW INSIDE = OLD x |
ax1=5 = a=5 <——|OUTSIDE: NEW y =ax OLD y |
[ ANSWER P(3,1), a=5, b=5 ]

Worked Example

4 A

f(x), x > 0, has minimum value -3, first occurring at x = 1.2. (a)
State the minimum value of y = 2f(x) - 5. (b) State the smallest
x at which a maximum occurs for y = -f(2x), and the maximum
value.

& J

2(-3)-5=-1 (A) OUTSIDE OPERATIONS ON ‘
THE MINIMUM VALUE

2x=1.2 = x=0.6
<——| COMES A MAXIMUM OF -f; IN-

SIDE HALVES x

(B) THE MINIMUM OF f BE-

-(-3)=3 <—THE MAXIMUM VALUE )

[ ANSWER (a) -11 (b) x = 0.6, maximum value 3 ]

HOW THIS IS EXAMINED - past WMA13 papers

inside and outside [SEENR2XINEXAMS| reflection and shift [SEEN2XINEXAMS
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ELITE IGCSE / PURE 3 P3 - CHAPTER 03 - GRAPH TRANSFORMATIONS

Where marks are lost /

Your notes

x WRONG

y = f(x +2) moves the graph 2 to
the right.

x WRONG

y = f(2x) doubles the x-
coordinates.

x WRONG
y = 2f(x) moves the roots.

x WRONG
For y = f(-x) - 1, writing the y-
intercept as (0, 0).

x WRONG

y = -f(2x): maximum at the same
place as f's maximum.

v RIGHT

It moves 2 to the left: (x,y) —» (x -
2,y).
Inside changes do the opposite.

v RIGHT
It halves them: scale factor %

Solve 2x = old x.

v RIGHT
Roots stay: 2 x 0 = 0.

Outside changes never touch x.

v RIGHT
f(0)-1=-1,s0(0,-1).

Use the new equation at x = 0.

v RIGHT

The minimum of f becomes the
maximum.

A negative outside factor swaps max
and min.
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1

=
@
=
=
=
=
(=}
=
m
wn
B
o
=)
@




ELITE IGCSE / PURE 3 P3 - CHAPTER 03 - GRAPH TRANSFORMATIONS

Graph Transformations o

=
(2]
s
z

Outside: y changes Inside: x changes i

f(x)+a: up a. f(x +a): left a. 8

af(x): y x a. f(ax): x + a. “

-f(x): mirror in the x-axis. f(-x): mirror in the y-axis.

Roots never move. y-intercept never moves.

Combined Backwards and values

Inside to x, outside to y, indepen- Vertex of af(x + b): x-equation gives

dently. b, y-equation gives a.

Solve “new inside = old x". Max and min values follow the out-

Two outside steps: usual order. side operations.

BOTTOM LINE Move the key points, not the whole curve: inside
changes act on x and go the opposite way, outside changes act on y
and do what they say.
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PURE 3 - WMA13 « VISUAL NOTES

DR ESLAM AHMED
eliteigcse.com

CHAPTER 04

Modulus

Every modulus question is a graph question in disguise: find
the corner, split into two straight branches, and keep only what
is allowed.

3 12 20

CONCEPTS VARIANTS EXAM QUESTIONS

YOU WILL MASTER

» Sketch [f(x)], f(|x|) and every a|x + p| + g graph with exact corners and intercepts
» Solve modulus equations by branches, and reject the answers that are not allowed
» Count solutions and find the parameter range for “exactly two roots”

» Solve modulus inequalities and write the final interval correctly

Dr Eslam Ahmed - eliteigcse.com « WhatsApp 011 2000 9622
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Three note pages, twelve ways to be asked /

Your notes

CHAPTER 04 MAP N

01)- 4.1 Sketching modulus graphs

=
[V2]
(=
=
-
=
(=}
]
m
(%]
3
(=4
~

y=1fl  y=f(x]) y=alx+pl+q

find unknown constants

02)- 4.2 Solving modulus equations

IfO1=g(x)  [f()] = [g(x)|  exactly n roots

modulus =a curve  f(|x])=c

03)- 4.3 Solving modulus inequalities

[f(x)| >g(x) <ors:theends Lnorquadraticinside

. _/
Contents
41 Sketching Graphs of Modulus Functions 3
4.2 Solving Modulus Equations 8
4.3 Solving Modulus Inequalities 14
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Sketching Graphs of Modulus Functions NOTE 41 V4

Your notes

Sketching Graphs of Modulus Functions

PURE 3 » ALGEBRA AND FUNCTIONS » MODULUS Exam code WMA13 Dr Eslam Ahmed

I What is the modulus function?

= The modulus of a number is its size: how far it is from 0, ignoring the sign.
«|5]=5 and |-5] =5
+ The modulus is never negative: |x| 2 0 for every x.
® The modulus function y = | x| is defined in two branches:
« |x] =x whenx=>0 (leave it alone)
* |x] =-x when x <0 (change its sign)

= |ts graph is a V-shape with its corner (vertex) at the origin.

3 Icorner (0, 0) 3

v = x (folded up)

The graph of y = |x]|: the part of y = x below the axis is folded up.

How do I sketch y = a|x + p| + g?

® Every graph of this type is a V-shape: two straight arms that meet at a corner.

® The corner is where the inside of the modulus equals zero.

Find the corner: solve x+p =0, so x = -p. Its heightis y = g.

Decide the direction: a > 0 opens upwards (V); a < 0 opens downwards

(N).
Find the y-intercept: put x = 0 inside the modulus first, then take the
size.

Find any x-intercepts: solve a|x + p| + g = 0 by branches (see 4.2).
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ELITE IGCSE / PURE 3 P3 - CHAPTER 04 - MODULUS

Draw two straight arms through these points and label every coordi-

nate. /
Your notes
=
I3x - al k- 2|x| 5
=|3x-a =k-2|x =
vY 7Yy =
=
©
(0,a) (0,k) 3
4
k k
(_Er 0) Er 0)
X
 — X
(9 )
Two of the most common exam graphs. Label the corner and every intercept.
e.g. SKETCH y = |2x - 6|, SHOWING WHERE THE GRAPH MEETS THE AXES

2x-6=0 = x=3 <——[CORNER ON THE x-AXIS ]

x=0:y=]-6/=6 <——| y-INTERCEPT: INSIDE FIRST ]

[ ANSWER V-shape, corner (3,0), y-intercept (0, 6) ]

| How do I sketch y = |f(x)|?

= The modulus acts on the output (y-values), so no part of the graph can be
below the x-axis.

® Keep every part of y = f(x) that is on or above the x-axis.

® Reflect every part that is below the x-axis in the x-axis: (x,y) = (x,-y).

- x-intercepts do not move.

« A minimum below the axis becomes a maximum above it.

How do I sketch y = f(|x|)?

= The modulus acts on the input (x-values), so f(|x]|) gives the same output for
x and -x.

® Delete the part of the graph where x < 0.

® Reflect the part where x > 0 in the y-axis. The result is symmetric about the
y-axis.
- Negative y-values stay negative.

« A turning point (p, g) with p > 0 gives a second one at (-p, q).
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y = f(x) y = |f(x)|: foldup y = f(|x|): mirror right half /

Your notes
T A
MIRROR
IMAGE |

‘MIN BECOMESE

|
MAX
N >t > «l«k%

The same f, two different modulus graphs. Dashed: the part that moved.

=
(V2]
(=
=
-
=
(=}
—
m
w
P
o
=

| What is the difference between y = |f(x)| and y = f(|x|)?

y = |f(x)] (modulus outside) y = f(|x|) (modulus inside)
® changes the y-values ® changes the x-values
® nothing below the x-axis = symmetric in the y-axis
= fold up in the x-axis = mirror the right half to the left

Examiner Tips and Tricks
® “On separate diagrams” means one clean sketch for each part. Do not
draw them on top of each other.

= “Showing the coordinates of the points where the graph meets the
axes”: every intercept needs both coordinates, e.g. (0, a), not just a.

® The y-intercept of y = |3x - a| is (0, a), never (0, -a).

= Your sketch in part (a) is the tool for parts (b) and (c). Draw it carefully.
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WHEN YOU SEE — YOU DO

s
“sketch the graph of y = |f(x)|” keep above the axis, re- Your notes
flect the parts below -
“sketch the graph of y = f(]| x]|)” keep x > 0, copy it into E
x < 0 by reflecting in the 9
y-axis §

y = |3x - a| ... where a is a positive corner (% 0); y-intercept

constant (0,a): answers in terms
of a

T.h:grelx(ph has a maximum point at (3, 7) corner = inside = 0

with unknowns height = outside con-
stant

Worked Example

Sketch the graph of y = 5-|3x-22], showing the coordinates of
the maximum point and of any points where the graph meets
the coordinate axes.

3x-22=0 = x= 23—2 STEP 1: THE CORNER IS WHERE
THE INSIDE EQUALS ZERO

y=5-0=5 = (%, 5) AT THE CORNER THE MODULUS
<—— 1S 0; MINUS SIGN MEANS THE
CORNER IS A MAXIMUM

[3x-22]=5 = 3x-22=50r3x-22=-5 x-INTERCEPTS: SET y = 0 AND
SPLIT INTO TWO BRANCHES

Xx=9 or x= 13—7 <[ SOLVE EACH BRANCH ]

x=0:y=5-]-22|=-17 y-INTERCEPT: INSIDE FIRST,
THEN TAKE THE SIZE

ANSWER  A-shape, maximum (22, 5), crosses the x-axis at (,0) and
(9,0), the y-axis at (0,-17)
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0 Your notes

Worked Example

The graph of y = a - |2x - b|, where a and b are constants, has
a maximum point at (3, 7). Find a and b, and the coordinates of
the point where the graph crosses the y-axis.

=
[V2]
(=
=
-
=
(=}
]
m
(%]
3
(=4
-~

2(3)-b=0 = b=6 ‘THECORNERISATX=3,SOTHE‘
h
INSIDE IS ZERO THERE
7=a-0 = a=7 ‘AT THE CORNER THE MODULUS ‘
IS 0
y=7-10-6]=1 <~—[PUTXx=0 ]
[ ANSWER a =7, b =6, crosses the y-axis at (0, 1) ]

Worked Example

f(x) = x? - 4x +3. On separate diagrams sketch (a) y = | f(x)| (b)
y = f(|x]), giving the coordinates of any turning points.

f(x)=(x-1)(x-3), min(2,-1), (0,3) <—|KEY POINTS OF y = f(x) FIRST |

2,-1) - (2,1) (A) THE PART BETWEEN X = 1
<—— | AND x = 3 IS FOLDED UP: THE
MINIMUM BECOMES A MAXIMUM

2,-1) - (-2,-1 (B) THE RIGHT HALF IS MIR-
? ’
<—— | RORED: A SECOND MINIMUM AP-
PEARS; y STAYS NEGATIVE

ANSWER (a) maximum (2, 1) (b) minima (2,-1) and (-2, -1), maxi-
mum (0, 3)

HOW THIS IS EXAMINED - past WMA13 papers

| f(x)| fold [SEENSXINEXAMSY] f(|x|) mirror [ NOT SEEN YET - BE READY |
alx + p| +q V-shape [SEENT6xXINEXAMS] find constants [SEEN3XINEXAMS
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Solving Modulus Equations NOTE 4.2 V4
Your notes

Solving Modulus Equations

PURE 3 » ALGEBRA AND FUNCTIONS » MODULUS Exam code WMA13 Dr Eslam Ahmed
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How do I solve |f(x)| = g(x)?

= A modulus has two branches, so the equation splits into two ordinary equa-
tions:

* f(x)=g(x)  (where f(x) 2 0)
« -f(x)=g(x)  (where f(x) <0)
= Solving both always gives two candidate answers, but not all of them are real solutions.

= Sketch both graphs first: the number of crossings tells you how many answers
to keep.

Sketch y = | f(x)| and y = g(x) on the same axes and count the intersec-
tions.

STEP 2 Find the corner and write the two branch equations.
STEP 3 Solve each one.

STEP 4 Reject any answer that is not on its own branch, or that makes g(x) < 0.

e.g.  SOLVE |x+1|=3

X+1=3 or x+1=-3 RIGHT SIDE IS A POSITIVE CON-
<——| STANT: BOTH BRANCHES ARE
FINE
[ANSWER X=2 or X=-4 ]
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Why must I check my answers? V4
Your notes

® Each branch equation is only true on its own side of the corner.

= An answer from the branch x = 3 that turns out to be x = -3 is not a solution:
the line never meets that arm.

= A modulus cannot equal a negative number, so any answer that makes the
right-hand side negative must go.

=
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]
m
(%]
3
(=4
-~

y
\‘\ y=2
= |X =
P y=]
- > X
-3 AT 3
o= :§:—only on thelextended arm x

|x - 3] = 2x has one solution. The algebra also produces x = -3, which must be rejected.

How do I solve |f(x)| = |g(x)|?

= Two numbers with the same size are either equal or negatives of each other:
* f(x)=g(x) or f(x)=-g(x)

= Alternatively square both sides: (f(x))2 = (g(x))z. This is safe because both
sides are 2 0.

= Both answers are usually valid here, but substitute to check.

How do I find the values of k for “exactly two roots”?

® The roots of f(x) = k are where the horizontal line y = k meets y = f(x).

= Slide the line up and down the sketch and count the crossings in each band of
heights.

= Check the boundary heights one by one:
- at the corner height the line touches once (one root)

- at a domain end the point counts only if that end is included (<)
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y /

Your notes

7 tworootsfor 1< k<5
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f(x) = |2x -6/ +1, 0 < x < 5: two roots only for 1 < k < 5.

How do I solve f(|x|) =c?

® Substitute u = |x|. The equation becomes f(u) = ¢, with the rule u > 0.
= Solve for u and reject any negative value.

® Each positive u gives two answers, x = u and x = -u; u =0 gives only x = 0.

SOLVING ANY MODULUS EQUATION

STEP 1 [ Sketch both sides and count the crossings
STEP2 Find the corner: inside = 0

STEP3 Write the two branch equations

STEP 4 ‘ Solve each branch

STEP5 Reject answers off their branch; check the rest

Examiner Tips and Tricks

m If the question says “Solve”, write the final answers clearly and
cross out or state the rejected one with a reason: “x = -3 is not valid
because x = 3 on this branch”.

= With a parameter, e.g. [3x - a| = |x +a| with a > 0, keep a in every
answer and use a > 0 when you check.

® A root exactly at the corner comes out of both branches. List it once.
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WHEN YOU SEE — YOU DO

“Solve the equation |ax +b| =...”

“Given that the equation f(x) = k has
exactly two roots, find the range of values
of R”

“F(Ix]) = 48"

Worked Example

P3 - CHAPTER 04 - MODULUS

two branches, then
check each answer
against its branch

inside = inside or inside
= -inside (or square both
sides)

sketch, slide y = k, check
each boundary

put u = |[x|] = 0, solve,
then x = +u

[ Solve the equation |x - 3] = 2x.

X23: XxXx-3=2X = x=-3

Xx<3: -(x-3)=2x = 3=3x = x=1

11-3]=2=2(1)

RIGHT BRANCH; BUT -3 IS NOT
> 3, SO REJECT

LEFT BRANCH; 1 < 3 SOITIS
VALID

CHECK IN THE ORIGINAL EQUA-
TION

[ ANSWER Xx =1

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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0 Your notes

Worked Example

z
s
[ Solve |2x - 1| = |x + 4]. ] %
2Xx-1=Xx+4 = x=5 <—[SAME SIGN ] 3
2x-1=-(x+4) = 3x=-3 = x=-1 <——OPPOSITE SIGNS ]
9] = 19], |-3] = [3] <——[BOTH CHECK ]
[ANSWER x=5or x=-1 J

Worked Example

f(x) = 12x-6] +1, 0 < x < 5. Given that the equation f(x) = kR
has exactly two roots, find the range of values of k.

corner (3,1), f(0) =7, f(5)=5 THE KEY HEIGHTS: CORNER AND
BOTH ENDS OF THE DOMAIN
k=1: oneroot THE LINE JUST TOUCHES THE
-
CORNER
1<k <5: two roots THE LINE CROSSES BOTH ARMS;
-

x=51S INCLUDED

5<k<7: oneroot THE RIGHT ARM STOPS AT
HEIGHT 5

[ANSWER T<ks5 J
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° Your notes

Worked Example
[ ? Solve x% - 4 = |x - 2|. J ;

X22: X’-4=x-2 = (x-2)(x+1)=0

Xx = 2 VALID; x = -1 REJECTED
(NOT 2 2)

X<2: XxX*-4=2-x = (x+3)(x-2)=0

X = -3 VALID; x = 2 ALREADY ‘

FOUND
[ANSWER X=2 or x=-3 ]
Worked Example
7 f(x)=x2+2x-8. Solve f(|x]) = 0.
u?+2u-8=0 = (U+4)(u-2)=0 <~ [LETu = |x] ]
u = -4 (reject), u=2 </ Ix| CAN NEVER BE NEGATIVE |
[ANSWER X=2 or x=-2 J

HOW THIS IS EXAMINED - past WMA13 papers

lax + b = a line [SEENSXINEXAMSY |f| = |g| ISEENSKINEXAMSY
exactly n roots [SEENSXINEXAMS] modulus = a curve [SEEN2xINEXAMS
f(Ix1) = c [SEEN2XINEXAMSY
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Solving Modulus Inequalities NOTE 4.3 V4
Your notes

Solving Modulus Inequalities

PURE 3 » ALGEBRA AND FUNCTIONS » MODULUS Exam code WMA13 Dr Eslam Ahmed
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| How do I solve |f(x)| < aand |f(x)| > a?

Think of the modulus as a distance from 0.

® |f(x)| < a means f(x) is within a of 0: one sandwich interval
*-a<f(x)<a
® |f(x)| > a means f(x) is further than a from 0: two separate pieces

« f(x)<-a or f(x)>a

With < or > the end values are included.

- 1 >
-a 0 a
If(x)| >a: f(x)<-aorf(x)>a
éo ; O—)i
-a 0 a

“Less than” stays inside; “greater than” goes outside.

e.g.  SOLVE|x-2|<5

-5<x-2<5 <——| LESS THAN: ONE SANDWICH |

[ ANSWER -3 <x<7 ]
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How do I solve |f(x)| > g(x) when g(x) is not a constant? V4
Your notes
= Solve the matching equation |f(x)| = g(x) first (see 4.2). Its solutions are the
critical values.

= Sketch both graphs and read off where the modulus graph is above (>) or
below (<) the other graph.
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= Write the interval using the critical values: strict signs exclude them, < and 2
include them.

b

3|x - 4| + 2 > 5x holds where the V is above the line: x < I

What if the inside is a logarithm or a quadratic?

= Write down the domain first, e.g. In x needs x > 0; In(x + 1) needs x > -1.

® Remove the modulus with a sandwich (<) or two pieces (>), then solve each
part.

= Dividing or multiplying by a negative number reverses every inequality sign.

® Finally intersect your answer with the domain.

SOLVING A MODULUS INEQUALITY

ster1 | Solve the matching equation for the critical values

STEP2 Sketch both graphs

STEP3 Read where one graph is above or below the other

STEP 4 Write the interval: strict or included ends
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Your notes

Examiner Tips and Tricks

® Two separate pieces must be joined by “or”: write x < -2 or x > 4, never
-22X24,
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® “Find, in terms of k, the range of values of x”: the critical values contain
Rk, but the sketch still decides which side to take.

= Always sketch, even roughly. Choosing the side from algebra alone is
the most common lost mark.

WHEN YOU SEE — YOU DO

“Solve the inequality | ... | >...” solve the equation first,
then use the sketch to
choose the side

Find, in terms of R, the range of values of x critical values in k: the

hat satisfy ...” . .
that satisfy sketch decides the side
lg(x)] < ¢ (c>0) one sandwich: -c¢ <
g(x)<c
lg(x)] > ¢ two pieces: g(x) < -c or
g(x)>c
Worked Example
[ Solve the inequality 3|x - 4] + 2 > 5x. ]
X24: 3x-12+2=5x = x=-5 'EQUATION FIRST; -5 IS NOT > 4,
REJECT
X<h: 12-3x+2=5x = Xx-= % <——[ THE ONLY CRITICAL VALUE |
V above the line for x < £ "READ THE SIDE FROM THE ‘
4 —_—
SKETCH

[ ANSWER X < % J
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P3 - CHAPTER 04 - MODULUS

,

Your notes
Worked Example
? Solve (a) |[2x+1]| <5 (b) [x-1] =2 3.
-5<2x+1<5 = -6<2x<4 (A) "LESS THAN'': ONE SAND-
<—— | WICH; SUBTRACT 1 FROM ALL
THREE PARTS
X-1<-3 or x-123 (B) “"GREATER THAN': TWO ‘
PIECES
[ANSWER (@)-3sx<2 (b)x<-2 or x=24 J
Worked Example
[ ? Solve [3-2Ilnx]| <1, x>0. ]
-1<3-2Ilnx<1 <—[ SANDWICH ]
-4 <-2lnx<-2 ‘SUBTRACT 3 FROM ALL THREE ‘
PARTS
2>lnx>1 = 1<lnx<2 ‘DIVIDEBY—Z: BOTH SIGNS RE- ‘
VERSE
e<x<e? <—[APPLY el); THIS IS INSIDE x > 0 }
[ ANSWER e < X < e? J
HOW THIS IS EXAMINED - past WMA13 papers
|ax + b| vs a line [SEENGXINEXAMS] < or < ends [ NOT SEEN YET - BE READY |
[n or quadratic inside [SEENZXINEXAMS
Dr Eslam Ahmed - eliteigcse.com - WhatsApp 0112000 9622 17
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/.
Where marks are lost W
Z
v RIGHT %
x WRONG . o
flecti he lof Only the parts below the x-axis are ?
For y = |f(x)], reflecting the left folded up. g
half of the graph.
| f(x)| changes y-values, not x-values.
v RIGHT
+ WRONG X = -3 came from the branch x = 3,

so it is rejected: x = 1 only.
[x-3|=2x= x=-3orx=1.
Every branch answer must lie on its

own branch.

v RIGHT

It is (0, a): a modulus is never neg-
ative.

x WRONG

y-intercept of y = |3x-a| is (0, -a).
Put x = 0 inside the modulus, then

take the size.

v RIGHT
x WRONG X<-20rxzh.
[x-1]23=>-22x24. “Greater than” always splits into two
pieces.
v RIGHT
x WRONG Only true when a and b have the
la+b|=|al+|b]. same sign.

Use branches instead.
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Modulus

Sketch

| f(x)]: fold below-axis parts up.
f(1x|): mirror the right half.
a|x+p]|+q: corner (-p, q); y-intercept:
inside first.

Label every corner and intercept.

Exactly n roots

Sketch on the domain, slide y = k.
Corner height: 1root. Check each end
point.

P3 - CHAPTER 04 - MODULUS

Equations

Splitatthe corner. Solve each branch.
Reject answers off their branch or giv-
ing a negative modulus.

|A] = |B] = A=+B.

f(]x])=c:u=]x| =0, then x = tu.

Inequalities

Solve the equation first, then read the
side from the graph.

gl <c:-c<g<c. |g|>cig<-cor
g>cC.

Strict sign: ends not included.

BOTTOM LINE Find the corner, split into two straight branches, and
keep only the answers the graph allows.
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PURE 3 - WMA13 - VISUAL NOTES

DR ESLAM AHMED
eliteigcse.com

CHAPTER 05

Trigonometric Functions
and Graphs

Three new functions are just reciprocals, and three more are
inverses on a restricted piece of the curve. Know their graphs
and you know their values.

2 6 1

CONCEPTS VARIANTS EXAM QUESTIONS

YOU WILL MASTER

» Define and evaluate sec, cosec and cot exactly, in degrees and radians
» Sketch their graphs with asymptotes, turning points and range

» Use arcsin, arccos and arctan with their restricted domains and ranges
» Find exact values such as tan(arcsin g) using a right-angled triangle
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Two note pages, six ways to be asked

P3 - CHAPTER 05 - TRIGONOMETRIC FUNCTIONS

,

Your notes

CHAPTER 05 MAP

Trigonometric Functions

01)- 5.1 Reciprocal trig functions
1 1
secxXx = —— cosecx = —— cotx =
COS X

sin x tan x

graphs and asymptotes

02)- 5.2 Inverse trig functions

\

arcsinx arccosx arctanx  exactvalues via triangles

Contents

51 Reciprocal Trigonometric Functions

5.2 Inverse Trigonometric Functions
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Reciprocal Trigonometric Functions NOTE 51 V4
Your notes

Reciprocal Trigonometric Functions

PURE 3 > TRIGONOMETRY » RECIPROCAL AND INVERSE FUNCTIONS Exam code WMA13 Dr

Eslam Ahmed
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| What are sec, cosec and cot?

= They are the reciprocals of the three basic trig functions:

LEARN THIS: NOT GIVEN
1 1 1 CoS X
seCX = —— coseCxX = —— cotx = = —
CoSs X sin X tanx sinx

= Memory hook: look at the third letter. sec & cos, cosec < sin, cot « tan.
® Your calculator has no sec, cosec or cot button: type 1+ cos, 1+sin or 1+ tan.

® Each one is undefined wherever its denominator is zero.

gl 3?”1 "’)

+ cosec x and cot x are undefined when sinx = 0: x = 0°,180°, 360/, ...

 secx is undefined when cos x = 0: x = 907,270, ...

How do I find exact values?

= Find the exact value of sin, cos or tan first (with its quadrant sign), then take
the reciprocal.

1.2 203

= Rationalise if needed: —— = —

V32 V3 3

e.g. FIND THE EXACT VALUE OF cosec 240°

sin240° = -sin 60" = _ﬁ THIRD QUADRANT: SINE IS NEGA-
2 TIVE
cosec 240" = 2 <—— | TAKE THE RECIPROCAL J

V3

23

ANSWER -——
3
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ELITE IGCSE / PURE 3 P3 - CHAPTER 05 - TRIGONOMETRIC FUNCTIONS

What do their graphs look like? V4

Your notes

Where cos x = 1, sec x = +1: these are the turning points of y = secx.

Where cos x = 0, sec x has a vertical asymptote.

® As cos x gets small, sec x gets large: the curve bends away from the axis.

Each graph has the same period as its basic function: 360" for sec and cosec,
180" for cot.

y =secx y = cosec X y = cotx

Y
e T

1
- - - =
(2]
1
Yy
N
INTE]
oo - -
(03
N

Dashed: the basic function. Red dashed lines:

asymptotes where the basic function is zero.

GRAPH ASYMPTOTES PERIOD RANGE
secXx x=90,270,.. 360° y<-loryz21

cosec x x=0,180,360,... 360° y<-loryz1
cot x x=0,180,360,... 180° all realy

Examiner Tips and Tricks
® On a sketch, draw the asymptotes as dashed lines and label them with
their equations, e.g. x = 7.

® sec x and cosec x can never be between -1 and 1. An equation such as
secx = 0.5 has no solutions.

® Transformations still work: y = 3 + 2 cosecx has range y <1 ory >5.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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ELITE IGCSE / PURE 3

WHEN YOU SEE — YOU DO

“Find the exact value of sec 2° 5" "

“Sketch y = cosec x ... state the equations
of the asymptotes”

“Solve cosecx = 3"

“State the range of y = a + bsec x”

Worked Example

P3 - CHAPTER 05 - TRIGONOMETRIC FUNCTIONS

exact cos with its quad-
rant sign, then the recip-
rocal; rationalise

asymptotes where
sinx = 0; turning points
at 1

turn it over: sinx =
then solve as usual

wl=
-

start from secx < -1 or
> 1, then transform

Find the exact values of (a) sec e

(b) cot — (c) cosec 74”

sm_ _J3 sm__2
Cos = =-- = sec= 5
n_./ N_L
tan3- 3 = cot &
oI _ 2 m__2
sin==-3 =>cosec4-\/E

(A) SECOND QUADRANT: COS
NEGATIVE

<—(B) RECIPROCAL OF TAN ]

(C) FOURTH QUADRANT: SIN NEG-
ATIVE

ANSWER (a) -

25 B 9z

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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ELITE IGCSE / PURE 3 P3 - CHAPTER 05 - TRIGONOMETRIC FUNCTIONS

0 Your notes

Worked Example

Sketch y = 3 + 2secx for 0 < x < 2m. State the equations of
the asymptotes, the coordinates of the turning points and the
range.

=
wn
c
=
=
=
(=]
-
m
(%]
-]
w
(=]
(5]

cosx=0 = x-= g, 37" ‘ASYMPTOTES DO NOT MOVE UN- ‘
DER OUTSIDE CHANGES
sec0=1—-y=5 secn=-1->y=1 ‘TURNING POINTS: APPLY 3 +2() ‘
P
TO 1
secx21=y25 secxs-1=>y<1 <——|TRANSFORM THE RANGE OF sec |
ANSWER asymptotes x = %, X = 37"; minima (0, 5), (2m, 5); maximum

(m,1); rangey<lory=5

HOW THIS IS EXAMINED - past WMA13 papers

sec [ NOT SEEN YET - BEREADY |  cOSec [ NOT SEEN YET - BEREADY |  COt [ NOT SEEN YET - BE READY |
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Inverse Trigonometric Functions NOTE 5.2 4
Your notes

Inverse Trigonometric Functions

PURE 3 > TRIGONOMETRY » RECIPROCAL AND INVERSE FUNCTIONS Exam code WMA13 Dr

Eslam Ahmed
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What are arcsin, arccos and arctan?

= They are the inverse functions of sin, cos and tan: arcsin x is the angle whose
sine is x.

® sin x is many-one, so it has no inverse on its whole domain. It is restricted to
a one-one piece first (see 2.3).

= The output is always in radians and always in the principal range:

FUNCTION DOMAIN (INPUTS) RANGE (OUTPUT ANGLES)
arcsin x -1<sx<1 M carcsinx< I

2 2
arccos x -1<sx<1 O <arccosxsm
arctan x all real x —g <arctanx < g

What do their graphs look like?

= Each graph is the reflection in y = x of the restricted trig graph.

® arcsin and arctan pass through the origin and are increasing; arccos is de-
creasing and passes through (0, g)

® arctan x has horizontal asymptotes y = :g.

y = arcsin x y = arccos X y = arctan x

m m
2 o Q
=
e — = [
N\

Dashed: the restricted trig function. Solid: its inverse, the reflection iny = x.
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ELITE IGCSE / PURE 3 P3 - CHAPTER 05 - TRIGONOMETRIC FUNCTIONS

I How do I find exact values? 4

Your notes
m Use the exact-value table, but choose the angle inside the principal range.

- arccos (—%) = 2 (in [0, m]), arcsin (—%) =-T(not 1)

® For expressionssuchastan (arcsin %) let 6 = arcsin %, draw a right-angled triangle
with sin 6 = %, and read off the side you need.

=
(V2]
c
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’sine -2 (GIVEN)‘

> 3
_ 4 _3
’cose- = tanf = Z‘
6
; | MISSING SIDE BY PYTHAGORAS |
6 = arcsin §: the 3-4-5 triangle gives every other ratio of 6.

Examiner Tips and Tricks

® Your calculator must be in radian mode for these questions; answers
are angles in radians unless stated otherwise.

m “Sketch C” for y = arcsin g: mark both end points, (—2,—%) and (2, g).
The graph stops there.

= arcsin x is often written sin”' x. It is not ——, which is cosec x.
sin x

WHEN YOU SEE — YOU DO

“f(x) = arcsin 7, -2 < x < 2... Sketch C” stretched arcsin: end
points (#2, t%), through
0]

17 ot H dy ” H th X

Given x = 2siny, show that — = ... rewrite y = arcsinz as
dx . .

x = 2siny and differen-
tiate (C10)

“Find the exact value of cos (arctan %)" right-angled  triangle;

read the ratio

“Solve arcsin(2x - 1) = %" take sin of both sides
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0 Your notes

Worked Example

The curve C has equation y = arcsin g, -2 < x < 2. (a) Sketch C.

(b) Find the exact x-coordinate of the point on C with y = %

=
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X=1%2 = y=arcsin(z1)=+7 <——(A) END POINTS OF THE GRAPH |

x=0=>y=0 PASSES THROUGH THE ORIGIN,
INCREASING

sin % = g = X=2x g <—|(B) TAKE sin OF BOTH SIDES |

ANSWER  (a) increasing curve from (-2, -7) through O to (2, 7) (b)

x =42

y

- —> X
-2 2

Worked Example

Find the exact values of (a) arccos (—?) (b) sin (2 arctan %)

cos 20 = B and 2 € [0, i] (A) CHOOSE THE ANGLE IN THE ‘
6 2 6 -«
PRINCIPAL RANGE
0 = arctan % : sinB= %, cos O = % <—|(B) 3--4--5 TRIANGLE ]
sin20 =2sinBcosO =2 x % x % < DOUBLE ANGLE FORMULA (C06) |

5m 24
ANSWER (a) = (b) -
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HOW THIS IS EXAMINED - past WMA13 papers /

Your notes

arcsin [SEENAXINEXAMS] arccos [ NOT SEEN YET - BEREADY | arctan [ NOT SEEN YET - BE READY |
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Where marks are lost W
=
g
v RIGHT =
x IWRONG g
1 secx = 2 ¢
secx = —. COS X 3
SR Third letter: sec pairs with cos. &

< WRONG v RIGHT
Solving sec x = 0.5 and getting an- No solutions: | secx]| 2 1.
swers. cos x = 2 is impossible.
v RIGHT
x WRONG -¢: the answer must be in [-Z, 7.
arcsin(-1) = ¢ N .
2]~ 6 Inverse trig gives the principal value
only.
v
x IWRONG RIG1HT 1
P sin” x = arcsin x; —— = COSecx.
sin X=——. sin X
sin x

The -1 means inverse function.

x WRONG < RIGHT
Sketching y = arcsin x beyond x = The graph stops at (+1,£7).
1. The domainis-1<x< 1.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 1
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Trigonometric Functions

Reciprocals

sec = -, cosec = -, cot = —.
cos sin tan .

Undefined where the denominator is

0.

Exact value: basic ratio with sign,

then flip.

Inverses

arcsin, arccos: inputs [-1,1]; arctan:
all inputs.

Outputs: [—g, %], [0, ], (—%, %).

Graph: reflectin y = x.

P3 - CHAPTER 05 - TRIGONOMETRIC FUNCTIONS

Graphs

Asymptotes where the basic function
is 0.

Turning points at 1.

| sec|, | cosec| = 1; cot takes every
value.

Exact values

Pick the angle in the principal range.
trig(arc...): draw the right-angled tri-
angle.

BOTTOM LINE Reciprocal functions flip the values and add asymp-
totes; inverse functions reverse a restricted piece and always answer

in the principal range.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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PURE 3 - WMA13 - VISUAL NOTES

DR ESLAM AHMED
eliteigcse.com

CHAPTER 06

Trigonometric Identities
and Exact Values

Every identity in this chapter comes from two facts:
sin”+cos? = 1 and the addition formulae. Learn where they
come from and you can rebuild any of them in the exam.

3 11 22

CONCEPTS VARIANTS EXAM QUESTIONS

YOU WILL MASTER

» Use sec?x = 1+tan®x and cosec? x = 1 + cot? x to simplify and substitute

» Expand sin(A + B), cos(A + B), tan(A + B) and find exact values with the right signs
» Choose the right form of cos2A every time

» Write clear, one-directional proofs of trigonometric identities

Dr Eslam Ahmed - eliteigcse.com « WhatsApp 011 2000 9622
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Four note pages, eleven ways to be asked /

Your notes

CHAPTER 06 MAP N

Trigonometric Identities

o1 - 6. Further identities

=
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c
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=
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wn
B
&
=)
3

sec? =1+tan® cosec?=1+cot? t=tanx substitution

02 - 6.2 Compound angle formulae
sin(A+B), cos(A+B) tan(A+B)

exact values with quadrant signs

03)- 6.3 Double angle formulae

sin2A,tan2A  three forms of cos2A  half angles

o4)- 6.4 Trigonometric proof

compound and double angle proofs

reciprocal identity proofs

. J
Contents
61 Further Trigonometric Identities 3
6.2 Compound Angle Formulae 7
6.3 Double Angle Formulae 10
6.4 Trigonometric Proof 13
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Further Trigonometric Identities NOTE 6.1 V4
Your notes

Further Trigonometric Identities

PURE 3 » TRIGONOMETRY > IDENTITIES Exam code WMA13 Dr Eslam Ahmed
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Where do the new Pythagorean identities come from?

= Start from the identity you already know: sin® x + cos? x = 1.

= Divide every term by cos? x or by sin’ x:

1J

2 cos? x +sin’ x

[sin2 X + COS? X

[tan2x+1ssec2x] [1+cot2xscosec2x]

Two new identities from one old one.

PYTHAGOREAN IDENTITIES LEARN THIS: NOT GIVEN

secZx =1+tan’x cosec? x = 1+ cot® x

How do | use them?

= To simplify: replace sec® x - 1 by tan? x, cosec? x - 1 by cot? x.
= To make an equation contain one trig function: an equation with sec? x and

tan x becomes a quadratic in tan x.

= To find one ratio from another: from tan x you get sec? x, then sec x with the
correct sign for the quadrant.
= The substitution t = tan x turns many mixed expressions into algebra: sec? x =
2t
1-t2

1+t%, cotx= %, tan 2x =

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 3
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90 /

Your notes
S A .
. sin+ ALL + ) 2
180 0 =
=
=]
m
T C &
tan + Cos + ]
(=
(=)

270

Which ratios are positive in each quadrant (CAST). Use it whenever a square root appears.

2, _
e.g. SIMPLIFY M
cosec? x -1

tan? x
USE BOTH PYTHAGOREAN IDEN-

cot? x TITIES

tan? x x tan? x DIVIDING BY cot? x IS MULTIPLY-
ING BY tan? x

[ ANSWER tan” x J

Examiner Tips and Tricks
= These two identities are not in the formula booklet: learn them, or
rebuild them by dividing sin® + cos? = 1.

® “Use the substitution t = tan x to show that...” means: write every term
in terms of t, then clear the fractions.

= After squaring or using sec?, always choose the sign of the square root
using the quadrant.
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ELITE IGCSE / PURE 3 P3 - CHAPTER 06 - TRIGONOMETRIC IDENTITIES

WHEN YOU SEE — YOU DO

, . : /

sec’ x tcfgether with tan x in one sec? x = 1+tan? x: every- Your notes

expression thing in tan x <

cosec? x together with cot x cosec? x = 1+ cot® x: ev- §
erything in cot x 2

“Use the substitution t = tan x to show that &

the equation ... can be written in the form replace each ratio by its y

e t-form, multiply out the

denominators

“Given tan x = —% and x is obtuse, find the

sec? = 1 +tan?, then the
exact value of sec x”

sign from CAST

Worked Example

Given that tan x = —% and 90" < x < 180, find the exact value of
sec x and of cosec x.

sec’x=1+ 1%, = f—g <—PYTHAGOREAN IDENTITY ]
secx = —% SECOND QUADRANT: cos IS NEG-
ATIVE, SO sec IS TOO
cosec?x=1+cot?’x=1+28=2 o
5 9 9 SECOND QUADRANT: sin IS POSI-
cosecx = 5 TIVE

ANSWER secx = —%, cosecx = g
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0 Your notes

Worked Example

(a) Use the substitution t = tanx to show that the equation
2tan2x + cot xsec® x = 0 can be written as t* - 4t> -1 = 0. (b)
Hence solve the equation for 0 < x < 360", to one decimal place.
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2
4t +1+t =0 (A)tan2x=1%,cotx=%,

1-t t sec? x =1+t

42+ (1+12)(1-12)=0 = t"-4t2-1=0 ‘MULTIPLY BY t(1 - t2) AND REAR-‘
RANGE

t2=2+y5 (t2=2-4/5<0 rejected) <—|(B) QUADRATIC IN 2 ]

tanx = +2.058... ‘BOTH SIGNS: FOUR ANGLES IN 0’ ‘
10 360°

[ ANSWER X = 64.1°, 115.9°, 244.1°, 295.9° ]

HOW THIS IS EXAMINED - past WMA13 papers

reciprocal Pythagorean [SEENTXINEXAMS
mixed reciprocal and double angle [SEENTXINEXAMS
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Compound Angle Formulae NOTE 6.2 4
Your notes

Compound Angle Formulae

PURE 3 » TRIGONOMETRY > IDENTITIES Exam code WMA13 Dr Eslam Ahmed
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| What are the compound angle formulae?

= They expand the trig of a sum or difference of two angles. They are in the
formula booklet:

( IN THE FORMULA BOOKLET |
sin(A+B) =sinAcosB + cosAsinB
cos(A+B) = cosAcosBFsinAsinB

tanAxtanB
1f¥tanAtanB

\ J

tan(A £ B) =

® sin(A + B) # sinA + sin B. You must use the formula.

® Sign pattern: sin keeps the same sign; cos changes the sign (cos(A + B) has a
minus).

SAME SIGN AS THE BRACKET

sin: sinAcosB + cosAsinB cos: cosAcosB ¥ sinAsinB
OPPOSITE SIGN TO THE BRACKET

Read the signs from the formula, not from memory.

I How do I find exact values with them?

= Split the angle into two exact angles: 75 = 45" + 30, % = % -

EE!

= Ifyou are given sin A only, find cos A with a right-angled triangle (or sin” + cos? =
1), then fix its sign from the quadrant.
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e.g. FIND THE EXACT VALUE OF sin 75 /
Your notes

sin(45 +30°) = sin 45" cos 30" + cos 45" sin 30° <——[SPLIT INTO EXACT ANGLES ]

=§§+§% <——|EXACT VALUES l

=
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w
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(=]

V6 +v2

ANSWER sin75" = 4

Examiner Tips and Tricks

® |n equations such as sin(x + 30°) = 2 cos x: expand, then divide by cos x
to get an equation in tan x.

® tan(x + 457) = %, because tan 45" = 1. This appears often.

® Write the expanded formula with the actual angles before substituting
numbers: it is the method mark.

WHEN YOU SEE — YOU DO

“Find the exact value of cos 15" [ “of

tan 20" split into 45°,30°,60° (or
12 I o o)
4'6'3
W . _3 o
le:n sgn"A =¢.Bis obtuse ... find triangle for the miss-
SO ing ratios; CAST for their
signs

“Using the identity for cos(A + B), prove

ut B = A (see 6.4
that..” P ( )

sin(x + a) or cos(x - a) inside an equation expand and collect sin x
and cos x
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0 Your notes

Worked Example

o SinA = 3 where A is acute, and cosB = -% where B is obtuse.
Find the exact value of cos(A + B).
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4

COSA = 5 3--4--5 TRIANGLE; A ACUTE SO
POSITIVE
sinB = % 5--12--13 TRIANGLE; B OBTUSE
S0 sinB >0
=4(.a)_3.12 CsinAsi
cos(A +B) = 5( 13) - <—/[cosAcosB -sinAsinB ]
56
ANSWER cos(A + B) = o5

Worked Example

[ ? Given that tan(x + 45°) = 5, find the exact value of tan x.

tanx + 1 -

et EATILIE <—[tan(A+B) WITH tan 45" = 1 }
1-tanx

tanx+1=5-5tanx = 6tanx =4 <——[ CROSS-MULTIPLY AND COLLECT |

ANSWER tanx = %

HOW THIS IS EXAMINED - past WMA13 papers
compound angle identity [SEENZXINEXAMSY

exact compound value [ NOT SEEN YET - BEREADY |  standard exact angle [SEENAXINEXAMS!
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Double Angle Formulae NOTE 6.3 V4
Your notes

Double Angle Formulae

PURE 3 » TRIGONOMETRY > IDENTITIES Exam code WMA13 Dr Eslam Ahmed
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| What are the double angle formulae?

® Put B = Ain the compound angle formulae:

DOUBLE ANGLE FORMULAE LEARN THIS: NOT GIVEN
2tanA

sin2A = 2sinAcosA tan2A=z ———
1-tanA

® cos2A has three forms. Choose the one that leaves only one trig function in
your expression:

[cos2A = OS2 A —sinzA]

sin? = 1 - cos? cos? = 1 - sin?
C0s2A =2cos’A-1 cos2A =1-2sin’A
USE WHEN YOU WANT ONLY cos USE WHEN YOU WANT ONLY sin

The three forms of cos2A and when to use each.

| How do | use double angles backwards (half angles)?

® Rearranging the cos2A forms gives the power-reduction identities, used for
integration (C12):
. Cos2AE1+C052A sin2A51_C052A
2 2
20 _1+cos6
2 " 2 :
Choose the sign of the square root from the quadrant of the half angle.

With A = £ they give half-angle values: cos

Also: 2sinAcosA = sin 24, so sinA CosA = %sin 2A.
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e.g. FIND THE EXACT VALUE OF cos 15" USING A DOUBLE ANGLE FORMULA /
Your notes
€0s30" =2cos’15 - 1 <« [A=15 |

=<
(2]
3 s
s YT 2443 < REARRANGE ) c
cos” 15" = = S
2 4 o
3
&

ANSWER cos 15" =

\/2+\/§
2

(positive: 15" is acute)

Examiner Tips and Tricks
= An equation containing both cos2x and sin x: use 1 - 2sin’x to get a
quadratic in sin x. With cos x: use 2 cos? x - 1.

® An equation containing sin2x and sinx (or cosx): write sin2x =
2sin x cos x and factorise. Never divide by sin x or cos x: you lose so-
lutions.

® cos2A = 2cos?A - 1 is not in the formula booklet in this form; it is a
common “prove” question (6.4).

WHEN YOU SEE — YOU DO

an expression with 2x and x together double angle formula to
make every angle x

“cos 2x” with sin x (or cos x) choose 1 - 2sin’x (or
2cos?x-1)

“Given cosA = %, 3 < A < 2m, find the exact

) missing ratio with its
value of sin 2A”

quadrant sign, then the
formula

[ cos? xdx or [ sin® x dx power-reduction iden-
tity first (C12)
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0 Your notes

Worked Example
=
g
? . 1 3m =
o Given that cosA = 3 and > < A < 2m, find the exact values of 5
sin 2A, cos 2A and tan 2A. ‘Z’
coa 1__22 :si
SINA=-,/1--=-2= ‘FOURTH QUADRANT: sin NEGA- ‘
2 3 TIVE
sin 2A=2(—¥)(%)=—4gﬁ <—[2sinAcosA ]
C0S2A =2 (%) —1=-1 <—|2cos? A- 1: ONLY cos NEEDED |
-44/2/9 i
tan2a = V2 sinzs |

-7/9

w2 7 w2

ANSWER Sin2A=-——, c0S2A=-—, tan2A= —
! 9 9’ 7

HOW THIS IS EXAMINED - past WMA13 papers

double angle identity [SEENSXINEXAMS] half angle [ NOT SEEN YET - BE READY |
exact double angle value [ NOT SEEN YET-BEREADY | half angle sign [ NOT SEEN YET - BE READY |

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 0112000 9622 12



ELITE IGCSE / PURE 3 P3 - CHAPTER 06 - TRIGONOMETRIC IDENTITIES

Trigonometric Proof NOTE 6.4 V4
Your notes

Trigonometric Proof

PURE 3 » TRIGONOMETRY > IDENTITIES Exam code WMA13 Dr Eslam Ahmed

| How do I prove a trigonometric identity?

= Start with one side (usually the more complicated one) and transform it, step
by step, until it becomes the other side.

® Never work on both sides at once, and never start from the identity you are
proving.

= Useful moves:
 Write sec, cosec, cot, tan in terms of sin and cos
+ expand double or compound angles
« combine fractions over a common denominator
- use sin® +cos? = 1 (and its rearrangements) to replace squares
- factorise, especially a difference of two squares

® Finish by writing the target expression, then “= RHS” or “as required”.

PROVING AN IDENTITY

STEP1 Pick the more complicated side

STEP 2 Convert everything to sin and cos
STEP3 r Expand double angles; combine fractions
STEP 4 ‘ Use sin®+cos? = 1; factorise; cancel
STEP5 L Reach the other side and state it

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 13
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ELITE IGCSE / PURE 3 P3 - CHAPTER 06 - TRIGONOMETRIC IDENTITIES

Your notes

Examiner Tips and Tricks

® Show every step: a proof that jumps two lines loses the final mark.

® Use the identity sign = in your working, or “LHS = ...".

=
@
c
=
-~
=
(=}
=
m
W
-
w
=)
(=]

= “Hence” after a proof: the next partis usually an equation that becomes
easy using what you proved (C07).

WHEN YOU SEE — YOU DO

“Prove that..” / “Show that...= .. one side only; convert to
sin and cos

“Using the identity for cos(A + B), prove

5 put B = A, then replace
thatcos2A=2cos*A-1"

sin’A
1-cos2xor1+cos2xina proof 2sin’ x or 2 cos? x
“(a) Prove ... (b) Hence solve ..” use (a) to replace the left
side in (b)
Worked Example
{ Using the identity for cos(A + B), prove that cos 2A = 2 cos? A- 1. ]

c0S2A = cos(A+A) = cosAcosA-sinAsinA <«—[puTB=-A ]

= cos? A - (1 - cos? A) <~—sinA=1-cos’A |

[ ANSWER =2cos’A-1 as required J

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 14



ELITE IGCSE / PURE 3 P3 - CHAPTER 06 - TRIGONOMETRIC IDENTITIES

a Your notes

Worked Example
? Prove that cosec2x - cot 2x = tan x. %
o
©
LHS = — L cos 2x _ 1 - oS 2X WRITE IN sin AND cos; ONE 2
sin2x sin2x sin 2x FRACTION
)
= M ‘1 - c0s2x = 2sin® x; DOUBLE ‘
2SIn X COS X ANGLE FOR sin
- Sinx <—[CANCEL 2sin x )
COS X
[ ANSWER = tan x = RHS ]

Worked Example

[ ? Prove that sec x - cos x = sin x tan x. ]
1 1-cos? x
LHS = —— -cosx = ——— <——/[COMMON DENOMINATOR ]
Cos X CoSs X
o 9 8
=30 X gipx. 2NX <——PYTHAGOREAN IDENTITY ]
cos X cos X
[ ANSWER = sin xtan x = RHS ]
Worked Example
[ ? Prove that cos 3x = 4 cos® x - 3 cos x. J
COS(2X + X) = COS2X COS X - Sin 2x sin X <—|COMPOUND ANGLE ]
= (2cos? x - 1) cos X - 2 sin” x cos X <—| DOUBLE ANGLES ]
= 2.c0s® x - cos x - 2(1 - cos? x) cos x <—/sin?x=1-cos?x ]
[ ANSWER = 4 cos® X - 3 cos x = RHS ]

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 0112000 9622 15
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HOW THIS IS EXAMINED - past WMA13 papers /

. 3 Your notes
prove a compound or double angle identity [SEENOXINEXAMS"
prove a reciprocal identity [SEENGXINEXAMS!

=
@
c
=
-
=
(=}
=3
m
wn
o
&
=)
3

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 0112000 9622 16



ELITE IGCSE / PURE 3 P3 - CHAPTER 06 - TRIGONOMETRIC IDENTITIES

Where marks are lost /

Your notes

v RIGHT
x WRONG

sin(A + B) = sinA + sin B.

sinAcosB + cosAsinB.

=
@
c
=
=
=
(=}
=
m
wn
B
&
=)
3

Trig functions do not distribute over +.

v RIGHT
x WRONG ) )
. . cosAcosB -sinAsinB.
cos(A+B) =cosAcosB+sinAsinB. )
cos swaps the sign.

v RIGHT

x WRONG secx = —%: cos is negative in the
tanx = —%, obtuse, so secx = + second quadrant.

N [S]

Square roots need a sign from CAST.

v RIGHT
x WRONG . .
o . . . Factorise: sin x(2cosx - 1) = 0.
Dividing sin 2x = sin x by sin x. o ] )
Dividing loses the solutions sin x = 0.

x \WRONG v RIGHT
Proving by working on both sides Transform one side into the other.
until they “meet”. A proof must flow in one direction.
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Trigonometric Identities

Pythagorean

.2
sin“+cos® = 1; sec® = 1 +tan’;

cosec? = 1+ cot?.
t = tan x turns mixed ratios into alge-
bra.

Double

Sin2A = 2sin A cosA.
cos2A = cos?-sin® = 2cos?-1 = 1 -
2sin’.

_ 2tanA
tan2A = ===

P3 - CHAPTER 06 - TRIGONOMETRIC IDENTITIES

Compound

sin(A + B): same sign. cos(A + B): op-
posite sign.
Missing ratio: triangle, then CAST sign.

Proof

One side only. Convert to sin, cos.
Combine, use Pythagoras, factorise,
cancel.

End with “= RHS".

BOTTOM LINE Two roots grow the whole tree: sin’ +cos? = 1 and the
addition formulae. Pick the form that leaves one trig function, and

keep every sign honest.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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PURE 3 - WMA13 - VISUAL NOTES

DR ESLAM AHMED
eliteigcse.com

CHAPTER 07

Trigonometric Equations
and R-Form

Turn the equation into one trig function of one angle, transform
the interval to match, and collect every solution before shifting
back.

3 11 35

CONCEPTS VARIANTS EXAM QUESTIONS

YOU WILL MASTER

» Write asinx +bcosx as Rsin(x + a) or Rcos(x  a)

» Read maximum and minimum values, including reciprocals and squares, from the R-
form

» Solve equations with identities, factorising and the R-form, in degrees or radians
» Transform the interval for 2x, x + a and find every solution

Dr Eslam Ahmed - eliteigcse.com « WhatsApp 011 2000 9622
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Three note pages, eleven ways to be asked Y’t
N

Trigonometric Equations
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01)- 71 Harmonic form

Rsin(xta) Rcos(xta) exactRanda

02 - 7.2 Maximum and minimum

k
c+f(x)

max and min values  where they occur

¢ - (f(x))

03)- 7.3 Solving trig equations

identity reduction  R-form: asinx+bcosx =c

zero products  even powers  axis intercepts

\\ J
Contents
71 Harmonic Form (R-Form) 3
7.2  Maximum and Minimum Values 7
7.3 Solving Trigonometric Equations 10
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ELITE IGCSE / PURE 3 P3 - CHAPTER 07 - TRIG EQUATIONS AND R-FORM

| Harmonic Form (R-Form) NOTE 71 V4

Your notes

Harmonic Form (R-Form)

PURE 3 » TRIGONOMETRY » TRIGONOMETRIC EQUATIONS Exam code WMA13 Dr Eslam Ahmed
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What is the harmonic form?

= Any expression asin x + b cos x is a single shifted sine wave. It can be written
as

* Rsin(xta) or Rcos(x+ta), withR>0
® Risthe amplitude: R =+a? +b2.

= o is the phase shift, an acute angle (unless the question says otherwise).

y
. $ O‘/{MAX (0.644,5): R=5

> X

SUE]
=]
w |
3
N
3

-5+

y = 3sinx + 4cosx is the wave 5sin x shifted left by a = 0.927.

How do I find R and a?

Expand the form the question asks for, e.g. Rsin(x + a) = Rsinx cosa +
Rcosxsina.

STEP2 Compare coefficients with asinx + bcosx: Rcosa =a, Rsina = b.

R =+a2 + b2 (square and add).

tana = gcs:)';z = g (divide). Use the acute angle with the correct signs.
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/.
Your notes
‘R=\/32+42=5:‘

Rsina = 4
‘tana:% = a=0.927‘
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Rcosa =3

The coefficients form a right-angled triangle with hypotenuse R.

FORM ASKED FOR EXPANSION TO COMPARE

Rsin(x + a) Rcosa sinx +Rsina cos x
Rsin(x - a) Rcosa sinx - Rsina cos x
R cos(x +a) Rcosa cosx - Rsina sinx
R cos(x - a) Rcosa cosx + Rsina sin x

Examiner Tips and Tricks

= Give R exactly (v/29, not 5.39) and a to the accuracy asked, usually 3
or 4 significant figures, in the units asked (radians unless degrees are
stated).

= Choose the form so that Rcosa and Rsina are both positive: then a
is acute and tana = g with positive numbers.

= If the angle is 2x, keep it: v/3sin 2x - cos 2x = 2 sin (2x - %)

WHEN YOU SEE — YOU DO

“Express 8 sin x - 15 cos x in the form d "
Rsin(x - a), whereR>0and 0 < a < I” €xpand, compare, h

2 va2+ b2 tana = ...

“Give the exact value of R” leave the surd

“Give the value of g, in radians, to 3

. ” calculator in radian
decimal places

mode
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0 Your notes

Worked Example

3
. . . S
Express 3sin x+4cos x in the form Rsin(x + a), where R > 0 and =
. . (=]
0O<ac< % Give a to 3 decimal places. a
g
S
Rsinxcosa +Rcosxsina <——[ EXPAND THE FORM ASKED FOR |
Rcosa = 3, Rsina =4 ‘ COMPARE COEFFICIENTS OF sin x
h
AND cos x
R=y9+16 =5, tana = % <——SQUARE AND ADD; DIVIDE ]
[ ANSWER 3sinx + 4 cos x = 5sin(x + 0.927) J

Worked Example

Express 2 cos6-5sin 0 in the form R cos(6 +a), where R > 0 and

m
O<ac< >
RcosBcosa-Rsinfsina <—EXPAND Rcos(6 + a) ]
Rcosa =2, Rsina =5 ‘COMPARE: THE MINUS SIGNS ‘
MATCH
R =29, tana = % <—EXACTR ]
[ ANSWER 2 cos 6 - 55sin 6 = /29 cos(6 + 1.190) ]

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 5



ELITE IGCSE / PURE 3 P3 - CHAPTER 07 - TRIG EQUATIONS AND R-FORM

0 Your notes

Worked Example
=
=
° Z
¢ f(x)=/3sin2x - cos 2x. Express f(x) in the form Rsin(2x - a), =
.. S
R>0,0<a< g, giving the exact values of R and a. @
n-
Rcosa =3, Rsina =1 COMPARE WITH R'sin 2x cosa -
Rcos2xsina
R=v3+1=2, tana = ﬁ <——[ EXACT VALUES ]

. m
ANSWER  f(x) = 25sin (2x - g)

HOW THIS IS EXAMINED - past WMA13 papers
sine form [SEENSXINEXAMS] cosine form [SEENUXINEXAMS)
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Maximum and Minimum Values NOTE 7.2 V4
Your notes

Maximum and Minimum Values

PURE 3 > TRIGONOMETRY » TRIGONOMETRIC EQUATIONS Exam code WMA13 Dr Eslam Ahmed
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How do I find the maximum and minimum of asin x + b cos x?

= Write it as Rsin(x + a). Since -1 < sin(...) < 1:
« maximum value = R, when sin(x + a) = 1
« minimum value = -R, when sin(x + a) = -1

= Where it happens: solve x + a = g (for the max) or x + o = 37" (for the min), and
keep the answer that the question asks for (“smallest positive value of x”).

® For Rcos(x + a): maximum when x + a = 0 (or 2m), minimum when x + o = .

What about expressions built from it?

® Qutside changes (C03): ¢ + Rf(x) has max c + kR (if k > 0).

k
c+f(x)

is largest when the denominator is smallest.

= Reciprocals (with ¢ > R so the bottom is always positive): the fraction

® Squares C - (f(x))zz (f(x))2 runs from 0 to R?, because f(x) passes through 0.

6 10
° ®

'SMALLEST BOTTOM GIVES LARGEST g |

DENOMINATOR

2 '

7~ denominator 10
22 (MAX) 2 (MIN)

For g(x) = 20 . the denominator runs from

8+2sin(2x - &)’

6 to 10, so g runs from 2 to %, the other way round.
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Your notes

Examiner Tips and Tricks

® “Write down the exact maximum value”: one line from R, no calculus
needed.
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® “Find the smallest positive value of x at which this occurs”: if the solu-
tionof x + a = g is negative, add 2m (or m for a 2x angle).

® For a reciprocal, check that the denominator never reaches 0; for a
square, check that the inside can reach 0.

WHEN YOU SEE — YOU DO

“write down the exact maximum value of

” use zRin place of the tri
g(x) P 8

part

“the smallest positive value of x for which

. . solve sin(...) = 1 (or -1),
this maximum value occurs”

shift back

18

3%-3700) minimum value of g” smallest g when the de-

nominator is largest

“g(x) =

“h(B) =10 - (12sin B - 5 cos B)? ... Find the

square runs from 0 to R?
range of h” a

Worked Example

f(x) = 3sinx + 4cosx = 5sin(x + 0.927). (a) Find the maximum
value of g(x) = 3 + f(x) and the smallest posiztive x at which it
occurs. (b) Find the range of h(x) = 10 - (f(x))".

maxg=3+5=8 <~—/[(A) sin(..) = 1 J

x+0.927 = g = x =0.644 ‘_‘ POSITIVE, SO THIS IS THE ‘
SMALLEST

0< (]"(x))2 <25 4_‘ (B) f RUNS FROM -5 TO 5 AND ‘

PASSES THROUGH 0

[ ANSWER (a) max 8 at x = 0.644 (b) -15 < h(x) <10 J
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0 Your notes

Worked Example

- N
_ 20

8 +/3sin 2x - cos 2x
2sin (Zx - %), find the maximum and minimum values of g, and
the value of x at which the minimum occurs.

g(x) ,0 < X < . Using /3 sin 2x-cos 2x =

=
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|\ J
6 <8+2sin (2X - %) <10 RANGE OF THE DENOMINATOR:
ALWAYS POSITIVE
- 20 _10 i - 20 _
maxg = = = =, ming = 35 2 LARGEST g FROM THE SMALLEST

DENOMINATOR

n_nm =
2X =5 = X 3

6 MINIMUM OF g: MAXIMUM OF

THE DENOMINATOR

ANSWER max ?, min2atx =L

HOW THIS IS EXAMINED - past WMA13 papers

max or min [SEENSXINEXAMSY squared expression [SEENTXINEXAMS
reciprocal [SEENTXINEXAMS] angle of the extremum [SEEN3XINEXANMS
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Solving Trigonometric Equations NOTE 7.3 V4
Your notes

Solving Trigonometric Equations

PURE 3 » TRIGONOMETRY » TRIGONOMETRIC EQUATIONS Exam code WMA13 Dr Eslam Ahmed
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| What is the strategy for any trig equation?

= Aim for one trig function of one angle: sin(angle) = k, tan(angle) = R, ...

® Look at what is in the equation and choose the tool:

WHAT IS IN THE EQUATION?

2x and x sec? with tan, or . sin(x * a)
2 asinx+bcosx=c
together cosec? with cot and cos x
double an- Pythagorean xpand, then
y. g. R-form (71) e, i
gle formula identity +cosXx: tanx =R
a product equal to 0, factorise; solve
or a common factor every factor

Which tool? Look at the equation first.

| How do I find every solution in the interval?

If the angle is 2x, x+q, %, ..., transform the interval first: 0 < x < 360" =
0<2x<720.

Find the principal value with the calculator.

Find the second value in one period: sin: 180'- PV; cos: 360'- PV; tan:
PV +180".

Add or subtract whole periods until you leave the transformed interval.

Shift back to x (halve, subtract q, ...) and only then round.
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0.412 OUT m-0.412

P3 - CHAPTER 07 - TRIG EQUATIONS AND R-FORM

®

0.927

2m +0.927

VALUES OF x + 0.927 THAT LIE IN THE SHADED INTERVAL

Transforming the interval for sin(x + 0.927)

Examiner Tips and Tricks

04,0 < x < 2m.

= “Show all stages of your working. Solutions relying entirely on calcu-
lator technology are not acceptable”: write the identity you use, the

factorised form and the principal value.

= Never divide by sin x or cos x when it could be 0: factorise instead.

= Forsin’x = kortan?x = R, take both square roots: tan x = t\/E.

® Check the interval: strict (0 < x < m) or inclusive (0 < x < 2m), degrees

or radians, and the accuracy asked.

= A labelled point on a graph (“the curve meets the x-axis at R”) means:
set y = 0, solve, and pick the root that matches the picture.

WHEN YOU SEE — YOU DO

“Show that the equation 8 cos 6 = 3 cosec
can be written in the form sin 26 = k”

“Given 2 sin(x + 45°) = cos(x - 60°), show
thattanx=.."

“Hence solve ... 2 sin(26) = cos(26 - 105°)"

“Hence solve 3sin x + 4 cos x = 2"

(2x-1)(secx+2)=0

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622

cosec = -, multiply up,
2sinBcosB =sin26

expand both, collect
sin x and cos x, divide by
CoSs X

same equation with a
new angle: transform
the interval

R-form, then sin(x + a) =
% on the shifted interval

each factor separately;
keep the algebraic root

,

Your notes
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ELITE IGCSE / PURE 3 P3 - CHAPTER 07 - TRIG EQUATIONS AND R-FORM

0 Your notes

Worked Example

=

[ Solve, for 0 < 6 < 360", 3c0s20 +5sin6 = 4. ] g

3(1—25in26)+5$in9—4=0 €0s26 = 1-2sin”6: ONLY sin g
LEFT

6sin0-5sin@+1=0 =
(3sin6-1)22sinB6-1)=0

<—— | QUADRATIC IN sin 8 ]

sin@ = % : 19.57, 160.5° <—[PV AND 180°- PV ]
sinB = % : 307, 150° <—[EXACT VALUES ]
[ ANSWER 6 = 19.5°, 307, 1507, 160.5° ]

Worked Example

(a) Show that 2sin(6+30°) = 3 cos 6 can be writtenastan 0 = %
3
(b) Hence solve, for 0 < x < 1807, 2sin(2x +30°) = 3 cos 2x.
2(@ sin @ + %cos 6) =3cosH <—[(A) EXPAND sin(6 + 30°) ]
\/Esin 0=2cosh = tanf==2 <——| COLLECT, DIVIDE BY cos 6 ]

V3
6=2x, 0<2x<360 : 2x=49.1, 229.1

(B) TRANSFORM THE INTERVAL;
tan: ADD 180

[ ANSWER X = 24.6°, 114.6° ]
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Worked Example

? Using 3sin x + 4 cos x = 5sin(x +0.927), solve 3sin x+4 cosx = 2
for 0 < x < 2m, to 3 decimal places.

sin(x + 0.927) = 0.4 <—DIVIDE BY R

)

0.927 < x+0.927 <7.210 <——| TRANSFORM THE INTERVAL

)

x+0927 =m-0.412, 2m+0.412
TERVAL

0.412 ITSELF IS BELOW THE IN-

[ ANSWER x = 1.803, 5.767

)

Worked Example

0<6<180, 8cosH =3cosech.

7 (i) solve, for 0 < x < m, (2x - 1)(secx +2) = 0.  (ii) Solve, for

1

2x-1=0 = x==< (1) ALGEBRAIC FACTOR: IN THE
P A

2
INTERVAL, KEEP IT

secx=-2 = cosx=-1 = x=2 <[ TRIG FACTOR

J

8sinBcos®=3 = 4sin26=3
ANGLE

(11) MULTIPLY BY sin 6; DOUBLE

0<20<360 : 20 =48.6", 131.4 <——| TRANSFORM THE INTERVAL

)

[ ANSWER (i) x = 1 20 (i) @ = 24.3", 65.7°

|

HOW THIS IS EXAMINED - past WMA13 papers

phase shift [SEENZXINEXAMS] identity reduction [SEEN18XINEXAMS
even power [SEENTXINEXAMS] zero product [SEENTXINEXAMSY
axis intercept [SEENZXINEXAMS)

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 0112000 9622
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ELITE IGCSE / PURE 3

Where marks are lost

x WRONG

R=a+b, or R=5.39 when “exact”
is asked.

x WRONG

tana = % for Rsin(x + a) with

asin x + b cos x.

x WRONG

Solving sin2x = kR only on 0 < 2x <
360" when 0 < x < 360°".

x WRONG

sin2x =sinx = 2cosx =1 only.

x WRONG
tan?x = 3 = tanx = /3 only.

P3 - CHAPTER 07 - TRIG EQUATIONS AND R-FORM

,

Your notes

v RIGHT

R = a2 + b2, left as a surd.

Square and add the coefficients.

v RIGHT

tanqg = 2sind _ b,
Rcosa a

Compare coefficients carefully.

v RIGHT

Use 0 < 2x < 720°: twice as many
solutions.

Transform the interval first.

v RIGHT
sinx(2cosx - 1) =0: also sinx = 0.

Dividing by sin x loses solutions.

 RIGHT
tanx = i\/§.

Both square roots.
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ELITE IGCSE / PURE 3

Trig Equations and R-Form

R-form

Expand the form asked, compare co-
efficients.
R =+va2+b?; tana = —gcsg;‘;

Exact R; a in the units asked.

Strategy

One function, one angle: double an-
gle, Pythagoras, R-form, expand-and-
divide, or factorise.

P3 - CHAPTER 07 - TRIG EQUATIONS AND R-FORM

Max and min
Trig part = £1 gives #R.

Reciprocal: order reverses. Square:

from 0 to R2.
Where: solve sin(...) = 1.

Every solution

Transform the interval, PV, second
value, add periods, shift back, then
round.

BOTTOM LINE One trig function, one angle, the right interval: get
those three and every trig equation becomes routine.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622

,

Your notes

15

=
[%2]
c
=
-
=
(=]
-
m
(%]
-]
w
o
~N




PURE 3 - WMA13 - VISUAL NOTES

DR ESLAM AHMED
eliteigcse.com

CHAPTER 08

Exponential and Loga-
rithmic Functions

e* and [nx undo each other. Isolate the exponential, take logs,
and always check that what you take the log of is positive.

3 8 12

CONCEPTS VARIANTS EXAM QUESTIONS

YOU WILL MASTER

» Sketch y = e™? +c and y = In(x + a) + b with asymptotes and intercepts
» Solve e™*® = p and ln(ax + b) = g exactly

» Solve quadratics in ¥ and in ln x, rejecting impossible values

» Use the laws of logarithms and check every log argument is positive

Dr Eslam Ahmed - eliteigcse.com « WhatsApp 011 2000 9622



ELITE IGCSE / PURE 3 P3 - CHAPTER 08 - EXPONENTIALS AND LOGARITHMS

Two note pages, eight ways to be asked /

Your notes

CHAPTER 08 MAP N

Exponentials and Logarithms

01 81eandlIn

=
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c
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=
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wn
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©

graph of e*? + ¢ graphof In(x +a)+b  inverse functions

02 - 8.2 Exponential and log equations

e™b=p fraction with e® quadraticine* In(ax+b)=gq

log laws quadraticin ln x

g J
Contents
81 The Functions e* and In x 3
8.2 Solving Exponential and Logarithmic Equations 7
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ELITE IGCSE / PURE 3 P3 - CHAPTER 08 - EXPONENTIALS AND LOGARITHMS

The Functions e* and [n x NOTE 8.1

The Functions e* and |n x

PURE 3 » EXPONENTIALS AND LOGARITHMS » E AND LN Exam code WMA13 Dr Eslam Ahmed

I What are e* and [n x?

m e~ 2.718isthe special numberfor whichthe gradient of y = e* equals its height
at every point.

= Inx is the logarithm to base e: [nx = log, x.
= They are inverse functions: e"* = x (x >0) and n(e*) = x.

® So their graphs are reflections of each otherin y = x.

KEY FACTS LEARN THIS: NOT GIVEN

e’ =1 In1=0 lne=1 y=e < x=lny

ASYMPTOTE y = 0| ’
y=lnx
1
> X
ASYMPTOTE x =0
y = e andy = Inx: mirror imagesiny = x.

y=¢e y=lnx
domain all real x x>0
range y>0 allreal y
intercept (0,1) (1,0)
asymptote y=0 Xx=0

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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ELITE IGCSE / PURE 3 P3 - CHAPTER 08 - EXPONENTIALS AND LOGARITHMS

How do I sketch y = e + ¢? 4

Your notes
= el-)isalways positive, so the curve stays on one side of the horizontal asymptote
y=cC.

® a > 0: increasing (growth). a < 0: decreasing (decay), approaching y = c as

X — 00,
= y-intercept: putx=0: y=eP+c.

= x-intercept (if ¢ < 0): solve e®™*b = —c,

How do I sketch y = [n(x + a) + b?

® The inside must be positive: x > -a. The vertical asymptote is x = -a.

b

® x-intercept: solve In(x +a) = -b, i.e. x=e™ - a.

Exam-style sketches: label the asymptote with

its equation and give every intercept exactly.

Examiner Tips and Tricks
= “On your sketch, state the equation of the asymptote”: write y = 24 (or
X = -2) next to a dashed line. A number alone is not an equation.

® Give intercepts exactly: (% [n 3,0), not (0.549,0), unless a decimal is
asked for.

= e* can never be 0 or negative. A curve y = el) + ¢ never crosses its
asymptote.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 4
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ELITE IGCSE / PURE 3 P3 - CHAPTER 08 - EXPONENTIALS AND LOGARITHMS

WHEN YOU SEE — YOU DO
H = Ae™*t+c: startatA+c, Your notes
decay towards H = ¢

“Sketch the graph of H against t ... state the
equation of the asymptote”

“Find the coordinates of the points where

ut x = 0; puty = 0 and
the curve meets the axes” for ') or In(...) P paty

solve with ln or e

=
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=
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©

“State the range of f” with f(x) = e* + ¢ f(x)>c

Worked Example

Sketch y = e?* - 3, giving the equation of the asymptote and
the exact coordinates of the points where the curve meets the

axes.

. p2X
X—>-0: e’ >0=y->-3 <——|HORIZONTAL ASYMPTOTE y = -3 |
x=0:y=1-3=-2 <— | y-INTERCEPT ]
e’*=3 = 2x=1In3 < x-INTERCEPT: TAKE |n ]

[ ANSWER asymptote y = -3; (0,-2) and (% ln3, 0)

Worked Example

Sketch y = In(x + 2) + 1, giving the asymptote and the exact

intercepts.
X+2>0 = asymptote x =-2 THE INSIDE OF ln MUST BE POSI-‘
TIVE
x=0:y=ln2+1 <— | y-INTERCEPT ]
In(x+2)=-1 = x=e'-2 <—| x-INTERCEPT: APPLY e) ]
[ ANSWER asymptote x = -2; (0,1 +[n2)and (e' -2,0) ]

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 5



ELITE IGCSE / PURE 3 P3 - CHAPTER 08 - EXPONENTIALS AND LOGARITHMS

HOW THIS IS EXAMINED - past WMA13 papers /
. . Your notes
exponential sketch [SEENIXINEXAMS] logarithm sketch [SEENTXINEXAMS)
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ELITE IGCSE / PURE 3 P3 - CHAPTER 08 - EXPONENTIALS AND LOGARITHMS

Solving Exponential and Logarithmic Equations NOTE 8.2 V4
Your notes

Solving Exponential and Logarithmic Equa-
tions

PURE 3 » EXPONENTIALS AND LOGARITHMS » E AND LN Exam code WMA13 Dr Eslam Ahmed
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| How do I solve e?**? = p?

STEP1 Isolate the exponential: get el) alone on one side.
Check the other side is positive. If not, there is no solution.
Take n of both sides: ax + b = lnp.

Solve, and keep the answer exact (in ln) unless a decimal is asked for.

e.g. SOLVE 3¢ +5=17

e?x 1=y ISOLATE: SUBTRACT 5, DIVIDE BY
3

2x-1=In4=2Iln2 <—[TAKE In ]

ANSWER X = % +|n2

What if the exponential appears more than once?

600@0'”.

3+ o0t multiply up, collect the ' terms, factorise,
+ .

® Fraction such as N =
divide.

= Hidden quadratic: e?* = (e¥)%. Let u = €, solve the quadratic in u, reject u < 0,
then x = lnu.

meX= ;—X = %: multiply through by u to clear it.

How do I solve log equations?

® One log: In(ax+b)=q = ax+b=e9.
® Several logs: combine them into one log using the laws, then remove it.

® Hidden quadraticin ln x: let u = In x, then x = e.
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ELITE IGCSE / PURE 3 P3 - CHAPTER 08 - EXPONENTIALS AND LOGARITHMS

= Check every answer: the inside of every original log must be positive.

V4
Your notes
LEARN THIS: NOT GIVEN
Ina+Inb = In(ab) lna—lnb=ln% klna = In(a®)

Examiner Tips and Tricks
= “Solutions based entirely on calculator technology are not acceptable”:
show the isolated exponential and the line where you take logs.
® In(a+b) #lna+Inb. Only products and quotients split.

= When u = e* gives a negative root, write “e* = -2 has no solution” to
show you rejected it deliberately.

WHEN YOU SEE — YOU DO

“Find the value of t for which H = 144" substitute, isolate e 9%,
take [n

“Find the exact value of x” leave the answer with n
(ore)

e?* with e, or e* with e u = e*: quadratic; reject
us<o

“f(x) = In(...), x > 0 ... Find the exact values

form th ti -
of a such that fg(a) = g(a)” orm the equation, com

bine logs, then check ev-
ery argument is positive

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 8
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ELITE IGCSE / PURE 3 P3 - CHAPTER 08 - EXPONENTIALS AND LOGARITHMS

0 Your notes

Worked Example

=

r ~\ (2]

S

. . . 600e%t =

The number ofanimalsin areserve is modelled by N = PV S

+ e0- m

t 2 0. (a) Find the initial number. (b) Find t when N = 400. (c) 3

Explain why N can never reach 600. e
. J
t=0: N=22-200 e |

400(2 + e%1t) = 600e®™ = 800 = 200e%'  <—[(B) MULTIPLY UP AND COLLECT |

=4 = t=10Iln4 <—[TAKE In ]
= _%?? < 600 (C) DIVIDE TOP AND BOTTOM
20701t + 1 <—— BY e*': THE DENOMINATOR IS

ALWAYS GREATER THAN 1

ANSWER (a) 200 (b)t=10ln4 =13.86 (c) N — 600 but N < 600
for every t

Worked Example

[ Solve 2e* - 7 + 3e™ = 0, giving exact answers. ]
2u—7+%:0 = 2u’-7u+3=0 <—[LET u = &; MULTIPLY BY u ]
QRu-1)(u-3)=0 = u= %, 3 <——BOTH POSITIVE: BOTH VALID |
[ANSWER x=Inl=-In2 or x=In3 J
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ELITE IGCSE / PURE 3 P3 - CHAPTER 08 - EXPONENTIALS AND LOGARITHMS

° Your notes

Worked Example

=
g
? Solve (a) In(3x-2) = 4 (b) Inx +In(x -2) = In15 (c) (Inx)? - =
3lnx+2=0. a
et +2 B
3x-2=¢"* = x= 3 <—|(A) APPLY ¢) TO BOTH SIDES |
g (x(x - 2)) =ln15 = x?2-2x-15=0 - (B) PRODUCT LAW, THEN COM- ‘

PARE

x=5 (x=-3rejected: In(-3) undefined)  <—[CHECK THE ARGUMENTS ]

(Inx-1)(lnx-2)=0 <—(C) QUADRATIC IN ln }

e +2
3

ANSWER (a) x = (b)x=5 (c)x=eorx=e?

HOW THIS IS EXAMINED - past WMA13 papers

e = p [SEENFRINEXAMS] fraction with e [SEENTRINEXANS)
quadratic in e* [SEENTRINEXAMS) n(ax + b) = q [SEENSRINEXANS)
log laws [ NOT SEEN YET-BEREADY | quadratic in [n x [SEENAXINEXAMS)

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 10



ELITE IGCSE / PURE 3 P3 - CHAPTER 08 - EXPONENTIALS AND LOGARITHMS

Where marks are lost Y’t
=
«/ RIGHT =
x WRONG Divide first: e%* = 4, then 2x = ln 4. f
3e?¥ = 12 = In(3e%) = 6x. Isolate the exponential before taking 2
logs.
v RIGHT

x WRONG
No law for the log of a sum.

In(x+3)=Ilnx+In3. )
Only In(ab) and ln % split.

v RIGHT
Reject it: In(-3) is undefined.

x WRONG

Keeping x = -3 from x(x - 2) = 15. o
Check every original log argument.

v RIGHT
x WRONG .

No solution from u = -2.
u=e*=-2= x-=In(-2).

e* > 0 always.

v RIGHT
x WRONG
e . H =24,
Asymptote of y = 280e™7>" + 24 is
y=0 The added constant moves the

asymptote.
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ELITE IGCSE / PURE 3 P3 - CHAPTER 08 - EXPONENTIALS AND LOGARITHMS

[ L d /
Exponentials and Logarithms W
=
w
s
-
Graphs Transformed o
e*: through (0, 1), asymptote y = 0, e™*b + c: asymptote y = c. E
range y > 0. In(x + a) + b: asymptote x = -a. ®
In x: through (1,0), asymptote x = 0, Exact intercepts.

domain x > 0.
Mirror images in y = x.

Exponential equations Log equations
Isolate, check positive, take In. Combine to one log, then apply e.
e?* with e*: u = eX, reject u < 0. Check every argument is positive.

BOTTOM LINE Isolate, then undo: Ln removes e, e removes ln. And
nothing inside a log, or equal to an exponential, may be zero or neg-
ative.
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PURE 3 - WMA13 - VISUAL NOTES

DR ESLAM AHMED
eliteigcse.com

CHAPTER 09

Logarithmic Graphs and
Exponential Models

Logs turn curves into straight lines, and exponentials describe
anything that grows or decays in proportion to its size. Read
the line, then read the story.

b 16 34

CONCEPTS VARIANTS EXAM QUESTIONS

YOU WILL MASTER

» Turn y = ax” and y = Rb* into straight lines and read a, n, k, b from a graph
» Use initial values and two observations to find the constants of a model

» Find when a model reaches a target value, and its long-term value

» Judge and explain whether a model is realistic

Dr Eslam Ahmed - eliteigcse.com « WhatsApp 011 2000 9622



ELITE IGCSE / PURE 3 P3 - CHAPTER 09 - LOG GRAPHS AND EXPONENTIAL MODELS

Your notes

Three note pages, sixteen ways to be asked

CHAPTER 09 MAP N

Log Graphs and Models

01)- 9.1 Logarithmic graphs

=
@
c
=
=
=
(=}
3
m
n
P
o
)

logy against logx: y = ax”  logy against x: y = Rb*
meaning of aand k  use the line

02 9.2 Growth and decay
initial value  two observations  when does it reach ...?

predict at a time

03 - 9.3 Interpreting models

long-term value canitreach..? percentage multiplier

compare models complete months

. _/
Contents
91 Logarithmic Graphs 3
9.2 Exponential Growth and Decay 7
9.3 Interpreting Exponential Models 10
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ELITE IGCSE / PURE 3 P3 - CHAPTER 09 - LOG GRAPHS AND EXPONENTIAL MODELS

Logarithmic Graphs NOTE 91 V4
Your notes

® [ ] =
Logarithmic Graphs
PURE 3 » EXPONENTIALS AND LOGARITHMS > MODELLING Exam code WMA13 Dr Eslam §
(7]

Ahmed 3
3

| Why take logs of data?

= Curves are hard to read; straight lines are easy: Y = mX + ¢ gives two numbers,
the gradient and the intercept.

= Taking logs turns the two important curved models into straight lines:

Power model y = ax”" Exponential model y = kb*

logy = loga + nlogx logy = logk + xlogb

plot logy against log x | ( plot logy against x
gradient = n, intercept = loga gradient = logb, intercept = logk

What is on the axes tells you which model it is.

How do I find the constants from the line?

Take logs of the modeland use the log laws to write it as logy = (gradient)x
(...) + (intercept).

Find the gradient and intercept of the line from the two points given.

Match: the gradient and the intercept are logs of the constants (except
n).

Undo the log: if the log is log,,, then a = 10"™e"®P%; if it is n, then
a-= eintercept.
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,

Your notes

log10 y
A

168 I [GRADlENT}:/W% =06=n 5 1.68)

=
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©°

0.48 € 48)

108, 0 = 0.48 = a =100
> log,, x

log,, v against log, x: the gradient is the power n; the intercept is log,  a, not a.

e.g. A LINE OF lny AGAINST x HAS GRADIENT 0.3 AND INTERCEPT 1.2. FIND y IN TERMS OF x

lny =1.2+0.3x <——|WRITE THE LINE ]
y = e!2103x - p1.290.3x <—[APPLY e(); SPLIT THE POWER }
[ ANSWER y = 3.32%3% ]

Examiner Tips and Tricks
= The most common error: saying the intercept is a (or k). It is loga.
Undo it with the same base as the axes.
= Iny = kb, the gradient is logb, not b: b = 108rdient,

® Iny = ax", a is the value of y when x = 1 (not when x = 0). Use this
when asked to interpret a.
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WHEN YOU SEE — YOU DO
/
axes labelled log., y and log. , x power model y = ax": Your notes
gradient n, intercept
loga

axes labelled log, ,Aand t exponential model A =
pgt: gradient logg, in-

tercept logp

=
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“Find, to 3 decimal places, the value of p
and the value of g”

p = 10intercept' q =
1ogradient

“Interpret the value of a in the context of

a is y when x = 1 (one
the model”

unit of the input)

Worked Example

'd N\

The surface area A m? covered by a plant t days after the start
of a study is modelled by A = pqt. A graph of log,,A against tis
a straight line through (0, 0.45) and (10, 0.95). Find p and g to 3
decimal places.

\ J

log,,A = log,,p +tlog,,q | TAKE LOGS; PRODUCT AND ]
POWER LAWS

log,,p=0.45 = p=10%% <[ INTERCEPT |

log,,q = % =0.05 = g=10%0° < GRADIENT |

[ ANSWER p =2.818, g =1.122 ]
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° Your notes

Worked Example

? A graph of log, vy against log, x is a straight line through
(0,0.48) and (2,1.68). Find the equation connecting y and x,
and interpret the constant a.

=
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log,, vy = log,,a+nlog,, x <— POWER MODEL y = ax” ]
n= % = 0.6, a=10%8 =302 <——GRADIENT AND INTERCEPT ]
x=1:y=a <—INTERPRETATION ]
[ ANSWER y = 3.02x%®; ais the value of y when x =1 J

HOW THIS IS EXAMINED - past WMA13 papers

logy vs log x [SEENGXINEXAMS] logy vs x [SEENT3XINEXAMS]
use a log model [SEENTXINEXAMS] interpret a [SEEN2XINEXAMS)
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Exponential Growth and Decay NOTE 9.2 V4
Your notes

H =
Exponential Growth and Decay
PURE 3 » EXPONENTIALS AND LOGARITHMS > MODELLING Exam code WMA13 Dr Eslam §

(7]
Ahmed 3
3

What do exponential models look like?

= Growth: N = Ae® with k > 0. Decay: N = Ae™* with k > 0.
= With an added constant, H = Ae™* + ¢, the quantity decays towards c, not to-

wards 0 (e.g. a cooling object approaches room temperature).

® The rate of change is proportional to the amount (or to the distance from c¢):

dH _ .,
i R(H - c).

270 Q<—{INITIAL VALUE: t =0

100 LONG TERM: e 004 5 0

20 L —

H = 250e%% + 20: starts at 270, falls towards 20.

How do I find the constants?

= Initial value: putt =0. Since e® = 1, N(0) = A (or A + c).

= Two observations: substitute both, then divide one equation by the other to
eliminate A and leave one exponential.
How do | find when a model reaches a value?

STEP 1 Set the model equal to the target value.
STEP 2 Isolate the exponential.

Take In and solve for t.
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STEP 4 Convert to the units asked (minutes, years, the calendar year). /
Your notes

Examiner Tips and Tricks

= “Initial” always means t = 0, whatever the units of t.

=
(V2]
(=
=
-
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—
m
(%]
3
(=
G

= Keep unrounded values of constants in your calculator; round only the
final answer.

= “Show by differentiation that 2l a + bH": differentiate, then replace

dt
250e70%4 by H - 20.
WHEN YOU SEE — YOU DO
“Find the initial temperature” putt=0
“Find the value of t for which H = 144" set equal, isolate e,

take ln

“Given that ... 30 m? at the start ... 50 m? .
first fact gives a con-

ZIET T2 stant; second gives T

“Show by differentiation that C;—:’ =a+bH" differentiate, then elimi-
nate the exponential us-
ing H

Worked Example

A hot object cools so that its temperature after t minutes is

H = 250e7%%t + 20. (a) Find the initial temperature. (b) Find t
dH

when H = 100. (c) Show that i a + bH, stating a and b.
H(0) = 250 + 20 = 270 ~—[(a)e® =1 }
250e70%% =80 = -0.04t =1n0.32 <—/[(B) ISOLATE, TAKE (n |
‘;—’;’ = -10e70%4 = _0.04(H - 20) <—(€) 25067004t = H - 20 }
ANSWER (a) 270°C  (b) t = 28.49 (¢) Gy 0.8 - 0.04H: a = 0.8,

dt
b =-0.04
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° Your notes

Worked Example

? The value of a machine is modelled by V = Ae®t. After 2 years it
is worth $3200 and after 5 years $1638.40. Find A and k, and the
yearly percentage loss in value.
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Aek = 3200, Ae’* = 1638.4 ‘SUBSTITUTE BOTH OBSERVA- ‘
TIONS
ek =0.512 = k= % (n0.512 <[ DIVIDE TO ELIMINATE A ]
3200 3200
A= == ‘-[SUBSTITUTE BACK: e* = 0.8 ]

e2k 0.64

ANSWER A = 5000, kR = In0.8 = -0.223; it keeps 80% each year, so
loses 20% per year

HOW THIS IS EXAMINED - past WMA13 papers

initial value [SEENTSXINEXAMS] two observations [SEENGXINEXANS)
time to reach a target [SEENEXINEXAMS] predict at a time [SEENEXINEXAMS)
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Interpreting Exponential Models NOTE 9.3

Interpreting Exponential Models

PURE 3 EXPONENTIALS AND LOGARITHMS MODELLING Exam code WMA13 Dr Eslam
Ahmed

| How do I find the long-term value?

mAst > o0: e’ 5 0 and eft - oo.

= H=Ae® +c - c: the long-term value is the added constant.

: 90pe®2t 0.2t
® For a fraction such as N = ————: divide top and bottom by e”“* to get
3+ peo.zt
90p
——F - 90.
3e—0.2t +p
N
A N =9YU (never reacned)
| [ *****
START: N(0) = 18|
18

A limited-growth model: fast at first, then levelling off below its limit.

How do I judge whether a model is realistic?

Find the range of values the model can produce for the allowed t.

Compare with the context: can the value really be that large, that small, or
negative?

Give a specific reason using numbers from the model, e.g. “the model gives
N <90 for all t, so it can never reach 100”.

When comparing two models, refer to what each predicts at the start, in the
long term, or for the data given.
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ELITE IGCSE / PURE 3 P3 - CHAPTER 09 - LOG GRAPHS AND EXPONENTIAL MODELS

| What does a multiplier mean? V4

Your notes

= V = Ab! (or Ae® with b = ef): each unit of time multiplies V by b.

® b =0.8: keeps 80%, so loses 20% per unit of time. b = 1.05: gains 5%.
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| What about “complete months” or “the first year”?

= Solve for t exactly, then translate: if t = 13.86 months, the target is first passed
during the 14th month, so the answer is 14 complete months.

® Read the inequality: “more than” and “at least” can change which whole num-
ber is correct. Check the integer values either side.

Examiner Tips and Tricks

= “Explain why ... can never reach 500”: show the limit (or maximum) from
the model and compare: “N — 450 ast — oo and N < 450, so N never
reaches 500"

® A negative output in a profit model means a loss: “a loss of about
£830000". Mention the units.

= Never say only “the model is unrealistic”. Say why, with a number.

WHEN YOU SEE — YOU DO

“Find, according to the model, the

. : ; divi h
maximum possible surface area” lett — co; divide by the

largest exponential

“Explain why, according to this model, the

state the limit/bound
number ... can never reach 500"

and compare

“State, giving a reason, whether the model

. evaluate the model at
is suitable for ...

that value; compare with
reality

“Interpret the value 0.8 in the context of

multiplier per unit time:
the model”

20% lost each year

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 1



ELITE IGCSE / PURE 3 P3 - CHAPTER 09 - LOG GRAPHS AND EXPONENTIAL MODELS

0 Your notes

Worked Example
- N
90ped2t

= 37 pen
Initially there are 18 plants. (a) Show that p = 0.75. (b) Find the
maximum possible number of plants according to the model.
(c) Explain why the model predicts the number of plants will

never reach 100.

where N is the number of plants after t weeks.

=
@
c
=
-
=
(=}
=
m
wn
-
w
o
©°

. J
=0: 200 _ 18 <—(A) INITIAL VALUE ]

3+p
90p=54+18p = 72p =54 <—SOLVE ]
90p 90p - 90 <—(B) DIVIDE BY ¢°%; e 0% 5 0 |

= —
3e-02t 4 p p

ANSWER (a) p = 0.75 (b) 90 (c) N < 90 for all t, so N can never
reach 100

HOW THIS IS EXAMINED - past WMA13 papers

long-term value [SEENGXINEXAMS] range feasibility [SEENAXINEXAMS
compare models [ NOT SEEN YET-BEREADY | multiplier as a percentage [SEEN2XINEXANS
mixed log model [SEENTXINEXAMS] complete time periods [SEENTXINEXAMS

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 12



ELITE IGCSE / PURE 3 P3 - CHAPTER 09 - LOG GRAPHS AND EXPONENTIAL MODELS

/.
Where marks are lost o
Z
=
v RIGHT 8
x WRONG 0.45 o
l h log,,p = 0.45, so p = 10~ e
Intercept 0.45 on a log,, A graph, 2.818. §
so p = 0.45.
The axes are logs; undo them.
v RIGHT
x WRONG Gradient = log b.
In y = kb, gradient = b. Take logs of the model before match-
ing.
« WRONG v RIGHT
Long-term value of H = 250e7004 + It is 20: e > 0 leaves +20.
20is 0. Only the exponential part disappears.
v RIGHT
x WRONG

It keeps 80%: decreases by 20%.

b = 0.8 means “decreases by 80%". o ) }
Multiplier = fraction retained.

v RIGHT
x WRONG
. - ] Keep the exact k = [n0.8 (or full
Rounding kR to -0.22 before the I e ey
next part.

Early rounding changes later answers.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 13



ELITE IGCSE / PURE 3

P3 - CHAPTER 09 - LOG GRAPHS AND EXPONENTIAL MODELS

Log Graphs and Exponential Models

Straight lines

y = ax™: logy vs log x, gradient n, in-
tercept loga.

y = kRb*: logy vs x, gradient logb, in-
tercept logk.

Undo with the same base.

Long term

e® - 0; the added constant is the
limit.

Fraction: divide by the largest expo-
nential.

Constants

Initial: t = 0.

Two observations: divide to eliminate
A.

Reaching a value: isolate, take (n.

Interpret

Range vs reality, with a number.
Multiplier b: keeps 100b%.
Complete periods: check the integers.

BOTTOM LINE Logs straighten curves, e® = 1 gives the start, e® = 0
gives the end, and every judgement about a model needs a number

from the model.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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PURE 3 - WMA13 - VISUAL NOTES

DR ESLAM AHMED
eliteigcse.com

CHAPTER 10

Differentiation Tech-
niques

Look at the structure first: a function of a function needs the
chain rule, two functions multiplied need the product rule, one
divided by another needs the quotient rule.

b 13 40

CONCEPTS VARIANTS EXAM QUESTIONS

YOU WILL MASTER

» Differentiate e, In kx, a* and every trig function, including sec, cosec, cot
» Use the chain rule, including two or more layers
» Use the product and quotient rules, combined with the chain rule, and simplify

. d . .
» Find d—i when x is given in terms of y

Dr Eslam Ahmed - eliteigcse.com « WhatsApp 011 2000 9622



ELITE IGCSE / PURE 3 P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

Four note pages, thirteen ways to be asked /

Your notes

CHAPTER 10 MAP N

Differentiation

01)- 101 Standard derivatives
Rx

=
(72)
(==
=
=
=
S
—
m
(72
]
—
o

e a* Inkx sin,cos,tan sec, cosec, cot

02 - 10.2 Chain rule

one layer two or more layers

03 - 10.3 Product and quotient rules

product quotient with chain  simplify first

o4 10.4 x in terms of y

. dx dy

flip ==t ==

ip dy 0 ge Ix
g J

Contents

101 Differentiating Standard Functions 3
10.2 The Chain Rule 6
10.3 Product and Quotient Rules 9
10.4 Differentiating x as a Function of y 13

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 2



ELITE IGCSE / PURE 3 P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

Differentiating Standard Functions NOTE 101 V4

Your notes

[ ] o [ o
Differentiating Standard Functions
PURE 3 > DIFFERENTIATION FURTHER DIFFERENTIATION Exam code WMA13 Dr Eslam §
Ahmed ;
o

I What are the standard derivatives?

dy

y J NOTE
el kekx learn
aX a*lna learn;a>0
In kx % learn: the k disappears
sin kx k cos kx learn
cos kx -k sin kx learn: note the minus
tan Rx k sec? Rx formula booklet
sec x sec xtan x formula booklet
cosec x - cosec x cot x formula booklet
cot x - cosec? x formula booklet

= Angles must be in radians for the trig derivatives.
® Inkx = lnk +ln x, so its derivative is just %

= Differentiate a sum or difference term by term; constants multiply through.

Should I simplify first?

® Yes, if it removes a product or quotient. Use the log laws or split the fraction.
 In(x*(x+ 1)) =2lnx +In(x + 1)

. x3+2

= x2 +2x7]

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 3



ELITE IGCSE / PURE 3 P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

e.g. DIFFERENTIATE y = 3e?* - 4In 5x + sin 3x /
Your notes
6e <— e MULTIPLY BY k = 2 ]
=
4 2
= <—/[In5x: THE 5 DISAPPEARS ] =
X 8
-
@
d 4 8
ANSWER = = 62 - 2 + 3 cos 3x s
dx X

O

Examiner Tips and Tricks

= The derivatives of tan, sec, cosec, cot are in the formula booklet; the
others must be learnt.

= Every derivative of a “co” function (cos, cosec, cot) starts with a minus.

- WHEN YOU SEE —> YOUDO N

e, In kx, sin kx in a sum —— term by term; keep the
inner multiplier k

a’,eg. 2* or 10¥ — a*lna
(n of a product, quotient or power — split with the log laws
first
\ J

HOW THIS IS EXAMINED - past WMA13 papers

exponential [ NOT SEEN YET - BEREADY |  natural log [ NOT SEEN VET - BE READY |
trig [SEENTXINEXAMS) reciprocal trig [ NOT SEEN YET- BEREADY |  a@* [ NOT SEEN YET - BE READY

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 0112000 9622 4



ELITE IGCSE / PURE 3 P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

a Your notes

Worked Example
=
? . dy E
°  Find FP for (@) y = 2% (b) y =sec2x (c) y = In(x*(x + 1)). g
2%In2 <—(A) a* RULE ]
2sec2xtan2x - (B) BOOKLET RESULT WITH THE ‘
INNER MULTIPLIER 2
2 1
y=2lnx+In(x+1) = b <—(C) LOG LAWS FIRST ]
X 3x+2
ANSWER (a)2¥ln2 (b) 2sec2xtan2x (c)
x(x+1)

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 0112000 9622 5



ELITE IGCSE / PURE 3 P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

The Chain Rule NOTE 10.2 4
Your notes

[ ]

The Chain Rule =
(==
=

PURE 3 DIFFERENTIATION FURTHER DIFFERENTIATION Exam code WMA13 Dr Eslam §
m

Ahmed :
w
2

What is the chain rule?

= |t differentiates a function of a function, such as (3x2 - 5)*, e5"3* or In(sin 2x).

= Differentiate the outside, keep the inside the same, then multiply by the deriva-
tive of the inside.

LEARN THIS: NOT GIVEN
dy _dy du

dx du dx

| OUTER: 2tan 2x |
tan() 4

 MIDDLE: sec? 2x |

{INNER: 2|

‘ % tan? 2x = 4 tan 2x sec? 2x}

Peel the layers from the outside in, and multiply what you get.

What are the common chain rule patterns?

1

(F00)" = n(f())" F'(x)
ef¥) o f(x)ef®

£'(x)
Inf(x) - F00

sin f(x) —» f'(x)cos f(x), and similarly for the other trig functions

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 6



ELITE IGCSE / PURE 3 P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

e.g.  DIFFERENTIATE y = /4x + 1 p 4
Your notes
1 1
y=(4x+1)?2 > %MX+1Y§X4 <——| POWER OUTSIDE, 4x + 1 INSIDE
dy 2

Examiner Tips and Tricks

= Write the inside function as u if it helps, but give the final answer in x.

= sin x means (sin x)?: the power is the outer layer.

= “Writing your answer in simplest form”: 2(.:0—52)( = 2 cot 2x.
Sin2x
WHEN YOU SEE — YOU DO
a bracket raised to a power power outside, bracket
inside
e, In, sin, ... of something more than kx chain rule: multiply by

the inner derivative

tan?(2x), e5"3%, In(cos? x) two or more layers: mul-
tiply all the layer deriva-
tives

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 7
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ELITE IGCSE / PURE 3 P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

° Your notes

SAME EXPONENTIAL

Worked Example
<
7 Differentiate (a) (3x% - 5)* (b) In(sin 2x) (c) e5"3* (d) tan? 2x E
(] M S
4(3x? - 5)° x 6x <—[(n) POWER, THEN INNER 6x | S
2C0S2Xx Iz
-7 B) L
sin 2x ‘_{( i ]
3 cos 3x e5in3X | (C) INNER DERIVATIVE TIMES THE ‘

2tan 2x x sec2 2x x 2 <—/(D) THREE LAYERS ]

ANSWER (a) 24x(3x* - 5)° (b) 2cot2x (c) 3cos3xes™* (d)
Ltan 2x sec? 2x

HOW THIS IS EXAMINED - past WMA13 papers
chain [SEENSKINEXANS] nested chain [SEENGRINEXAMS)

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 0112000 9622 8



ELITE IGCSE / PURE 3 P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

Product and Quotient Rules NOTE 10.3 V4
Your notes

[ ]
Product and Quotient Rules
g
PURE 3 DIFFERENTIATION FURTHER DIFFERENTIATION Exam code WMA13 Dr Eslam §
Ahmed ;
o

| When do | use the product rule?

= When y is two functions of x multiplied: y = uv, e.g. x>, x? n 2x, eXsin x.

LEARN THIS: NOT GIVEN
dy _,dv, du
dx dx dx

udv

| CHANGE IN AREA =~ udv +vdu

v uv vdu

Why it works: when a rectangle u x v grows, the new area is the two strips udv and vdu.

When do I use the quotient rule?

® When y is one function divided by another: y = %

QUOTIENT RULE IN THE FORMULA BOOKLET

= Order matters in the numerator: “bottom times derivative of top, minus top
times derivative of bottom”.

= Do not expand v2 in the denominator; it often cancels with a factor in the nu-
merator.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 9



ELITE IGCSE / PURE 3 P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

How do I simplify the answer? V4

Your notes

= Take out common factors: 3%, powers of x, powers of a bracket.

® In a quotient with v = (4x + 3)?, the numerator has a factor (4x + 3): cancel one
power.

=
(72)
(==
=
=
=
S
—
m
(72
]
—
o

2e*(ax + b)

= “Show that f'(x) = (ax + 37
+

" tells you the factorised shape to aim for.

Examiner Tips and Tricks

= Write u, v, u’, v’ in a small list before you build the formula: it earns the
method mark.

® A product can always be differentiated instead of using the quotient
rule: % = uv~'. Use whichever is cleaner.

® The quotient rule is in the booklet; the product rule is not.

WHEN YOU SEE — YOU DO

“y = x? In 2x ... find, in simplest form, %" product rule; factorise
2x
“f(x) = (4xe—3)2 ... show that f'(x) = ...” quotient rule, chain on
+
the bottom, cancel (4x +
3)

“Show by calculus that f is a decreasing

X find f'(x) and show it is
function”

negative for every x in
the domain

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 10



ELITE IGCSE / PURE 3 P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

a Your notes

Worked Example

=
[ Differentiate (a) y = x?e3* (b) y = x? n 2x, simplifying fully. ] ;
u=x%3v=e¥ u =2x v =3e3* <——/[(R) LIST THE PARTS ] 3
x2(3e3") + e3"(2x) <—[uv’ +vu’ ]
x? -1 +2x1n2x <—{(B)j—xln2x=j—( ]
[ ANSWER (a) xe3*(3x + 2) (b) x(1 +21ln2x) J

Worked Example

2x 2e%% b .
- —(4: 3y Show that f'(x) = % stating a and b.
. +

u=e*, u =2e*; v=(4x+3)% v =8(4X+3) <—|CHAIN RULE FOR v’ ]

(4x +3)? 2% - e2X 8(4x + 3)

"(x) = <—[QUOTIENT RULE
F() ey { |
2e*[(4x + 3) - 4] -
= TAKE OUT 2e2*(4x + 3) AND CAN-
(4x + 3)3 CEL
2e?X(4x - 1)

ANSWER f'(x) = ta=4,b=-1

(4x +3)3

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 1
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P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

Worked Example

? d
° Show that — (
dx

sin x ) 1

1+cosx/ 1+cosx’

(1 + cos x) cos x - sin x(- sin x)

<—QUOTIENT RULE

(1 + cos x)2
_cosx+cos’x+sin’x _ cosx+1 <[ sin +cos? = 1
(1 + cos x)? (1 + cos x)?
ANSWER = as required
1+cosx

HOW THIS IS EXAMINED - past WMA13 papers

product [SEENTXINEXAMS) quotient [SEENSKINEXAMSY simplify first [SEENTINEXAMS)
product with chain [SEEN2XINEXAMS] quotient with chain [SEEN&XINEXAMS]

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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ELITE IGCSE / PURE 3 P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

Differentiating x as a Function of y NOTE 10.4 V4
Your notes

[ [ [ d [
Differentiating x as a Function of y
PURE 3 > DIFFERENTIATION FURTHER DIFFERENTIATION Exam code WMA13 Dr Eslam §
Ahmed ;
o

What if x is given in terms of y?

= Equations such as x = 4sin’ y or x = ye? cannot easily be rearranged to y = ...

= Differentiate x with respect to y, then turn it upside down:

f LEARN THIS: NOT GIVEN |
ﬂ = _1 (d_X z0
dx dx dy
dy
\ J
. tangent dx =4‘
dy

Rise and run swap: if x changes by 4 when y
changes by 1, then y changes by j: per unit of x.

How do I give the answer in terms of x?

® The reciprocal is usually in terms of y. Use the original equation to replace the
trig or exponential parts by x.

= Draw a right-angled triangle or use sin’+cos? = 1 to convert cosy when you

know sin y.
. : : . dy 1
® |nverse functions use the same idea: y = arcsinx = x =siny = — = =
dx cosy
1
V1-x2

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 13



ELITE IGCSE / PURE 3

P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

/
Your notes
Examiner Tips and Tricks
® This is one of the most frequent P3 questions. The steps are always:
Z—;, reciprocal, then rewrite in x using the original equation.
= Checkthe sign of the square root with the given range of y (e.g. 0 < y < %
makes cosy > 0).
= A vertical tangent occurs where Z—§ = 0 (see C11).
WHEN YOU SEE — YOU DO
“Given that x = 6 sin” 2y ... show that
ﬂ 1 . g—;, reciprocal, then re-
dx AJX(B - x) place sin and cos using x
“y = log,,(2x + 1) (a) Express x in terms of y
dy x = 101, dx _ 10¥In10
(b) Hence find —" 2 'dy 2
dx
. . d 1 . .
“Given x = 2 sin y, show that d—y = (A-x?) 3" cosy =1- sin’ y, Writ-
X tenin x
Worked Example
: . 2 m dy 1
Given x = 4sin“y, 0 <y < =, show that — = ——.
2 dx  o/ux - x2
dx - P
av- 8sinycosy <—— CHAIN RULE ON (siny) \
. X X 4 - x
sin = —, cosS = 1 - = FROM THE EQUATION; cosy > 0
y 2 y 4 2 ‘ IN THE RANGE ‘
dx =8-£- GoX = 2Jhx - x2 <——[SUBSTITUTE ]
dy 2 2
d
ANSWER —y = ;
dx  o/ux - x2
Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 14
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ELITE IGCSE / PURE 3 P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

0 Your notes

Worked Example
? J S
® y-=log,,(2x+1). (a) Express x in terms of y. (b) Hence find d_i g

in terms of x. ;
y_

2x+1=10" = x=‘|02 L < (A) UNDO THE LOG ]

dx _107In10 <—(B) o RULE ]

dy 2

ﬂ 2 2

<—[RECIPROCAL, THEN 10” = 2x + 1 |

dx 10Y(n10  (2x+1)In10

dy 2
ANSWER — = ————
SWER X = @x+ 1) n 10

HOW THIS IS EXAMINED - past WMA13 papers
X in terms of y [SEENTAXINEXAMS)
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ELITE IGCSE / PURE 3

Where marks are lost

x WRONG

d 5
alnSX-}.

x WRONG

d cos3x = 3sin3x.
dx

x WRONG

%(xze”) = 2x - 3e3%.

x WRONG

Quotient rule with the numerator

the wrong way round.

x WRONG
. dy )
= 4 sin? 2 -8 :
X = 4sin y=>dx sinycosy

P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

v RIGHT
1

X
In5x =[n5+Lnx.

 RIGHT
-3sin3x.

The derivative of cos is -sin.

v RIGHT

3x2e3 + 2xe3x,

A product needs the product rule.

v RIGHT
vu' - uv' on top.

The minus makes order matter.

v RIGHT

That is z—;; take its reciprocal.

Check which variable you differenti-

ated.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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ELITE IGCSE / PURE 3 P3 - CHAPTER 10 - DIFFERENTIATION TECHNIQUES

Differentiation Techniques o

=
(72)
S
=

Standard Chain 7

e - re®; a* - a*lna; Inkx - % Outside, keep inside, times derivative §

sin Rx = Rcos kx; coskx — -RsinRx. of inside. °

tan, sec, cosec, cot: booklet. Several layers: multiply every layer.

Product, quotient x = f(y)

(uv) =uv’ +vu'. % =1+ Z—;, then rewrite in x with the

(%) = W, original equation.

Factorise and cancel.

BOTTOM LINE Read the structure: layers mean chain, a product
means product rule, a fraction means quotient rule, and x in terms
of y means flip Z—;.
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PURE 3 - WMA13 - VISUAL NOTES

DR ESLAM AHMED
eliteigcse.com

CHAPTER 11

Applications of Differ-
entiation

The derivative is a gradient: use it for tangents and normals,
set it to zero for turning points, read its sign for increasing and
decreasing, and read it as a rate in a model.

b 16 54

CONCEPTS VARIANTS EXAM QUESTIONS

YOU WILL MASTER

» Write the tangent or normal at a point, including tangents through an outside point
and vertical tangents

» Find and classify stationary points, including on trig and exponential curves
» Use turning points to count solutions and restrict parameters
» Show a function is increasing or decreasing, and find and interpret rates in models

Dr Eslam Ahmed - eliteigcse.com « WhatsApp 011 2000 9622



ELITE IGCSE / PURE 3 P3 - CHAPTER 11 - APPLICATIONS OF DIFFERENTIATION

,

Your notes

Four note pages, sixteen ways to be asked

CHAPTER 11 MAP ~N

Applications of Differentiation

=
(V2]
c
=
=
=
(=}
-
m
(%]
3
=
=

01 - 11.1 Tangents and normals

-

at a point  through an outside point

axis intercepts and areas  vertical tangents

02 - 11.2 Stationary points

find coordinates  classify  periodic curves

count solutions  parameter conditions

03)- 11.3 Increasing and decreasing

sign of f'(x)  “show fis decreasing”

o4 11.4 Rates of change

rate at atime  time for a given rate

rate in terms of the quantity

\\ J
Contents
111 Tangents and Normals 3
11.2 Stationary Points 7
11.3 Increasing and Decreasing Functions 10
11.4 Rates of Change in Models 12
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ELITE IGCSE / PURE 3 P3 - CHAPTER 11 - APPLICATIONS OF DIFFERENTIATION

Tangents and Normals NOTE 11 4
Your notes

Tangents and Normals

PURE 3 » DIFFERENTIATION > APPLICATIONS Exam code WMA13 Dr Eslam Ahmed

=
(V2]
c
=
=
=
(=}
-
m
(%]
3
=
=

| How do I find the equation of a tangent or normal?

Find the coordinates of the point (x,,y,): substitute the given coordi-
nate into the curve.

STEP 2 Differentiate and substitute x, to get the gradient of the tangent, m.
For the normal use the negative reciprocal: —%.

Use y -y, = m(x - x,) and rearrange to the form asked.

—
TANGENT: GRADIENT 6]

y=3ln(2x-1)

>
>

> X

g
\ NORMAL: GRADIENT -1 ‘

The tangent touches the curve; the normal is perpendicular to it at the same point.

| What if the tangent must pass through a given point?

® Write the tangent at a general point x = a: y - f(a) = f'(a)(x - a).

® Substitute the coordinates of the outside point (often the origin) and solve for
a.

| What about curves given as x = f(y)?

... dy Cdx
® The gradient is ax - 1+ dy (see 10.4).
dx

= A vertical tangent (x = constant) occurs where dy

= 0. Find y there, then x

from the curve; the tangent is x = ...
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ELITE IGCSE / PURE 3 P3 - CHAPTER 11 - APPLICATIONS OF DIFFERENTIATION

Your notes

Examiner Tips and Tricks

"

= Keep exact values: “y = mx + ¢, where m and c are constants to be
found” usually wants surds, m or In.

=
(V2]
c
=
=
=
(=}
-
m
(%]
3
=
=

® For areas of triangles made with axes, find each line’s intercept, then

sketch the triangle before computing 5% base x height”.
® Normal gradient: —l, not 1 and not -m.
m m

WHEN YOU SEE — YOU DO

“Find the equation of the tangent to Cat P.

. . N coordinates of P, f" at P,
Write your answer in the formy = mx + ¢

y-Vy =m(X_X1)

“the tangent to C at P passes through the
tangent at x = a, then

origin” .

g put (0,0) in
“The normal to the curve at P cuts the
x-axis at N. Find the exact area of triangle normal, its x-intercept,
OPN” then 2x base x height
“The tangents at P and Q are parallel to the

. g Q P solve 9 = 0

y-axis dy

Worked Example

The curve C has equation y = 3[n(2x - 1). Find the equations of
the tangent and the normal to C at the point where x = 1.

y=3ln1=0 = P(1,0) <—THE POINT ]
dy 6

A = =1 <——[CHAIN RULE

Fra 6 at x | l
normal gradient = —% <——NEGATIVE RECIPROCAL ]
[ ANSWER tangent y = 6x - 6; normaly = -2x + 2 }
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0 Your notes

Worked Example

The tangent to y = e?X at the point P passes through the origin.
Find the exact coordinates of P.

=
(V2]
c
=
-
=
(=}
-
m
(%]
3
=
=

y - e%%=2e?(x - q)

TANGENT AT A GENERAL POINT ‘
X=a

-e29=2e’%0-a) = 1=2a <—PUT (0,0) IN; DIVIDE BY ¢ >0 |

(= |

rked Example

Wo
P(e, 4) lieson y = 4ln x. The normal to the curve at P meets the
x-axis at N. Find the exact area of triangle OPN.

-4
X

o |&~

= normal gradient - Z <——| GRADIENT AT P ]

e(x
4

(x-e) = x=e+? <[ NORMAL MEETS y = 0 ]

" 9 C‘|<

—4 =
( ?6) <——[BASE ON, HEIGHT 4 ]

ANSWER Area = 2e + %
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° Your notes

Worked Example

? The curve C has equation x = ye?. (a) Find the equation of the
vertical tangent to C. (b) The line x = k meets C at exactly two
points. Find the range of values of k.

=
wn
c
>
-
—
(=}
—
m
(%]
°
«
=
=

? =e¥(1+2y)=0 = y=-1 <—PRODUCT RULE; e? # 0 ]
y
X= —%e'1 <——SUBSTITUTE INTO THE CURVE |
fory<0: —i <x<0 (B) x FALLS TO --_ THEN RISES ‘
BACK TOWARDS 0
1 1
ANSWER (a) X = -— (b)-— <k<0
2e 2e

HOW THIS IS EXAMINED - past WMA13 papers

tangent or normal at a point [SEENZXINEXAMS] intercepts and areas [SEEN2XINEXANS)
through an outside point [SEENTXINEXAMS] vertical tangent [SEEN2XINEXAMS)
signed gradients [SEENTXINEXAMS'
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Stationary Points NOTE 11.2 V4
Your notes

Stationary Points

PURE 3 » DIFFERENTIATION > APPLICATIONS Exam code WMA13 Dr Eslam Ahmed

=
(V2]
c
=
=
=
(=}
-
m
(%]
3
=
=

How do I find stationary points?

. . L . d
Differentiate, simplify and factorise d_i

dy x
STEP 2 Solve ax 0. Factors such as e™ are never zero.

STEP 3 Substitute each x into the original equation for y.

How do I decide if it is a maximum or a minimum?

2

— d . ..
= Second derivative: d_xg < 0 maximum; >0 minimum; = 0 use another method.

. dy . . . -
= Sign ofd—i either side: + » - maximum, - - + minimum.

ALINE y=c,0<c<ke?,
MEETS THE CURVE 3 TIMES

y = x?e™: a minimum at (0,0), a maximum at (2, 4e2), and the sign of % between them.

How do I use turning points to count solutions?

® The number of solutions of f(x) = c is the number of times the line y = ¢ meets
the graph.

® Compare ¢ with the turning-point heights, the values at the ends of the do-
main, and any asymptotes.

= To force a number of stationary points, look at the equation f'(x) = 0: e.g. a
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quadratic factor has two distinct roots when its discriminant is positive. /

Your notes

Examiner Tips and Tricks

® On a trig curve, list all stationary angles in the interval, then decide
which are maxima (the question may want only those).

=
(V2]
c
=
=
=
(=}
-
m
(%]
3
=
=

® “Find the exact coordinates”: keep e and In, do not use decimals.

= A factor e® in f'(x) can be divided out because it is always positive; it
never gives a stationary point.

WHEN YOU SEE — YOU DO

“Find the exact coordinates of the

. e factorise f’, set each
stationary points

non-exponential factor
to zero, use the original
fory

“the curve has two turning points, at P and

Q...show that,atPand Q, ..” f'(x) = 0 rearranged to

the given form

“Given that the equation f(x) = c has

. compare ¢ with turnin
exactly three solutions” P g

heights and limits

“Find the range of values of k for which the

. . discriminant of the fac-
curve has two stationary points

torin f'(x)

Worked Example

Find the exact coordinates of the stationary points of y = x?e™*
and determine their nature.

g

I 2xe™ - x?e™X = xe™X(2 - x) <——| PRODUCT RULE, THEN FACTORISE |
X

x=0o0rx=2 (e*#0) < SOLVE 2 =0 ‘
signs: -, +, - <——| LEFT OF 0, BETWEEN, RIGHT OF 2 |
[ ANSWER minimum (0, 0); maximum (2, 4e72) ]

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 8



ELITE IGCSE / PURE 3 P3 - CHAPTER 11- APPLICATIONS OF DIFFERENTIATION

° Your notes

Worked Example

? f(x) = e*sinx, 0 < x < 2m. Find the x-coordinates of the sta-
tionary points and identify the maximum.

=
wn
c
>
-
—
(=}
—
m
(%]
°
«
=
=

f'(x)=e*(sinx+cosx)=0 <—|PRODUCT RULE; e* # 0 ]

tanx=-1 = x= 37", 77" SECOND AND FOURTH QUAD-
RANTS

f"(x) =2e*cosx <0 at 37" <——[ SECOND DERIVATIVE TEST ]

[ ANSWER maximum at x = 37"; minimum at x = 77" ]

Worked Example

? The curve y = (x2 + R)e* has two distinct stationary points. Find
the range of possible values of k.

? =eX(x? +2x + k) <——PRODUCT RULE AND FACTORISE |
X

x2 +2x+R=0needs b - 4ac >0 <——TWO DISTINCT ROOTS ]
4-4kR>0 <—[DISCRIMINANT ]

[ ANSWER R <1 ]

HOW THIS IS EXAMINED - past WMA13 papers

stationary coordinates [SEENSXINEXAMS]| periodic curves [SEEN2XINEXANS)
count intersections [SEEN3XINEXAMS]T model extremum [SEEN2XINEXAMS
optimise a gradient [SEENTXINEXAMS)

parameter by number of stationary points [SEENZXINEXAMS)

prescribed gradient [SEEN2XINEXAMS)
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Increasing and Decreasing Functions NOTE 11.3 4
Your notes

Increasing and Decreasing Functions

PURE 3 » DIFFERENTIATION > APPLICATIONS Exam code WMA13 Dr Eslam Ahmed

=
(V2]
c
=
=
=
(=}
-
m
(%]
3
=
=

| How does the derivative tell me if a function is increasing?

= f'(x) >0 on aninterval: f is increasing there.
® f'(x) <0onaninterval: f is decreasing there.

® To show a function is decreasing for its whole domain, show f'(x) is negative
for every x in the domain: squares, et) and positive constants help.

Y
x

"50

The sign of the gradient matches the direction of the curve.

Examiner Tips and Tricks

= “You must make your reasoning clear”: write a sentence, e.g. “(x-2)? > 0

so f'(x) = -ﬁ < 0forall x > 2, hence fis decreasing.”
® Increasing or decreasing functions are one-one, so they have inverses
(Co2).
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WHEN YOU SEE — YOU DO

& . . . /
Show, using calculus, that f is a decreasing o i

function. You must make your reasoning f'(x), then argue its sign

clear” for every x

“state whether f is an increasing or a

decreasing function, giving a reason” sign of f'(x) with a rea-

son

=
(V2]
c
=
=
=
(=}
-
m
(%]
3
=
=

“Find the range of values of x for which f is

increasing” solve f'(x) > 0

Worked Example

f(x) = 2XX +22, x > 2. Show, using calculus, that f is a decreasing
function.

_20x-2)- (2x+2)(1)

"(x <—| QUOTIENT RULE
e | |
-6
= SIMPLIFY THE NUMERATOR
2P ~— ]
(x-2)2>0forx>2 <—[REASONING )
[ ANSWER f'(x) < 0 for all x > 2, so f is decreasing ]

HOW THIS IS EXAMINED - past WMAT13 papers

sign of the first derivative [SEENTIXINEXAMS
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Rates of Change in Models NOTE 11.4 /
Your notes

Rates of Change in Models

PURE 3 » DIFFERENTIATION > APPLICATIONS Exam code WMA13 Dr Eslam Ahmed

=
(V2]
c
=
=
=
(=}
-
m
(%]
3
=
=

I What does a derivative mean in a model?

u % is the rate of change of V with respect to time: how fast V is changing at
that instant.

® |ts units are the units of V per unit of t, e.g. $ per year, 'C per minute.

® A negative rate means the quantity is decreasing. Say “decreasing at 571 dol-
lars per year” rather than “-571".

What are the three common questions?

= Rate at a time: differentiate first, then substitute t. Never substitute first.

= Time for a given rate: differentiate, set (ZI_‘t/ equal to the rate (with its sign),

solve.

= Rate in terms of the quantity: differentiate, then replace the exponential us-
ing the model, e.g. C;—’: = -0.04(H - 20).

Examiner Tips and Tricks

® “The rate of increase ... exactly 6 days after the start”: t = 6, not day 7.

= “Cooling at 5°C per minute” means Z—': = -5,

® Give units in your final answer.
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WHEN YOU SEE — YOU DO

s
“find the r. f incr f.. . .
d the rate of i c"ease of ... exactly 6 differentiate, then ¢ = 6; Vour notes
days after the start .
units =
@
“find the time at which the temperature is e =
falling at 5°C per minute” dt S
(%]
“Show by differentiation that CC’I—’: =a+bH" replace the exponential 3
using H

Worked Example

The value of a car is V = 5000(0.8)" dollars after t years. Find
the rate of change of V when t = 3, and interpret it.

dv

i 5000(0.8)!In 0.8 <—at RULE ]
t=3: 5000x0.512xn0.8 = -571.25 (_‘SUBSTITUTE AFTER DIFFERENTI-
ATING

ANSWER -571 (3 s.f.): the value is falling by about 571 dollars per year
att=3

Worked Example

H = 250e7%% 4+ 20. Find the time at which the temperature is
decreasing at 5°C per minute.

dH _ -10e70-04t <[ DIFFERENTIATE ]
dt

-10e 004 = -5 = 004t -5 <[ RATE WITH ITS SIGN )
[ ANSWER t =25ln2 =17.33 minutes ]
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HOW THIS IS EXAMINED - past WMA13 papers /

. . i Your notes
rate at a time [SEENTOXINEXAMS] time for a given rate [SEEN4XINEXAMS'
rate in terms of the quantity [SEENTXINEXAMS)

=
wn
c
>
-
—
(=}
—
m
(%]
°
«
=
=
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Where marks are lost

x WRONG
Normal gradient = %

x WRONG

Substituting t = 3 into V and then
“differentiating” a number.

x WRONG
xe*(2-x)=0=>x=0,2and e™* =
0.

x WRONG

Using Z—; = 0 for a horizontal tan-
gent.

x WRONG
“f is decreasing because f'(3) < 0".

P3 - CHAPTER 11 - APPLICATIONS OF DIFFERENTIATION

v RIGHT
1

m
Perpendicular gradients multiply to

-1.

v RIGHT

Differentiate V first, then substi-
tute.

A number has derivative 0.

v RIGHT
Onlyx=0,x=2:e*>0.

Exponentials are never zero.

v RIGHT

Z—; = 0 gives a vertical tangent.

. d
Horizontal means d—i = 0.

v RIGHT

Show f'(x) < 0 for all x in the do-
main.

One value proves nothing about the
whole domain.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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Applications of Differentiation e

=
(V2]
S
=

Lines Turning points -

Tangent: y-y, = m(x-x,); normal: —%. Factorise f’, solve = 0, y from the orig- §

Through a point: tangent at x = a, inal. -

substitute. f” <0 max, > 0 min.

Vertical tangent: Z—; = 0. Count solutions with turning heights.

Direction Rates

f' >0 increasing, f' < 0 decreasing. Differentiate, then substitute.

“Show": sign for every x, with a rea- Sign and units in words.

son. Eliminate the exponential using the

model.

BOTTOMLINE The derivative is the gradient: a line’s slope, zero at a
turn, positive going up, and a rate in a model. Always differentiate
before you substitute.
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PURE 3 - WMA13 « VISUAL NOTES

DR ESLAM AHMED
eliteigcse.com

CHAPTER 12

Integration

Integration is differentiation run backwards. Spot the derivative
you are looking at, divide by any inner multiplier, and use an
identity when nothing matches.

S 18 26

CONCEPTS VARIANTS EXAM QUESTIONS

YOU WILL MASTER

» Integrate e, a;—m, sin kx, cos kx, sec? kx and a*

» Recognise % and f'(x)(f(x))" and integrate them at sight

» Use cos 2x, tan® x = sec? x - 1 and other identities before integrating
» Evaluate definite integrals exactly and find areas, including regions made with lines
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Four note pages, eighteen ways to be asked Y’t
\

=
(V2]
(=
=
=
=
(=]
—
m
(%]
e
w
=
N

Integration

01)- 121 Standard integrals

,@ = sinkx, coskx,sec’ kx  (ax+b)"

find f from f’

02 - 12.2 Reverse chain rule

Lo~ in £ Oo(fe0)’

03 - 12.3 Using trig identities

2

sin, cos?  tan sin® via a given identity  (sin x + cos x)?

o4 )- 12.4 Definite integrals and areas

exact values find a constant

areas above and below the axis  curve plus line regions

\\ J
Contents
121 Integrating Standard Functions 3
12.2 Reverse Chain Rule 6
12.3 Integrating with Trigonometric Identities 9
12.4 Definite Integrals and Areas 12
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Integrating Standard Functions NOTE 121 V4
Your notes

Integrating Standard Functions

PURE 3 » INTEGRATION » FURTHER INTEGRATION Exam code WMA13 Dr Eslam Ahmed

=
(V2]
(=
=
=
=
(=]
—
m
(%]
e
w
=
N

| What are the standard integrals?

f(x) J f(x)dx REVERSE OF
ekx %ekx +C dd - kekx
X a* d X _ X
a na +C a =a lna
% In|x| +c %lnx=%
ax1+ 5 1 In|ax +b| +c chain rule
a b n+1 .
(ax +b)", n # -1 & + chain rule
a(n +1)
cos kx %sin Rx +C j—xsin Rx
sin kx —%coskx+c dd—xcoskx
sec? kx %tan Rx +C %tan kx

® Pattern: whenthe inside is linear (kRx or ax+b), integrate as usual and divide by the coefficient of x.
= Always add +c to an indefinite integral.

= To find a function from its derivative, integrate, then use the given point to find
C.

4
e.g. FIND
§ [ 2x-1)3 d

/4 (2x - 1)3 dx 4(2X 1) . [POWER UP BY 1, DIVIDE BY NEW |
S 2x2 | POWER AND BY 2
ANSWER —; +C
(2x - 1)2
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Your notes

Examiner Tips and Tricks

® Check any answer by differentiating it: you should get back the inte-
grand.

=
(V2]
(=
=
-
=
(=]
—
m
(%]
e
w
=
N

- f ?;I_x dx = %ln |x|+c. Writing % ln |3x]| +c is also correct: the two differ
only by a constant.

® Exact answers: keep ln, e, m and surds.

WHEN YOU SEE — YOU DO

k k
b alnlax+b|
ef*, cos kx, sin kx standard result +k
“Given f'(x) = ... and f(1) = ..., find f(x)" integrate, then use the

point to find ¢

Worked Example

Find f(e3x+£— 2 +c052x)dx.
X 2x+1

1
3

4ln|x| -ln|2x + 1]

e3x

<« 3 |

2 .2
2ot 2In|2x+ 1| ‘

%sin 2x (22 ]

[ ANSWER %e3x+4ln|x|—ln|2x+1|+%sin2x+c
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° Your notes

Worked Example
=
S g
C O F(x) = 6e - % x>0, and £(1) = 3e2 + 2. Find f(x). =
f(x)=3e*-Inx+c <—[INTEGRATE ]
3e2-0+c=3e%+2 = c=2 <——[ USE THE POINT ]
[ ANSWER f(x)=3e?* - lnx +2 ]

HOW THIS IS EXAMINED - past WMA13 papers

exponential [ NOT SEEN YET - BEREADY |  trig [ NOT SEEN YET « BE READY a)f > | SEEN 5 IN EXAMS |
power [ NOT SEEN YET - BEREADY |  @* [ NOT SEEN YET - BE READY |

reciprocal powers [SEENXINEXAMS
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Reverse Chain Rule NOTE 12.2 4
Your notes

Reverse Chain Rule

PURE 3 » INTEGRATION > FURTHER INTEGRATION Exam code WMA13 Dr Eslam Ahmed

=
(V2]
(=
=
=
=
(=]
—
m
(%]
e
w
=
N

How do I recognise a reverse chain rule integral?

® Look for a function and its derivative in the same integrand (up to a constant
multiple).

= Two main patterns:

LEARN THIS: NOT GIVEN
n+1
, n o (f)
JEDax-miseorec [ roofoo) ax- = v
= |fthe numeratoris onlya multiple of f'(x), adjust with a constant: 3X2X P dx =
+

9

2
3 3x2 kdx- ln(3x +R).

= The same idea works with e: f f'(x)ef™) dx = ef®) 4 .

lftanxdx=fSmxdx=—ln|cosx|=ln|secx|+c.
Cos X

2X
e 2 4
x(x= + 1)*dx
,[ e2x +3 o f oe e
derivative of the derivative of the
bottom is 2e%* bracket is 2x
answer Z In(e® + 3) answer —-(x* + 1)°

Spot the pair: the bottom (or the bracket) and its derivative.
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P3 - CHAPTER 12 - INTEGRATION

/
Your notes
Examiner Tips and Tricks
® Guess the answer, differentiate it, and adjust the constant. This is
quicker and safer than a substitution.
= “Hence” after a differentiation part often means the integrand is (a mul-
tiple of) that derivative.
WHEN YOU SEE — YOU DO
a fr?ctl?n wh?se top is (a multiple of) the k In |bottom|
derivative of its bottom
a bracket to a power, multiplied by (a . .
. P T P . .y( raise the power, divide
multiple of) the bracket’s derivative
by the new power and
the constant
“Given that f25 3)(92"+k dx = In 8, find R” integrate, apply limits,
use log laws, solve
Worked Example
. e2x 2 4 . 3
Find (a)f dx (b)fx(x +1)*dx (c)fcosxsm xdx.
eXX+3
% [n(e®* + 3) (A) TOP IS HALF THE DERIVATIVE
OF THE BOTTOM
2,1)5
%-(X D <—/[(B) x IS HALF OF 2x |
5
% sinl’ X (C) cos x IS THE DERIVATIVE OF ‘
sin x
[ ANSWER (a) % In(e® +3) +c (b) 11—0(x2 +1)° +c (c) %sinl’x +C 1
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P3 - CHAPTER 12 - INTEGRATION

,

Your notes
Worked Example
'd N\
? _ 3 oy
° Given that kR > 0 and [ dx =1In2, find k.
1 X2 +R
. J
- 3
In(x? + k)] =[n(9 +R)-In(1 +R) ‘THE TOP IS EXACTLY THE DERIVA-
. 1 TIVE OF THE BOTTOM
n % =ln2 = 9+R=2+2R <——[LOG LAW, THEN COMPARE }
+
[ ANSWER R =7 ]
HOW THIS IS EXAMINED - past WMA13 papers
% to ln SEENGxINEXAMS  f'f" SEEN 8<INEXAMS
Dr Eslam Ahmed - eliteigcse.com - WhatsApp 0112000 9622 8
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Integrating with Trigonometric Identities NOTE 123 V4
Your notes

Integrating with Trigonometric Identities

PURE 3 » INTEGRATION » FURTHER INTEGRATION Exam code WMA13 Dr Eslam Ahmed

=
(V2]
(=
=
=
=
(=]
—
m
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e
w
=
N

| How do I integrate sin” x and cos? x?

® There is no direct rule. Use the double angle formula to remove the square
(6.3):

POWER REDUCTION LEARN THIS: NOT GIVEN

sin’x = %(1 - C0S 2X) cos? x = %(1 +C0S 2X)

sSin2x + C.

= So [sinzxdx=

N | X

. X
sin2x +c¢ and [coszxdx=§+

N

1
4
| What about other trig integrals?

= tan2x=sec2x—‘|,softanzxdx=tanx—x+c.

= cot? x = cosec’ x -1, and f cosec? xdx = -cot x +C.

m (sinx +cosx)? =1+2sinxcosx =1+sin2x.

= sin’ x: use a supplied identity such as sin3x = 3sinx - 4sin° x, rearranged to
sin’ x = 2(3sin x - sin3x).

® Sin X CosX = %sin 2X.

INTEGRATING A TRIG EXPRESSION

STEP1 Is it a standard result or a f? [ f'f" pattern?

STEP2 If not: is there a square or a product?

Rewrite with an identity into

STEP3 . . .
single sines and cosines

STEP 4 Integrate term by term; divide by inner multipliers
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Your notes

Examiner Tips and Tricks

® The question usually tells you the identity in part (a) (“Show that (1 +
2c0s2x)? = p+qcos2x+rcos4x”). Use it in part (b).

=
(V2]
(=
=
-
=
(=]
—
m
(%]
e
w
=
N

® Exact limits such as g need exact trig values: sin 2?" = @

WHEN YOU SEE — YOU DO

[ sin® kx or [ cos? kx power reduction with
Cos 2Rx
[ tan? x sec®x -1

“(a) Show that sin 3x = 3 sin x - 4sin> x (b)

. 3 .
: rearrange for sin” x, in-
Hence find [ sin® x dx” g '

0 tegrate
(sin x + cos x)? or (1 + 2 cos 2x)? expand, then reduce
squares

Worked Example

r

m/2
Find (a)[ cos? x dx (b)[tanzxdx (c)[(sinx+cosx)2 dx.
0

m/2

X+ Lsin 2x] =z <—/(A) POWER REDUCTION \
12 4 0 4

f(secz x-1)dx =tanx - x <—(B) PYTHAGOREAN IDENTITY |
f(1 +sin2x)dx = x - % €0S 2X <—[(C) EXPAND; sin? +cos? =1 |

ANSWER (a)% (b)tanx - x + ¢ (c)x—%cos2x+c
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° Your notes

Worked Example

=
g
? Using sin3x = 3sinx - 4sin’x, find the exact value of =
n/3 m
f sin’ x dx. @
0 =
N
sin® x = %(3 sin x - sin 3x) <——REARRANGE THE IDENTITY ]
3 1 m/3
[— 7 COSX + = COS 3x] <——|INTEGRATE EACH TERM ]
0
SN U Y (U . m_1 -
( 8 12) ( 4"'12) {cos?,-z,cosn- 1 ]
ANSWER i
24

HOW THIS IS EXAMINED - past WMA13 papers

sin?, cos? [SEENGXINEXAMS) tan® [ NOT SEEN YET - BE READY |
reciprocal Pythagorean [ NOT SEEN YET - BEREADY |  cubic via identity [SEENIXINEXAMS

proved identity [SEENTXINEXAMS] square of a sum [SEENTXINEXAMS)

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 0112000 9622 1
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Definite Integrals and Areas NOTE 12.4 V4
Your notes

Definite Integrals and Areas

PURE 3 » INTEGRATION » FURTHER INTEGRATION Exam code WMA13 Dr Eslam Ahmed

=
(V2]
(=
=
-
=
(=]
—
m
(%]
e
w
=
N

I How do | find an area under a curve?

b
L] f f(x) dx gives the area between the curve and the x-axis when the curve is above the axis.
a
= Parts below the axis give negative values. Find where the curve crosses the
axis, integrate each part separately, and add the sizes.

m Aregion bounded by a curve and a straight line is often “area under the curve”
+ a triangle or trapezium. Sketch it and split it.

y
A
+1
— > X
%\/T
fysin2xdx = 0, but the shaded areais 1 + 1 = 2.
y
A
6

TRIANGLE

A region made of the area under a curve plus a triangle under a tangent.

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 12
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Your notes

Examiner Tips and Tricks

® “Find, using algebraic integration, the exact area”: show the integral
with its limits and the antiderivative before substituting.

=
(V2]
(=
=
=
=
(=]
—
m
(%]
e
w
=
N

® Give the answer in the form asked, e.g. “P + Qln 3, where P and Q are
rational”.

= For a curve that touches the axis (a square such as (1 - 2 cos 2x)?), it
never goes below, so a single integral gives the area.

WHEN YOU SEE — YOU DO

“Find the exact area of the shaded region”

. . . find the crossings, in-
with a curve crossing the axis

tegrate each part, add
sizes

“The region R is bounded by C, the line

. curve integral + triangle;
and the x-axis”

find where | meets the
axis
“touches the positive x-axis for the second

. solve curve = 0; take the
time when x = @”

second positive root as
the limit

“giving your answer in the form ar + by/3" exact trig values at the
limits

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622 13
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0 Your notes

Worked Example

- N Z
The curve y = (1 - 2 cos 2x)? touches the positive x-axis for the g
second time at x = a. (a) Show that (1-2 cos 2x)? = 3-4cos 2x + o
2 cos4x. (b) Find the exact area between the curve, the axes 3
and x = a. "
\ J

1-4cos2x +4cos?2x =
1-4cos2x +2(1 +cos4x)

<—{(A) EXPAND; POWER REDUCTION ]

-1 _nm 5m - om
COS2X = > D X=g, T > a=% (B) TOUCHES WHERE THE ‘
BRACKET IS 0
X . 5m/6
[3x -2sin2x+ Lsin 4x] THE CURVE IS NEVER BELOW THE
2 0 AXIS
_5m_o(_VB),1(_V3 51 101
=5 2( 2)+2( 2) <—‘EXACTVALUESAT?ANDT ]
3v3
ANSWER Area = il + \/_
2 4
Worked Example
The curve C has equation y = %, x 2 0. The tangent to C at

+
P(2,2) meets the x-axis at Q. Find the exact area of the region
bounded by C, the y-axis, the x-axis and the tangent.

dy 6 2 2

= =- =-% -2=-%(x- TANGENT AT P

ax Geap T3 T YIRSk |

y=0: x=5 = Q(5,0) | THE TRIANGLE HAS BASE 3, ‘

HEIGHT 2

2 6 2

f — —dx = [5 ln(x+1)] =6ln3 <——| AREA UNDER THE CURVE ]
o X+1 0

[ ANSWER Area=61ln3+3 ]
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HOW THIS IS EXAMINED - past WMA13 papers /

L. Your notes
exact definite integral [SEENAXINEXAMS] find a constant [SEENI<INEXAMS
area of a bounded region [SEENZXINEXAMS] curve plus line geometry [SEENSXINEXAMS)

=
(V2]
(=
>
-
=
(=]
=
m
(%]
©
«
=
N
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Where marks are lost

x WRONG
[ e dx = 3e3%.

x WRONG
1
dx=1Iln|2x+1].
,[2x+1 2x+ 1]
« WRONG
0 3
/’sinzxdx=Sln X,
3
« WRONG

Area = fO" sin2xdx = 0.

x WRONG
Forgetting +c.

P3 - CHAPTER 12 - INTEGRATION

v RIGHT

1,3x
3

Integrating divides by the inner mul-
tiplier.

e +C.

v RIGHT
2ln2x+ 1] +c.

Check by differentiating.

v RIGHT

X _
2
The reverse power rule needs the

%sin 2X + C.

derivative cos x as a factor.

v RIGHT
Split at %: area=1+1=2.

Regions below the axis give negative
integrals.

v RIGHT
Every indefinite integral needs +c.

It is a mark on its own.
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,

Your notes

16

=
(V2]
(=
=
-
=
(=]
—
m
(%]
e
w
=
N




ELITE IGCSE / PURE 3

Integration
Standard
e > lefx. 1 5 1n|ax+b].
kR ax+b a
coskx — %sin kx; sinkx -
—% cos kx.

sec? kx - %tan kx; +c.

Identities

sin’, cos?: use cos 2x.

tan? = sec®-1.

Expand squares; use given identities.

P3 - CHAPTER 12 - INTEGRATION

Recoghnition
% > In| f!.
fe -

n+1”

Adjust constants; check by differenti-
ating.

Areas

Split where the curve crosses the axis.
Curve ¢ triangle for line regions.
Exact values; form asked.

BOTTOM LINE Ask “what differentiates to this?”. Divide by the inner
multiplier, spot f' next to f, and use an identity when there is a

square.
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PURE 3 - WMA13 « VISUAL NOTES

DR ESLAM AHMED
eliteigcse.com

CHAPTER 13

Numerical Root-Finding

When an equation cannot be solved exactly, trap the root be-
tween two values and close in on it with an iteration. Calcula-
tor work, but every step must be shown.

3 7 19

CONCEPTS VARIANTS EXAM QUESTIONS

YOU WILL MASTER

» Show a root lies in an interval using a change of sign, and know when that fails
» Rearrange f(x) = 0 into the iteration form x = g(x) that is asked for

» Use x, ., = g(x,) to find terms and a root to the stated accuracy

» Prove a root is correct to a given number of decimal places

Dr Eslam Ahmed - eliteigcse.com « WhatsApp 011 2000 9622
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Two note pages, seven ways to be asked Y’t
N

=
[%2]
c
=
=
=
(=]
-
m
(%]
-]
«
=
w

Numerical Methods

01 13.1 Change of sign

root in an interval  when it fails: asymptotes

root to n d.p.

02 - 13.2 Iteration x = g(x)

rearrange to the given form  start value and index

successive iterates  staircase and cobweb

N\ J
Contents
131 Change of Sign 3
13.2 Iteration: x = g(x) 6
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Change of Sign NOTE 131 V4
Your notes

Change of Sign

PURE 3 > NUMERICAL METHODS » ROOTS OF EQUATIONS Exam code WMA13 Dr Eslam Ahmed
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w

| How does a change of sign show there is a root?

= Write the equation as f(x) = 0.

= If f is continuous on [a, b] and f(a), f(b) have opposite signs, the curve must
cross the x-axis between a and b: there isa roota witha< a < b.

£(2)=0.389>0]
|ROOT «a|

[f(1)=-1.28<0]

f(x) = e -3x - 1: negative at x = 1, positive at x = 2, so a root lies between.

When does the change of sign method fail?

= If f is not continuous (an asymptote) in the interval, the sign can change without
aroot: tan1 >0 and tan2 < 0, but tan x has an asymptote at g, not a root.

= If there are two roots close together, the sign may not change at all.
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How do | show a root is correct to n decimal places? V4

Your notes

® To show a = 1.904 to 3 d.p., test the bounds 1.9035 and 1.9045.

= A change of sign between them (with continuity) proves 1.9035 < a < 1.9045,
so a rounds to 1.904.

=
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c
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=
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-
m
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«
=
w

Examiner Tips and Tricks

= Full marks need three things: both values (with their signs), the words
“change of sign” and “continuous”, and a conclusion: “hence there is
arootin[1,2]"

® Give the function values to at least 2 significant figures, or just their
signs if they are clearly positive or negative.

WHEN YOU SEE — YOU DO

“Show that the equation f(x) = 0 has a root

6 7 ite si
a in the interval [6, 7]” f(6), 7(7), opposite signs,

continuous, conclusion

“Hence show that a lies between 1 and 2” the “hence” equation is
f(x) = 0: test f(1) and
f(2)

“By choosing a suitable interval, show that

. ” test 1.9035 and 1.9045
a = 1.904 to 3 decimal places
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0 Your notes

Worked Example

f(x) = e¥-3x-1. (a) Show that f(x) = 0 hasaroot a in the interval
[1,2]. (b) Show that a = 1.904 correct to 3 decimal places.

f(1)=-128<0,  f(2)=0.389>0 </ (n) EVALUATE BOTH ENDS ]

change of sign and f continuous <——[BOTH CONDITIONS STATED ]

£(1.9035) = -0.0012 < 0, f(1.9045) =

0.0025 >0 <—|(B) THE ROUNDING BOUNDS |

ANSWER (a)rootin[1,2] (b)change of sign, continuous, so 1.9035 <
a < 1.9045: a=1.904(3d.p.)

HOW THIS IS EXAMINED - past WMA13 papers

change of sign [SEENTAXINEXAMSY failure at a pole [ NOT SEEN YET - BE READY |
stated accuracy [ NOT SEEN YET - BE READY |
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Iteration: x = g(x) NOTE 13.2

Iteration: x = g(x)

PURE 3 > NUMERICAL METHODS » ROOTS OF EQUATIONS Exam code WMA13 Dr Eslam Ahmed

What is fixed-point iteration?

® Rearrange f(x) = 0 into the form x = g(x).

= Use the iteration formula x,__, = g(x,): put a starting value x, in, get x,, put x,
in, get x;, and so on.

= If the values settle down (converge), they approach a root a, where the line
y = X meets y = g(x).

>

>

\
AY

y: [n(3X+1)

Staircase diagram for x_ ., = In(3x +1) starting at x, = 1.5: the steps climb towards a = 1.904.

How do | show the rearrangement?

= Startfrom f(x) = 0 and rearrange step by step until you reach exactly the given
form. Do not start from the answer.

= Typical moves: isolate an exponential and take ln; isolate a power and take a
root; divide by x.

How do I use the iteration formula?

Type the starting value, e.g. 1.5, and press =.

Type the formula with ANS in place of x,: In(3ANS + 1).

Dr Eslam Ahmed - eliteigcse.com - WhatsApp 011 2000 9622
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Press = repeatedly. Each press gives the next term. /
Write down each requested term to the stated accuracy, but keep the Yournotes
full value in the calculator.
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w

>

>
AY

\

A different g can give a cobweb instead: the val-

ues alternate either side of a while converging.

Examiner Tips and Tricks

= Check the index: if x, = 1.5, then “x," is the first value you calculate.

= “Find, to & decimal places, the value of x; and the value of a”: give
x5 from the calculator, and a when the values stop changing at that
accuracy.

® Radians! Iterations with trig functions need radian mode.

= |teration questions are often the last part of a longer question (a tan-
gent through the origin, a model with n): the “show that” form is given,
so you can always do the iteration even if earlier parts went wrong.

WHEN YOU SEE — YOU DO

“Show that the equation can be written in

f - 0: re-
the form x = In(3x + 1)” start from f(x) = 0; re

arrange to exactly that
form

“Using the iteration formula x__, = ... with

” ANS method; check the
X, = 1.5, find x, and x,

index; 4 d.p.

“find, to 4 decimal places, the value of a” iterate until the 4 d.p.
value is stable
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0 Your notes

Worked Example

? (a) Show that e¥ - 3x - 1 = 0 can be written as x = [n(3x + 1). (b)

=
wn
c
>
—
—
(=]
=
m
(%]
-
«
=
w

Use x,,, = In(3x, + 1) with x; = 1.5 to find x, and x; to 4 d.p. (c)
Find a to 3 d.p.
eX=3x+1 = x=In(Bx+1) </ () ISOLATE ¢*, TAKE In ]
X, = In(5.5) = 1.7047 <—/(B) FIRST PRESS ]
X5 = n(3 x 1.70475 -+ 1) = 1.8106 <—[USE THE FULL VALUE OF x, }

X, =1.8613, ..., x4 = 1.9030, ... - 1.9038 <—(C) KEEP GOING UNTIL STABLE |

[ ANSWER (b) x, = 1.7047, x;=1.8106  (c)a =1.904 (3 d.p.) ]

HOW THIS IS EXAMINED - past WMA13 papers

rearrangement [SEEN3XINEXAMS] start value and index [SEENSXINEXAMS)
successive iterates [[SEENT7XINEXAMS)
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Where marks are lost

x WRONG

“f(1) < 0 and f(2) > 0 so there is a
root.”

x WRONG

Claiming a root of tanx in [1,2]
from a sign change.

x WRONG

Using the rounded x, = 1.7047 to
get x;.

x WRONG

Calling the first calculated value

Xq-

x WRONG

Testing 1.903 and 1.905 to show
o = 1.904.

P3 - CHAPTER 13 - NUMERICAL ROOT-FINDING

v RIGHT

Add “change of sign and f is con-
tinuous”.

Both conditions are needed for the
mark.

v RIGHT

There is an asymptote at %, not a
root.

Check continuity first.

 RIGHT
Use the full calculator value (ANS).

Rounding errors build up.

v RIGHT

If x, is given, the first calculated
value is x,.

Read the starting index.

v RIGHT
Test 1.9035 and 1.9045.

The interval must be the rounding
bounds.
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Numerical Root-Finding

Change of sign

f(a)and f(b) opposite signs, f contin-
uous: root in (a, b).

Fails at asymptotes, or with two close
roots.

Rearrange

From f(x) = 0 to the exact form given,
step by step.

P3 - CHAPTER 13 - NUMERICAL ROOT-FINDING

Accuracy

To show a = 1.904: test 1.9035 and
1.9045.

Iterate

X1 = 9(x,) with ANS.

Check the index; keep full values;
round only answers.

Staircase or cobweb towards a.

BOTTOM LINE Trap the root with a sign change, close in with an iter-
ation, and prove the final digits with the rounding bounds.
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