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PAST PAPER

WMA12/01 October 2019
October 2019 | 10 questions | 75 marks

10
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 OCTOBER 2019

Question 1
6 marks

Applications of Differentiation



WMA12/01 OCTOBER 2019

Worked Solution -
Question 1

Applications of Differentiation

Topic group

1. Expand the curve

.

2. Differentiate

.

3. Find the stationary values of x

At a stationary point, . Hence , so  or .

4. Use the sign of the derivative

Since  is positive outside its two roots and negative between them, 

is increasing for  and for .

Final answer

.



WMA12/01 OCTOBER 2019

Question 2
6 marks

Modelling with Sequences & Series



WMA12/01 OCTOBER 2019

Worked Solution -
Question 2

Modelling with Sequences & Series

Topic group

1. Identify the common ratio

An increase of  each year gives the geometric ratio .

2. Count the years to 2032

From the start of 2019 to the start of 2032 there are  yearly increases, so the
population is .

3. Calculate the 2032 population

, so the model gives about  adults.

4. Set up the total number of adult payments

From 2019 to 2032 inclusive there are  yearly populations, so the total number

of adult payments is .

5. Multiply by the charity amount

The total money is , so this is about

£1,996,766.

6. Round as requested

To the nearest £1000, this is £1,997,000.

Final answer
 32341 adults, approximately.

 £1,997,000.



WMA12/01 OCTOBER 2019

Question 3
6 marks

Binomial Expansion



WMA12/01 OCTOBER 2019

Worked Solution - Question 3
Binomial Expansion

Topic group

1. Write the binomial terms

.

2. Simplify the first four terms

This gives .

3. Rewrite the prefactor

.

4. Find the constant contributions

The  part needs the  coefficient, which is . The  part needs the 

coefficient, which is .

5. Add the constant terms

The term independent of  is .

Final answer

.



WMA12/01 OCTOBER 2019

Question 4
8 marks

Polynomials



WMA12/01 OCTOBER 2019

Worked Solution - Question 4
Polynomials

Topic group

1. Use the remainder theorem

When  is divided by , the remainder is . Since
, the remainder is .

2. Use the given factor

Since  is a factor,  is a root and .

3. Solve for a

. Hence

, so .

4. Substitute a into f(x)

.

5. Divide by the known factor

Dividing  by  gives .

6. Factorise fully

, so .

Final answer
.



WMA12/01 OCTOBER 2019

Question 5
7 marks

Integration



WMA12/01 OCTOBER 2019

Worked Solution - Question 5
Integration

Topic group

1. Describe the sketch

For ,  is a decreasing exponential curve. At , ,
so it crosses the -axis at .

2. Find the strip width

The  values increase by , so .

3. Apply the trapezium rule

.

4. Calculate the estimate

, so the estimate is  to 3 significant figures.

5. Relate the two integrands

.

6. Subtract the exact integral of 3x

.

7. Estimate the new integral

Using the estimate from part (b), the required value is , so
the estimate is .



Final answer
 A decreasing exponential curve crossing the -axis at .

.



WMA12/01 OCTOBER 2019

Question 6
7 marks

Circles



WMA12/01 OCTOBER 2019

Worked Solution - Question 6
Circles

Topic group

1. Use perpendicular gradients

The tangent has gradient , so the radius  has gradient .

2. Find the equation of PN

Line  passes through , so . Therefore
.

3. Find point P

At , the tangent  meets the radius . Thus ,

so  and .

4. Find the radius squared

.

5. Write the circle equation

With centre  and radius squared , the circle is

.

Final answer

.



WMA12/01 OCTOBER 2019

Question 7
7 marks

Laws of Logarithms



WMA12/01 OCTOBER 2019

Worked Solution - Question 7
Laws of Logarithms

Topic group

1. Use the given logarithm

Since , we can replace every  by .

2. Simplify part (i)

.

3. Simplify the numerator and denominator

, and .

4. Write part (ii)

Therefore .

5. Simplify the summand

, so .

6. Sum the series

.

Final answer

.



WMA12/01 OCTOBER 2019

Question 8
9 marks

Integration



WMA12/01 OCTOBER 2019

Worked Solution - Question 8
Integration

Topic group

1. Rewrite the curve

.

2. Integrate the curve

.

3. Apply the limits for the area

.

4. Simplify the exact area

This gives .

5. Integrate the second expression

.

6. Use the limits

.

7. Solve for k

, so  and .



Final answer

.



WMA12/01 OCTOBER 2019

Question 9
12 marks

Trigonometric Equations



WMA12/01 OCTOBER 2019

Worked Solution -
Question 9

Trigonometric Equations

Topic group

1. Solve the sine equation

Let . Then .

2. Find the valid angle values

Since , . In this interval,  or
.

3. Return to theta

, giving  and  to one decimal place.

4. Use the arithmetic sequence condition

For three consecutive terms of an arithmetic sequence, second minus first equals

third minus second. Hence .

5. Prove the required identity

This gives . Since , we get , so

.

6. Form a quadratic in cos alpha

Using , , so
.

7. Solve in the given interval

; the other root is less than . Since  and

cosine is positive,  is in the fourth quadrant.



8. State alpha

 radians to 3 decimal places.

Final answer
 Proven.

 radians.



WMA12/01 OCTOBER 2019

Question 10
7 marks

Applications of Differentiation



WMA12/01 OCTOBER 2019

Worked Solution -
Question 10

Applications of Differentiation

Topic group

1. Use the point on the curve

Substitute  into : , so
.

2. Differentiate

.

3. Use the given gradient

At , the gradient is , so . Hence  and .

4. Find b

Using , .

5. Check for turning points

With , .

6. Use the discriminant

For , the discriminant is
.

7. Conclude

The derivative is never zero, so the curve has no turning points.



Final answer

 Proven:  has no turning points.



PAST PAPER

WMA12/01 January 2020
January 2020 | 10 questions | 75 marks

10
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 JANUARY 2020

Question 1
7 marks

Integration



WMA12/01 JANUARY 2020

Worked Solution - Question 1
Integration

Topic group

1. Use the trapezium rule

The strip width is . Therefore

.

2. Calculate part (a)

The estimate is , so to one decimal place the answer is .

3. Rewrite part (b)(i)

, so

.

4. Estimate part (b)(i)

Using part (a), the estimate is , so  to one decimal place.

5. Rewrite part (b)(ii)

.

6. Estimate part (b)(ii)

, so .

Final answer
.



WMA12/01 JANUARY 2020

Question 2
7 marks

Binomial Expansion



WMA12/01 JANUARY 2020

Worked Solution - Question 2
Binomial Expansion

Topic group

1. Identify the x to the fourth term

In , the  term is .

2. Form the equation for a

. Since this term is , .

3. Solve for a

, so the real possible values are  or .

4. Find the constant contribution from 1 over 81

The constant term from  is .

5. Find the constant contribution from x to the minus six

The  term in  is . Since , , so 

contributes .

6. Add the constant terms

The term independent of  is .

Final answer
.



WMA12/01 JANUARY 2020

Question 3
8 marks

Polynomials



WMA12/01 JANUARY 2020

Worked Solution - Question 3
Polynomials

Topic group

1. Use the factor theorem

For , use . Substituting gives

.

2. State the factor result

Since ,  is a factor of .

3. Divide by the known factor

.

4. Factorise the quadratic

, so .

5. Use the factorisation for tan theta

Let . Then , so , , or .

6. Choose the roots in the interval

For ,  is negative, so use  and .

7. Find theta

This gives  and , to 3

significant figures.



Final answer
 Proven.

 radians.



WMA12/01 JANUARY 2020

Question 4
6 marks

Integration



WMA12/01 JANUARY 2020

Worked Solution - Question 4
Integration

Topic group

1. Find the intersection with y equals 17

The curve is . Set  to get , so the right-hand
limit is .

2. Set up the area

The shaded area is between  and , from  to .

3. Integrate

.

4. Evaluate the exact area

.

Final answer

.



WMA12/01 JANUARY 2020

Question 5
8 marks

Modelling with Sequences & Series



WMA12/01 JANUARY 2020

Worked Solution -
Question 5

Modelling with Sequences & Series

Topic group

1. Set up the growth ratio

Let the yearly ratio be . After 3 years, .

2. Find p

, so . Therefore .

3. Set up the inequality

After  years the model gives . We need , so
.

4. Take logarithms

, so .

5. Find the smallest integer

Using , . Hence the smallest integer value is

.

Final answer
.



WMA12/01 JANUARY 2020

Question 6
8 marks

Circles



WMA12/01 JANUARY 2020

Worked Solution - Question 6
Circles

Topic group

1. Complete the square

 and .

2. Find the centre and radius

The circle becomes . Hence the centre is  and
the radius is .

3. Use horizontal tangents

A horizontal tangent has equation . The possible tangent levels are one
radius above and below the centre, so .

4. Use half the chord length

The chord has length , so half the chord is . If the chord is , its
perpendicular distance from the centre is .

5. Apply Pythagoras

, so .

6. Choose the negative value

Since  is negative, .

Final answer
.



WMA12/01 JANUARY 2020

Question 7
7 marks

Trigonometric Equations



WMA12/01 JANUARY 2020

Worked Solution -
Question 7

Trigonometric Equations

Topic group

1. Rewrite tan theta

 becomes .

2. Clear the denominator

Multiplying by  gives .

3. Use the identity

Since , , so .

4. Apply the result to 2x

For , we get .

5. Solve for sin 2x

. Since  cannot be , .

6. Find x

For , . Thus  or , so
 or .

Final answer
 Proven.

.



WMA12/01 JANUARY 2020

Question 8
7 marks

Sequences & Series



WMA12/01 JANUARY 2020

Worked Solution - Question 8
Sequences & Series

Topic group

1. Write the series forwards

.

2. Write the series backwards

.

3. Add the two forms

Each pair adds to , and there are  pairs. Hence
.

4. Complete the proof

Dividing by  gives .

5. Find u5

.

6. Sum the sequence

.

7. Calculate the total

, and . Therefore the total is

.



Final answer
 Proven.

.



WMA12/01 JANUARY 2020

Question 9
7 marks

Laws of Logarithms



WMA12/01 JANUARY 2020

Worked Solution - Question 9
Laws of Logarithms

Topic group

1. Describe the sketch

 is an increasing exponential curve. At , , so the curve
crosses the -axis at  and has no -axis intersection.

2. Equate the two curves

At , .

3. Take logarithms

.

4. Collect the x terms

.

5. Simplify the logarithms

 and .

6. State the x coordinate

Therefore .

Final answer
 Increasing exponential curve through , with no -axis

intersection.

.



WMA12/01 JANUARY 2020

Question 10
10 marks

Applications of Differentiation



WMA12/01 JANUARY 2020

Worked Solution -
Question 10

Applications of Differentiation

Topic group

1. Differentiate the curve

Write . Then .

2. Use the stationary point

At , , so .

3. Find k

, hence .

4. Use the second derivative

With ,  and .

5. Determine the nature of P

At , , so  is a local maximum.

6. Find the other stationary point

Set . Multiplying by  gives , or

.

7. Solve the quadratic in x squared

. The given point has , so the second stationary

point has .



8. State the positive x coordinate

Since , the second stationary point has .

Final answer

 local maximum.

.



PAST PAPER

WMA12/01 January 2021
January 2021 | 10 questions | 75 marks

10
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 JANUARY 2021

Question 1
6 marks

Polynomials



WMA12/01 JANUARY 2021

Worked Solution - Question 1
Polynomials

Topic group

1. Use the first remainder

Dividing by  means use . Hence
.

2. Show the required relation

The remainder is , so . Therefore .

3. Use the second remainder

Dividing by  means use . Hence
.

4. Form the second equation

The remainder is , so , which gives .

5. Solve simultaneously

Subtract  from  to get , so .

6. Find b

Using , , hence .

Final answer
 Proven: .

.



WMA12/01 JANUARY 2021

Question 2
7 marks

Applications of Differentiation



WMA12/01 JANUARY 2021

Worked Solution -
Question 2

Applications of Differentiation

Topic group

1. Differentiate the curve

For , .

2. Set the gradient to zero

Stationary points occur when .

3. Factorise

, so  or .

4. Differentiate again

.

5. Classify x equals negative two

At , , so the stationary point is a local maximum.

6. Classify x equals eight over three

At , , so the stationary point is a local minimum.

Final answer

 local maximum at  and local minimum at

.



WMA12/01 JANUARY 2021

Question 3
8 marks

Laws of Logarithms



WMA12/01 JANUARY 2021

Worked Solution - Question 3
Laws of Logarithms

Topic group

1. Rewrite the exponential equation

From , divide by  to get .

2. Write x as a logarithm

Therefore .

3. Convert one to a logarithm

Since , the equation becomes
.

4. Combine the logarithms

.

5. Solve the quadratic

Thus , so .

6. Check the domain

The original logarithms require  and , so  is invalid and .

Final answer

.



WMA12/01 JANUARY 2021

Question 4
8 marks

Binomial Expansion



WMA12/01 JANUARY 2021

Worked Solution - Question 4
Binomial Expansion

Topic group

1. Write the first binomial terms

.

2. Simplify the expansion

The first three terms are .

3. Find the coefficient of x squared

In , the  coefficient is .

4. Form the equation

So .

5. Solve the quadratic

Multiplying by  gives , or .

6. State the values of p

, so  or .

Final answer

.



WMA12/01 JANUARY 2021

Question 5
4 marks

Proof



WMA12/01 JANUARY 2021

Worked Solution - Question 5
Proof

Topic group

1. Start from a square

For ,  is real and .

2. Expand the square

.

3. Rearrange the inequality

Therefore , as required.

4. Give a counterexample

The consecutive prime numbers , , and  have sum .

5. Complete the disproof

 is not a multiple of , so the statement is not true.

Final answer
 Proven.

 For example, , which is not a multiple of .



WMA12/01 JANUARY 2021

Question 6
8 marks

Trigonometric Equations



WMA12/01 JANUARY 2021

Worked Solution -
Question 6

Trigonometric Equations

Topic group

1. Clear the fraction

Starting with , multiply by .

2. Use tan theta

This gives .

3. Use cos squared

Substitute : .

4. Collect terms

Rearranging gives .

5. Factor the sine equation

 gives , where .

6. Use the valid sine values

Since , the valid values are  and .

7. Find x

 gives . Also , so  to 3

decimal places.



Final answer
 Proven.

.



WMA12/01 JANUARY 2021

Question 7
6 marks

Integration



WMA12/01 JANUARY 2021

Worked Solution - Question 7
Integration

Topic group

1. Use the model at t equals ten

.

2. Use the model at t equals eleven point five

.

3. Identify the trapezium width

The time values increase by , so .

4. Apply the trapezium rule

The estimate is .

5. Calculate the energy

This gives , so the estimated energy is  to 2 decimal places.

Final answer
.



WMA12/01 JANUARY 2021

Question 8
7 marks

Sequences & Series



WMA12/01 JANUARY 2021

Worked Solution - Question 8
Sequences & Series

Topic group

1. Find a two

Since , we have . Therefore
.

2. Find a three

, so .

3. Use the given sum

.

4. Substitute the expressions

.

5. Simplify

Cancelling  and expanding gives , so .

6. Find the possible a two values

If , then . If , then .

Final answer

.



WMA12/01 JANUARY 2021

Question 9
10 marks

Circles



WMA12/01 JANUARY 2021

Worked Solution - Question 9
Circles

Topic group

1. Read the centre and radius

From , the centre is  and the radius is
.

2. Substitute point P

Since  lies on the circle, .

3. Show the quadratic

Expanding gives , hence
.

4. Solve for k

, so  or .

5. Use the condition k less than two

For the tangent calculation, , so the centre is .

6. Find the tangent gradient

The radius from the centre to  has gradient , so the tangent

gradient is .

7. Find the x intercept

The tangent is . Setting  gives , so

.



8. Calculate the area

Triangle  has base  on the -axis and height , so its area is

.

Final answer

.



WMA12/01 JANUARY 2021

Question 10
11 marks

Modelling with Sequences & Series



WMA12/01 JANUARY 2021

Worked Solution -
Question 10

Modelling with Sequences & Series

Topic group

1. Find the arithmetic difference

Plan A has  Sunday runs from  km to  km, so there are  equal increases.

The common difference is .

2. Find week five for plan A

Week  is the fifth term, so the distance is .

3. Find the geometric ratio

For plan B, , so .

4. Find week five for plan B

The fifth Sunday distance is , so it is .

5. Sum the Sunday runs for plan A

The arithmetic total is  km.

6. Find the Wednesday limit for plan A

The total distance condition gives , so . The maximum
integer is .

7. Sum the Sunday runs for plan B

The geometric total is  km.

8. Find the Wednesday limit for plan B

Now , so . The maximum integer is .



Final answer
.



PAST PAPER

WMA12/01 May/June 2021
May/June 2021 | 9 questions | 75 marks

9
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 MAY/JUNE 2021

Question 1
7 marks

Modelling with Sequences & Series



WMA12/01 MAY/JUNE 2021

Worked Solution -
Question 1

Modelling with Sequences & Series

Topic group

1. Choose the model

The weekly amounts are , , , and so on. The increase is a constant ,
so an arithmetic series should be used.

2. Write the nth amount

The first amount is  and the common difference is , so the amount saved in
week  is .

3. Set up the total

After  weeks, .

4. Form the inequality

Adina needs , so .

5. Solve for n

This is . The positive root is , so the first whole
number that works is .

6. Check the week

After  weeks the total is below , and after  weeks it is , so it takes
 weeks.



Final answer
 Arithmetic series.

.

 weeks.



WMA12/01 MAY/JUNE 2021

Question 2
8 marks

Laws of Logarithms





WMA12/01 MAY/JUNE 2021

Worked Solution - Question 2
Laws of Logarithms

Topic group

1. Describe y equals two to the x

 is an increasing exponential curve. It crosses the -axis at  and has
no -axis intercept.

2. Describe y equals four to the x minus six

 is the graph of  translated  units down. It crosses the -axis at
.

3. Find the x-axis intercept

For , set . Hence  and .

4. Set up the intersection equation

At , .

5. Use a substitution

Let . Then , so .

6. Solve for u

, so . Since , .

7. State P

, so , and . Therefore .



Final answer
 Sketch  through  with no -axis intercept.

 Sketch  through  and .

.



WMA12/01 MAY/JUNE 2021

Question 3
5 marks

Proof



WMA12/01 MAY/JUNE 2021

Worked Solution - Question 3
Proof

Topic group

1. List the cases

The single digit prime numbers are , , , and .

2. Check each prime

, , , and .

3. Conclude part one

Each result is a multiple of , so  is a multiple of  for all single digit
primes.

4. Expand the difference of cubes

.

5. Factor the multiple of three

.

6. Use the remainder

 is a multiple of , so  is one more than a multiple of .
Therefore it is not a multiple of .

Final answer
 Proven by checking .

 Proven:  leaves remainder  on division by .



WMA12/01 MAY/JUNE 2021

Question 4
8 marks

Binomial Expansion



WMA12/01 MAY/JUNE 2021

Worked Solution - Question 4
Binomial Expansion

Topic group

1. Write the binomial terms

.

2. Simplify the expansion

This gives .

3. Match the value

Since , use  in the expansion.

4. Calculate the approximation

.

5. Decide the direction

The next terms in the expansion are positive because , so stopping
after the  term gives an underestimate.

Final answer

Underestimate.



WMA12/01 MAY/JUNE 2021

Question 5
10 marks

Integration



WMA12/01 MAY/JUNE 2021

Worked Solution - Question 5
Integration

Topic group

1. Identify the strip width

The  values increase by , so .

2. Apply the trapezium rule

The area under  is approximately

.

3. Calculate the estimate

This gives , so the estimate is  to 2 decimal places.

4. Integrate C two

.

5. Find the area under C two

Between  and , the exact integral of  is

.

6. Find the shaded area

The shaded region is between  and , so its area is approximately
.

7. Round the result

To one decimal place, the area of region  is .



Final answer

.



WMA12/01 MAY/JUNE 2021

Question 6
7 marks

Circles



WMA12/01 MAY/JUNE 2021

Worked Solution - Question 6
Circles

Topic group

1. Complete the square

 and .

2. Write centre-radius form

The circle becomes .

3. Use the tangent condition

The centre is . Since the -axis is tangent, the radius is the distance from
the centre to the -axis, which is .

4. Find k

Thus , so .

5. Find the intercepts

With , the circle is . On the -axis, , giving
.

6. Find the y-axis points

On the -axis, , so . Hence .

7. Calculate the triangle area

The vertical base on the -axis has length , and its perpendicular distance to

 is . The area is .



Final answer
.



WMA12/01 MAY/JUNE 2021

Question 7
10 marks

Laws of Logarithms



WMA12/01 MAY/JUNE 2021

Worked Solution - Question 7
Laws of Logarithms

Topic group

1. Use the power law

.

2. Rewrite two as a logarithm

Since , the right side is
.

3. Equate the arguments

So .

4. Expand and simplify

, which simplifies to
.

5. Check the given root

Substituting  gives , so  is a root.

6. Factorise the cubic

Dividing by  gives .

7. Apply the logarithm domain

The possible roots are , , and . The original logarithms require 

and , so .

8. State the valid solutions

Therefore the solutions are  and .



Final answer
 Proven.

  is a root of the cubic.

.



WMA12/01 MAY/JUNE 2021

Question 8
10 marks

Trigonometric Equations



WMA12/01 MAY/JUNE 2021

Worked Solution -
Question 8

Trigonometric Equations

Topic group

1. Solve for theta plus thirty

Let . Then , so .

2. Find u in the interval

Since , . Thus  or .

3. Return to theta

, giving  and  to one decimal place.

4. Rearrange the second equation

 gives .

5. Factor out sine

.

6. Use sin squared

Since , this becomes , or
.

7. Solve in the interval

For ,  gives . Also  gives

.

8. State the solutions

 is impossible, so . The solutions are , ,

and .



Final answer

.



WMA12/01 MAY/JUNE 2021

Question 9
10 marks

Applications of Differentiation



WMA12/01 MAY/JUNE 2021

Worked Solution -
Question 9

Applications of Differentiation

Topic group

1. Use the volume

The volume is , so .

2. Write the surface area

The open box has one square base and four side faces, so .

3. Substitute l

Since , .

4. Show S

Therefore .

5. Differentiate S

, so .

6. Set the derivative to zero

, so .

7. Solve for h

Multiplying by  gives , so  and .

8. Find k

Since , we have .



9. Use the second derivative

.

10. Check the sign

At , , so the second derivative is

.

11. Conclude

The stationary point is therefore a minimum.

Final answer

 Proven: .

, so .

 Minimum.



PAST PAPER

WMA12/01 October 2021
October 2021 | 10 questions | 75 marks

10
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 OCTOBER 2021

Question 1
6 marks

Binomial Expansion



WMA12/01 OCTOBER 2021

Worked Solution - Question 1
Binomial Expansion

Topic group

1. Compare the linear term

In , the coefficient of  is .

2. Find k

Since the coefficient of  is , , so .

3. Find p

The coefficient of  is .

4. Find the needed binomial terms

For , the  coefficient in  is  and the  coefficient is

.

5. Build the x squared term in g

In , the  term comes from  and

.

6. Simplify

The required term is .

Final answer

.



WMA12/01 OCTOBER 2021

Question 2
5 marks

Sequences & Series



WMA12/01 OCTOBER 2021

Worked Solution - Question 2
Sequences & Series

Topic group

1. Find u two

.

2. Find u three

.

3. Use the given sum

, so .

4. Simplify the equation

, hence .

5. Solve for k

. Since  is positive, .

Final answer

.



WMA12/01 OCTOBER 2021

Question 3
8 marks

Integration



WMA12/01 OCTOBER 2021

Worked Solution - Question 3
Integration

Topic group

1. Find the strip width

Four equal strips from  to  have width .

2. List the ordinates

Use  and .

3. Apply the trapezium rule

.

4. Improve the estimate

Use more strips of smaller width to make the trapezium rule estimate more
accurate.

5. Estimate the square-root integral

, so .

6. Rewrite the second logarithm

.

7. Estimate the second integral

.



Final answer
 Use more strips.

.



WMA12/01 OCTOBER 2021

Question 4
8 marks

Polynomials



WMA12/01 OCTOBER 2021

Worked Solution - Question 4
Polynomials

Topic group

1. Use the remainder theorem

Dividing by  means use .

2. Find the remainder

.

3. Check x equals three

.

4. Use the factor theorem

Since ,  is a factor of .

5. Expand f

.

6. Factorise

Dividing by  gives , so .

7. Check the quadratic roots

For , the discriminant is .

8. Conclude

The quadratic has no real roots, so  has only one real root, .



Final answer
 Proven.

 Only real root: .



WMA12/01 OCTOBER 2021

Question 5
6 marks

Arithmetic Sequences



WMA12/01 OCTOBER 2021

Worked Solution - Question
5

Arithmetic Sequences

Topic group

1. Identify the arithmetic sequence

The first term is  and the common difference is .

2. Find year fourteen

, so  tonnes were extracted in year .

3. Set up the total

The total after  years is .

4. Use the total extraction

.

5. Show the quadratic

Multiplying by  and rearranging gives , so
.

6. Solve and choose N

 or . Since extraction amounts would become negative before year ,
the stopping year is .

Final answer
 tonnes.

 Proven: .

.



WMA12/01 OCTOBER 2021

Question 6
8 marks

Circles



WMA12/01 OCTOBER 2021

Worked Solution - Question 6
Circles

Topic group

1. Complete the square

 and .

2. Write centre-radius form

The circle becomes .

3. Read the centre

The centre is .

4. State the range for k

For a circle with positive radius, , so .

5. Use the diameter property

If  is a diameter and  lies on the circle, then .

6. Use perpendicular vectors

So . With , , and ,
this gives .

7. Form the quadratic

, so .

8. Choose the positive value

. Since  is positive, .



Final answer
.



WMA12/01 OCTOBER 2021

Question 7
10 marks

Geometric Sequences



WMA12/01 OCTOBER 2021

Worked Solution - Question
7

Geometric Sequences

Topic group

1. Write the nth term

The nth term of the first sequence is .

2. Use logarithms

We need , so .

3. Choose the smallest integer

Thus  must be greater than , so the minimum possible value is .

4. Use the second term

For the second sequence, , so .

5. Use the sum to infinity

. Substituting  gives .

6. Show the quadratic

Rearranging gives .

7. Solve for r

 gives  or .

8. Choose the valid ratio

A sum to infinity exists only when , so .

9. Find the first term

Since , .



10. Sum four terms

.

Final answer
 Proven.

.



WMA12/01 OCTOBER 2021

Question 8
10 marks

Applications of Differentiation



WMA12/01 OCTOBER 2021

Worked Solution -
Question 8

Applications of Differentiation

Topic group

1. Differentiate the curve

For , .

2. Use the turning point

At the turning point ,  and .

3. Show k

, so  and .

4. Factor the derivative

With , .

5. Find where y is increasing

The derivative is positive outside its roots, so  is increasing for  or .

6. Find the height of the line

At , . Hence line  has equation .

7. Set up the shaded area

The region is between the line and the curve from  to , so

.

8. Integrate

.



9. Evaluate exactly

Substituting  gives .

Final answer
 Proven: .

.



WMA12/01 OCTOBER 2021

Question 9
4 marks

Proof



WMA12/01 OCTOBER 2021

Worked Solution - Question 9
Proof

Topic group

1. Start with a square

For positive  and , both  and  are real, so .

2. Expand

.

3. Rearrange

Thus , and dividing by  gives .

4. Give a negative counterexample

Take  and . Then , while .

5. Conclude

Since  is false, the inequality does not hold for all negative  and .

Final answer
 Proven.

 For example,  gives .



WMA12/01 OCTOBER 2021

Question 10
10 marks

Trigonometric Equations



WMA12/01 OCTOBER 2021

Worked Solution -
Question 10

Trigonometric Equations

Topic group

1. Take the square root

Let . From , .

2. Write the angle families

Thus  or , where  is an integer.

3. Return to x

So  or .

4. Use the interval

For , the solutions are .

5. Expand the squared equation

 gives .

6. Use the identity

Since , this simplifies to .

7. Factor

.

8. Solve the two cases

 gives  in the interval. Also  gives .



9. State theta

For ,  gives  and . Therefore

.

Final answer

.



PAST PAPER

WMA12/01 January 2022
January 2022 | 10 questions | 75 marks

10
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 JANUARY 2022

Question 1
7 marks

Integration



WMA12/01 JANUARY 2022

Worked Solution - Question 1
Integration

Topic group

1. Identify the strip width

The  values increase by , so .

2. Apply the trapezium rule

.

3. Calculate the estimate

This gives , so the estimate is  to 2 decimal places.

4. Use the factor of two

, so .

5. Estimate part i

This is  to 2 decimal places.

6. Add the constant integral

.

7. Estimate part ii

The estimate is , so  to 2 decimal places.

Final answer
.



WMA12/01 JANUARY 2022

Question 2
8 marks

Applications of Differentiation



WMA12/01 JANUARY 2022

Worked Solution -
Question 2

Applications of Differentiation

Topic group

1. Differentiate

For , .

2. Set the gradient to zero

.

3. Clear the powers

Multiplying by  gives , so .

4. Find y

At , .

5. State the stationary point

The stationary point is .

6. Differentiate again

.

7. Determine the nature

At , both terms in  are negative, so the stationary point is a local

maximum.



Final answer

 local maximum.



WMA12/01 JANUARY 2022

Question 3
7 marks

Binomial Expansion



WMA12/01 JANUARY 2022

Worked Solution - Question 3
Binomial Expansion

Topic group

1. Write the first terms

.

2. Simplify the expansion

The first four terms are .

3. Find the constant term in f

For , the constant term is .

4. Find the coefficient of x

The coefficient of  is .

5. Use the condition

The constant term is  times the coefficient of , so .

6. Solve for k

, hence .

Final answer

.



WMA12/01 JANUARY 2022

Question 4
5 marks

Laws of Logarithms



WMA12/01 JANUARY 2022

Worked Solution - Question 4
Laws of Logarithms

Topic group

1. Rewrite the right side

 and .

2. Combine the logarithms

The equation becomes .

3. Equate the arguments

.

4. Form the quadratic

, so .

5. Solve

, giving  or .

6. Check the domain

The original logarithms require , so . Therefore  is invalid

and .

Final answer

.



WMA12/01 JANUARY 2022

Question 5
8 marks

Polynomials



WMA12/01 JANUARY 2022

Worked Solution - Question 5
Polynomials

Topic group

1. Use x equals one

, so .

2. Use x equals negative one

.

3. Use the second remainder relation

Since , .

4. Show the relation

Rearranging gives .

5. Use the factor

Since  is a factor, .

6. Form the second equation

. Multiplying by  gives 

.

7. Solve for A and B

Solving  with  gives  and .

8. Divide by the factor

With these values, .



Final answer
 Proven: .

.



WMA12/01 JANUARY 2022

Question 6
8 marks

Circles



WMA12/01 JANUARY 2022

Worked Solution - Question 6
Circles

Topic group

1. Find the gradient QP

The gradient of  is .

2. Find the gradient QR

The gradient of  is .

3. Show the right angle

The product of the two gradients is , so  is perpendicular to  and
.

4. Use the diameter

Since the angle at  is a right angle,  is a diameter of the circle.

5. Find the centre

The centre is the midpoint of  and , so it is .

6. Find the radius

, so the radius is .

7. Find the farthest point from Q

The greatest distance from  occurs at the point opposite  on the diameter
through the centre. Thus .

8. Find the tangent gradient

The radius from the centre to  has gradient , so the tangent

gradient is .



9. Write the tangent equation

, which rearranges to .

Final answer
 Proven: .

.



WMA12/01 JANUARY 2022

Question 7
8 marks

Trigonometric Equations



WMA12/01 JANUARY 2022

Worked Solution -
Question 7

Trigonometric Equations

Topic group

1. Solve the first tangent equation

Let . Then , so .

2. Use the interval for u

Since , .

3. Find x

 or , so  or .

4. Rewrite the second equation

.

5. Use sin squared

Substitute  to get .

6. Solve for cos theta

This gives , so .

7. Choose the valid cosine

Only  lies between  and .

8. State theta

For ,  or  to 3 significant figures.



Final answer
.



WMA12/01 JANUARY 2022

Question 8
9 marks

Modelling with Sequences & Series



WMA12/01 JANUARY 2022

Worked Solution -
Question 8

Modelling with Sequences & Series

Topic group

1. Use the arithmetic rule

For the first  hits, the additional distances form an arithmetic sequence with first
term  and common difference .

2. Show the twentieth hit

The twentieth additional distance is  mm.

3. Sum the first twenty hits

 mm.

4. Use the geometric information

After the twentieth hit, the distances follow the same ratio, so the twenty second
distance is .

5. Find r

, hence  to 3 decimal places.

6. Set up the remaining distance

More than  m means more than  mm. After  hits, the remaining amount
to exceed is  mm.

7. Sum the geometric tail

If there are  further hits, their total is .



8. Find the first m that works

Using ,  is not enough, but  makes the total

exceed  mm.

9. State N

Therefore  further hits are needed after the first , so
.

Final answer
 Proven:  mm.

 mm.

.



WMA12/01 JANUARY 2022

Question 9
10 marks

Integration



WMA12/01 JANUARY 2022

Worked Solution - Question 9
Integration

Topic group

1. Find the second intersection

At an intersection, , so .

2. State P

The non-zero intersection has , and then , so
.

3. Set up area R one

Region  is between the curve and the line from  to .

4. Integrate the difference

.

5. Evaluate

.

6. Use the total curve area

The total area under  from  to  is .

7. Use equal regions

Since  and  are equal and together make this total area, each has area .

8. Solve for m

, so  and .



Final answer

 Proven: .

.



WMA12/01 JANUARY 2022

Question 10
5 marks

Proof



WMA12/01 JANUARY 2022

Worked Solution - Question 10
Proof

Topic group

1. Give a counterexample

Take , which is prime.

2. Show the statement fails

, and  is not prime. So the statement is false.

3. Case one: n even

If  is even, let . Then
,

which is even.

4. Case two: n odd

If  is odd, let . Then .

5. Simplify the odd case

, which
is even.

6. Conclude by exhaustion

Every integer is either even or odd, and both cases give an even result. Therefore
 is always even.

Final answer
 For , , not prime.

 Proven.



PAST PAPER

WMA12/01 May/June 2022
May/June 2022 | 10 questions | 75 marks

10
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 MAY/JUNE 2022

Question 1
4 marks

Binomial Expansion



WMA12/01 MAY/JUNE 2022

Worked Solution - Question 1
Binomial Expansion

Topic group

1. Write the binomial terms

.

2. Simplify the constant and linear terms

 and .

3. Simplify the quadratic term

.

4. Simplify the cubic term

.

5. State the expansion

The first four terms are .

Final answer
.



WMA12/01 MAY/JUNE 2022

Question 2
8 marks

Integration



WMA12/01 MAY/JUNE 2022

Worked Solution - Question 2
Integration

Topic group

1. Complete the missing table values

Using  gives  and  to 3 decimal
places.

2. Identify the strip width

The  values increase by , so .

3. Apply the trapezium rule

.

4. Calculate part b

This gives , so the estimate is  to 2 decimal places.

5. Rewrite the new integrand

Since , we have .

6. Use the interval length

, and the interval from  to  has length .

7. Estimate part c

, so .

Final answer
.



WMA12/01 MAY/JUNE 2022

Question 3
7 marks

Proof



WMA12/01 MAY/JUNE 2022

Worked Solution - Question 3
Proof

Topic group

1. Choose a counterexample

Take .

2. Evaluate the expression

.

3. Show it is not prime

, so the statement is false.

4. Find the gradient CA

For  and , the gradient of  is .

5. Find the gradient CB

For  and , the gradient of  is .

6. Show the right angle

The product of the gradients is , so  is perpendicular to  and
.

7. Conclude the diameter

An angle of  at the circumference subtends a diameter, so  is a diameter of
the circle.



Final answer
 Counterexample:  gives , not prime.

 Proven:  is a diameter.



WMA12/01 MAY/JUNE 2022

Question 4
6 marks

Laws of Logarithms



WMA12/01 MAY/JUNE 2022

Worked Solution - Question 4
Laws of Logarithms

Topic group

1. Combine the logarithms

.

2. Find ab

Therefore .

3. Use a minus b

From , .

4. Form a quadratic

, so .

5. Solve for a

.

6. Choose positive constants

Since  must also be positive, take .

7. Find b

.

Final answer
.



WMA12/01 MAY/JUNE 2022

Question 5
6 marks

Trigonometric Equations



WMA12/01 MAY/JUNE 2022

Worked Solution -
Question 5

Trigonometric Equations

Topic group

1. Substitute u

Let . The equation becomes .

2. Clear the cosine denominator

, so .

3. Use cos squared

, so .

4. Factor the quadratic

.

5. Use the valid sine value

 is impossible, so .

6. Find u in the interval

Since , . Thus  or .

7. Return to theta

, so  or .

Final answer
.



WMA12/01 MAY/JUNE 2022

Question 6
8 marks

Geometric Sequences



WMA12/01 MAY/JUNE 2022

Worked Solution - Question
6

Geometric Sequences

Topic group

1. Write the terms

, , and .

2. Use u four

Since , , so .

3. Use u two plus u three

.

4. Show the quadratic

Substitute  to get . Hence , so

.

5. Solve for r

 gives  or .

6. Choose the sum-to-infinity ratio

A sum to infinity requires , so .

7. Find u one

, so  and .

8. Find the infinite sum

.



Final answer
 Proven: .

.



WMA12/01 MAY/JUNE 2022

Question 7
7 marks

Integration



WMA12/01 MAY/JUNE 2022

Worked Solution - Question 7
Integration

Topic group

1. Use the factor condition

Since  is a factor, .

2. Form the first equation

, so  and
.

3. Set up the integral

.

4. Integrate

.

5. Simplify the second equation

This gives , so .

6. Solve simultaneously

Using  in  gives , so .

7. Find B

.



Final answer

.



WMA12/01 MAY/JUNE 2022

Question 8
8 marks

Applications of Differentiation



WMA12/01 MAY/JUNE 2022

Worked Solution -
Question 8

Applications of Differentiation

Topic group

1. Rewrite with powers

.

2. Differentiate

.

3. Set the derivative to zero

.

4. Use a substitution

Multiplying by  gives . Let .

5. Solve for u

, or .

6. Find x

Thus  or , giving  or .

7. Find the y values

Substitution into  gives  at  and

 at .

8. State the stationary points

The stationary points are  and .



Final answer

.



WMA12/01 MAY/JUNE 2022

Question 9
9 marks

Modelling with Sequences & Series



WMA12/01 MAY/JUNE 2022

Worked Solution -
Question 9

Modelling with Sequences & Series

Topic group

1. Sketch the model for k equals one

For ,  with . The graph starts at , decreases as 
increases, and tends towards .

2. Use the half-life information

After  years, , so .

3. Find lambda

, hence , so  to 6

decimal places.

4. Model item A

For item A,  and , so .

5. Calculate item A

, so the current amount is  g to
3 significant figures.

6. Set up item B

For item B, , so .

7. Take logarithms

, so .



8. Round the age

Using  gives , so the age is  years to the nearest
 years.

Final answer
 Decreasing exponential through .

.

 years.



WMA12/01 MAY/JUNE 2022

Question 10
12 marks

Circles



WMA12/01 MAY/JUNE 2022

Worked Solution - Question 10
Circles

Topic group

1. Write the circle equation

The circle has centre  and radius , so .

2. Substitute the line

On the line, . Substitution gives .

3. Expand

.

4. Show the intersection equation

Collecting terms gives .

5. Use tangency

For a tangent, the quadratic has one repeated root, so its discriminant is zero.

6. Set the discriminant to zero

.

7. Simplify

This reduces to , hence . Therefore
.

8. Find the tangent point x coordinate

For the repeated root, .

9. Use distance AB

The point  is  and  lies on a line of gradient , so

.



10. Use the radius relation

From ,  in the shown configuration.

11. Apply AB equals two r

.

12. Solve for k

Multiplying by  gives , so .

Final answer
 Proven.

, so .

.



PAST PAPER

WMA12/01 October 2022
October 2022 | 10 questions | 75 marks

10
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 OCTOBER 2022

Question 1
3 marks

Proof



WMA12/01 OCTOBER 2022

Worked Solution - Question 1
Proof

Topic group

1. Use the two conditions

Since  and , substitute for : .

2. Write a in terms of b

This gives , so .

3. List the possible b values

The integers  are all positive. Since  and , the only
possible values are .

4. Exhaust the cases

If , then  and , so . If , then  and , so
. If , then  and , so .

5. Conclude the proof

The list contains every possible case, and in every case the product is even.
Therefore  is always even.

Final answer
The possible triples are ,  and , giving products ,

 and . Each product is even, so  is always even.



WMA12/01 OCTOBER 2022

Question 2
7 marks

Binomial Expansion



WMA12/01 OCTOBER 2022

Worked Solution - Question 2
Binomial Expansion

Topic group

1. Use the remainder theorem

Dividing by  means the remainder is .

2. Substitute x equals five quarters

.

3. Take the fifth root

Since , we have .

4. Find k

, so .

5. Expand the binomial

With , .

6. Find the first three terms

.

7. Use the coefficient of x

For a polynomial, the gradient at  is the coefficient of  in the expansion.
Therefore .



Final answer

 .

.

.



WMA12/01 OCTOBER 2022

Question 3
7 marks

Sequences & Series



WMA12/01 OCTOBER 2022

Worked Solution - Question 3
Sequences & Series

Topic group

1. Find the first term

.

2. Find the second term

.

3. Find the third term

.

4. Recognise the repeating pattern

The values of  repeat every 3 terms as .

5. Sum the n part

.

6. Sum the cosine part

There are  complete groups of 3 terms in the first  terms, then the first 2
terms repeat. Hence the cosine-square sum is

.

7. Add the two sums

.



Final answer

\quad .



WMA12/01 OCTOBER 2022

Question 4
8 marks

Laws of Logarithms



WMA12/01 OCTOBER 2022

Worked Solution - Question 4
Laws of Logarithms

Topic group

1. Substitute the given information

When , . So .

2. Combine the logarithms

, so .

3. Find a

 means , hence  to 3
decimal places.

4. Start from the model

Using , .

5. Combine the logs again

.

6. Make t the subject

Changing from logarithmic form to exponential form gives , so

.

7. Substitute w equals fifteen

When , , so  months to 3
significant figures.



Final answer
  to 3 d.p.

.

 months to 3 s.f.



WMA12/01 OCTOBER 2022

Question 5
8 marks

Trigonometric Equations



WMA12/01 OCTOBER 2022

Worked Solution -
Question 5

Trigonometric Equations

Topic group

1. Rewrite the left side

 because .

2. Move everything to one side

The equation becomes .

3. Use cos squared

Since , .

4. Show the required form

Expanding and rearranging gives .

5. Apply the result to 2x

For , take . Then
.

6. Solve the quadratic

Let . Then , so .

7. Use the interval

Since , we have . Solving 

and  in this interval gives

.

8. Divide by two

Therefore , giving
 radians.



Final answer
 Proven.

 radians.



WMA12/01 OCTOBER 2022

Question 6
7 marks

Integration





WMA12/01 OCTOBER 2022

Worked Solution - Question 6
Integration

Topic group

1. Identify the strip width

The  values increase by , so the trapezium-rule width is .

2. Apply the trapezium rule

.

3. Evaluate the estimate

This gives , so the approximation is  to 3 decimal places.

4. Find the area under C2

.

5. Estimate the shaded area

The shaded region lies between  and , so its estimated area is

.

6. Compare with the rectangle

The rectangle has area .

7. Convert to a percentage

Percentage shaded , so the estimate is 

.



Final answer
 .

.



WMA12/01 OCTOBER 2022

Question 7
9 marks

Applications of Differentiation



WMA12/01 OCTOBER 2022

Worked Solution -
Question 7

Applications of Differentiation

Topic group

1. Expand the numerator

.

2. Divide by 21 root x

Since , divide each term by .

3. Write in the required form

.

4. Differentiate

.

5. Factor the derivative

.

6. Use the turning point condition

At a turning point, . Since , , so the  coordinates satisfy

.

7. Use the known root

One root is , so divide  by .

8. Factor the cubic

.



9. Solve the quadratic

 gives .

Final answer

 .

 Proven.

  and .



WMA12/01 OCTOBER 2022

Question 8
7 marks

Geometric Sequences



WMA12/01 OCTOBER 2022

Worked Solution - Question
8

Geometric Sequences

Topic group

1. Use the sum to infinity formula

For a geometric sequence, . The question gives .

2. Find the common ratio

. Since , , so  and .

3. Use u2 minus u4

.

4. Substitute r

.

5. Solve for a

, so  and .

6. Find S10

.

7. Evaluate

, so  to 3

significant figures.



Final answer
 .

 , so  to 3 s.f.



WMA12/01 OCTOBER 2022

Question 9
12 marks

Circles





WMA12/01 OCTOBER 2022

Worked Solution - Question 9
Circles

Topic group

1. Differentiate the cubic

For , .

2. Find stationary x values

 factors as , so  or .

3. Identify the minimum

. At , this is positive, so the minimum turning point has

.

4. Find T

Substitute : . Hence .

5. Find A

At  on , , so .

6. Find the circle radius

The centre of  is  and it passes through . Thus
.

7. Write the circle equation

Therefore  has equation .

8. Find the tangent gradient

The radius  has gradient , so the tangent at  has gradient .



9. Write the tangent equation

Using , , so .

10. Set up the area

From  to , the cubic is above the line. The required area is

.

11. Simplify the integrand

The integrand is .

12. Integrate

.

Final answer
 .

 .

 .

 .



WMA12/01 OCTOBER 2022

Question 10
7 marks

Laws of Logarithms



WMA12/01 OCTOBER 2022

Worked Solution - Question
10

Laws of Logarithms

Topic group

1. Use the power rule for log 2 of 9

.

2. Split the second logarithm

.

3. Simplify in terms of a

 and , so the expression is .

4. Take log base 2 of both sides

For , take  of both sides: .

5. Rewrite each term

, , and .

6. Solve for x

So . Hence , giving .

Final answer

\quad \quad .



PAST PAPER

WMA12/01 January 2023
January 2023 | 10 questions | 75 marks

10
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 JANUARY 2023

Question 1
6 marks

Integration



WMA12/01 JANUARY 2023

Worked Solution - Question 1
Integration

Topic group

1. Use the trapezium width

The  values run from  to  in steps of , so .

2. Apply the trapezium rule

.

3. Evaluate the estimate

This gives , so the estimate is  to 2 decimal places.

4. Estimate the shifted-down area

.

5. Subtract the rectangle

The interval has width , so . Hence the estimate is
.

6. Use a substitution

For , let . When , , and when ,

.

7. Recognise the same integral

So , which has the same estimate .



Final answer
 .

\quad .



WMA12/01 JANUARY 2023

Question 2
9 marks

Applications of Differentiation



WMA12/01 JANUARY 2023

Worked Solution -
Question 2

Applications of Differentiation

Topic group

1. Use the volume

The cuboid has dimensions ,  and , so its volume is .

2. Write h in terms of x

Hence .

3. Build the surface area

The surface area is .

4. Substitute h

.

5. Differentiate

, so .

6. Set the derivative to zero

For a stationary value, .

7. Solve for x

Multiplying by  gives , so  and .

8. Use the second derivative

.



9. Show it is a minimum

At , , so the stationary value is a minimum.

10. Find the minimum surface area

, so the minimum surface area is

.

Final answer

 .

.

.

 Minimum shown.

.



WMA12/01 JANUARY 2023

Question 3
7 marks

Binomial Expansion



WMA12/01 JANUARY 2023

Worked Solution - Question 3
Binomial Expansion

Topic group

1. Start the binomial expansion

 begins with

.

2. Simplify the terms

This gives .

3. Use the arithmetic progression condition

The coefficients of ,  and  are ,  and .

4. Set middle twice

For three terms in an arithmetic progression, twice the middle term equals the

sum of the outer terms: .

5. Use k non-zero

Since , divide by  and multiply by : .

6. Solve the quadratic

So . The discriminant is
.

7. Find the possible values

, giving  or .



Final answer

 .

  or .



WMA12/01 JANUARY 2023

Question 4
6 marks

Laws of Logarithms



WMA12/01 JANUARY 2023

Worked Solution - Question 4
Laws of Logarithms

Topic group

1. Rewrite the constant

Since , the equation becomes .

2. Combine the logarithms

.

3. Solve for x

Therefore , so  and .

4. Introduce L

Let . Then .

5. Evaluate the left sum

.

6. Evaluate the right sum

.

7. Solve for L

So , which gives  and .

8. Use the restrictions

Since  and , , so . Hence  and .



Final answer

 .

 .



WMA12/01 JANUARY 2023

Question 5
9 marks

Polynomials



WMA12/01 JANUARY 2023

Worked Solution - Question 5
Polynomials

Topic group

1. Use the factor theorem

Since  is a factor, .

2. Substitute x equals three

, so .

3. Show the first relation

Therefore .

4. Use the remainder theorem

Dividing by  means substituting . The remainder is .

5. Substitute x equals negative p

.

6. Show the second relation

The remainder is , so , hence .

7. Eliminate q

From , . Substitute into .

8. Solve for p

, so . This gives  or

.

9. Use p greater than zero

Since , . Then .



10. Form f with p and q

.

11. Divide by x minus three

, so .

Final answer
 Proven.

 Proven.

 .

 .



WMA12/01 JANUARY 2023

Question 6
10 marks

Circles



WMA12/01 JANUARY 2023

Worked Solution - Question 6
Circles

Topic group

1. Complete the square

 becomes .

2. Write the circle form

So .

3. Read the centre and radius

The centre is  and the radius is .

4. Use the tangent gradient

The tangent  has gradient .

5. Find the radius gradient

The radius to the point of contact is perpendicular to the tangent, so its gradient
is .

6. Write the normal through the centre

The radius line through the centre  is , so .

7. Intersect with the tangent

Substitute  into : .

8. Find P

, so . Then , hence .

9. State the normal

The normal at  is the radius line already found, so its equation is .



Final answer
 .

 .

 .

 .



WMA12/01 JANUARY 2023

Question 7
7 marks

Geometric Sequences



WMA12/01 JANUARY 2023

Worked Solution - Question
7

Geometric Sequences

Topic group

1. Write the given terms

For a geometric sequence, the third term is  and the fifth term is
.

2. Divide the equations

, so .

3. Use r positive

Since , .

4. Find a

Using , , so .

5. Write the sum formula

.

6. Set up the inequality

We need .

7. Isolate the power

, so .

8. Use logarithms

. Since , dividing reverses the inequality:

.



9. Choose the smallest integer

The smallest possible integer value is therefore .

Final answer
 .

 .

 .



WMA12/01 JANUARY 2023

Question 8
9 marks

Trigonometric Equations



WMA12/01 JANUARY 2023

Worked Solution -
Question 8

Trigonometric Equations

Topic group

1. Isolate the sine term

 gives .

2. Find the angle interval

Since , multiplying by 3 and adding  gives

.

3. Solve for the inner angle

In this interval, .

4. Find x values

Subtract  and divide by :
.

5. Round the radian answers

To 2 decimal places, .

6. Rewrite the second equation

. Using  gives .

7. Use sine squared

Multiplying by  gives . Substitute
.

8. Solve for cos theta

, so .



9. Factor and reject impossible value

. Since  is impossible, .

10. Find theta

For ,  gives  or  to one decimal place.

Final answer
 .

 .



WMA12/01 JANUARY 2023

Question 9
8 marks

Integration





WMA12/01 JANUARY 2023

Worked Solution - Question 9
Integration

Topic group

1. Find D

At the -axis, . On , , so .

2. Find intersections with the line

The line is , so solve .

3. Solve the quadratic

, so . Hence  and .

4. Area of R1

 lies between the curve and the line  from  to .

5. Integrate R1

.

6. Evaluate R1

.

7. Find the line DF

The line through  and  has gradient , so its equation is
.

8. Split R2

For ,  is between  and the curve. For , it is
between  and .



9. Integrate R2

.

10. Evaluate R2

.

11. Find the ratio

.

Final answer
 .

 .

 .



WMA12/01 JANUARY 2023

Question 10
4 marks

Proof



WMA12/01 JANUARY 2023

Worked Solution - Question 10
Proof

Topic group

1. Use the three possible forms

Every integer is exactly one of the forms ,  or , where  is an
integer.

2. First case already given

For , the expression becomes , so it leaves remainder 
when divided by .

3. Try n equals 3k plus 1

If , then .

4. Simplify the second case

, which is
not divisible by .

5. Try n equals 3k plus 2

If , then .

6. Simplify the third case

, which
is not divisible by .

7. Complete the exhaustion

All possible integer forms have been checked, and none gives a multiple of .
Therefore  is not divisible by .



Final answer
For ,  and , the expression has remainders 
,  and  respectively when divided by . Therefore  is never
divisible by .



PAST PAPER

WMA12/01 May/June 2023
May/June 2023 | 11 questions | 75 marks

11
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 MAY/JUNE 2023

Question 1
3 marks

Integration



WMA12/01 MAY/JUNE 2023

Worked Solution - Question 1
Integration

Topic group

1. Identify the interval width

The  values go from  to  in steps of , so .

2. Apply the trapezium rule

.

3. Evaluate

The value is , so the approximation is  to 3 decimal places.

Final answer
.



WMA12/01 MAY/JUNE 2023

Question 2
6 marks

Polynomials



WMA12/01 MAY/JUNE 2023

Worked Solution - Question 2
Polynomials

Topic group

1. Use the factor theorem

Since  is a factor,  is a root, so .

2. Substitute the root

.

3. Find a

, so  and .

4. Write the polynomial

With , .

5. Factor using the known factor

.

6. Check the quadratic

The discriminant of  is .

7. Conclude about real roots

Since the quadratic has negative discriminant, it has no real roots. Therefore

 has only the one real root from , namely .



Final answer
 .

  has only one real root, .



WMA12/01 MAY/JUNE 2023

Question 3
7 marks

Circles



WMA12/01 MAY/JUNE 2023

Worked Solution - Question 3
Circles

Topic group

1. Use the distance formula

The centre is  and . The radius is .

2. Find the radius

.

3. Write the circle equation

With centre  and radius , the circle is .

4. Find the radius gradient

The gradient of the radius from the centre to  is .

5. Find the tangent gradient

The tangent is perpendicular to the radius, so its gradient is .

6. Use point P

The tangent through  is .

7. Put into integer form

Multiplying by  gives , hence .



Final answer
 .

 .

 .



WMA12/01 MAY/JUNE 2023

Question 4
7 marks

Binomial Expansion



WMA12/01 MAY/JUNE 2023

Worked Solution - Question 4
Binomial Expansion

Topic group

1. Find the constant term

In , the constant term is , so .

2. Find B

The coefficient of  is , so .

3. Find D

The coefficient of  is , so .

4. Use B equals 18D

.

5. Solve for p

Since , . Divide by  to get , so . Therefore

.

6. Find C

The coefficient of  is .

Final answer
 .

 .

 .



WMA12/01 MAY/JUNE 2023

Question 5
5 marks

Laws of Logarithms



WMA12/01 MAY/JUNE 2023

Worked Solution - Question 5
Laws of Logarithms

Topic group

1. State the domain

The logarithms require ,  and , so .

2. Combine the left side

.

3. Rewrite the right side

, so .

4. Equate the arguments

Therefore .

5. Solve the quadratic

, so . Dividing by  gives
.

6. Factor and use the domain

, so  or . The domain  rejects ,

leaving .

Final answer

.



WMA12/01 MAY/JUNE 2023

Question 6
9 marks

Geometric Sequences



WMA12/01 MAY/JUNE 2023

Worked Solution - Question
6

Geometric Sequences

Topic group

1. Use the geometric condition

For three consecutive terms of a geometric sequence, the middle term squared
equals the product of the outer terms.

2. Set up the equation

So .

3. Show the required quadratic

Expanding gives , hence .

4. Find k

, so  or . The download
numbers must be positive, so .

5. Find the common ratio

The first three monthly values are ,  and  thousand. The common ratio is

.

6. Predict month four

The 4th month is  thousand downloads, which is about 

downloads.

7. Write the cumulative total

In thousands, the total after  months is

.



8. Compare with three million

Three million downloads is  thousand, so we need

.

9. Solve the inequality

. Taking logarithms gives .

10. Choose the first month

The first integer month for which the total exceeds  million is .

Final answer
 Proven.

  thousand downloads, about  downloads.

 .



WMA12/01 MAY/JUNE 2023

Question 7
8 marks

Applications of Differentiation



WMA12/01 MAY/JUNE 2023

Worked Solution -
Question 7

Applications of Differentiation

Topic group

1. Rewrite H with powers

.

2. Expand before differentiating

.

3. Differentiate

.

4. Put over a common factor

.

5. Use the stationary condition

At , . Since , the denominator is not zero, so

.

6. Show the required equation

Multiplying by  gives .

7. Find alpha

.



8. Use the time interval

Only the positive value lies in , so  to 3

decimal places.

9. Differentiate again

.

10. Use the stationary equation

At , . Therefore the numerator of  is

.

11. Show it is negative

Since , , and the denominator  is positive. Thus

, so  is a maximum.

Final answer
 Proven.

 .

  is a maximum at this value.



WMA12/01 MAY/JUNE 2023

Question 8
5 marks

Proof



WMA12/01 MAY/JUNE 2023

Worked Solution - Question 8
Proof

Topic group

1. Choose consecutive primes

 and  are consecutive prime numbers.

2. Check the statement

, which is a multiple of .

3. Conclude the counterexample

This single counterexample proves the student's statement is not true.

4. List the possible even values

The even integers greater than  and less than  are  and . Therefore the
possible ordered pairs are .

5. Check x equals two

If , then . If , then

.

6. Check x equals four

If , then . If , then

.

7. Complete the exhaustion

The possible values are , and each lies strictly between  and . Hence
 in every possible case.



Final answer
 A counterexample is , since .

 Exhaustion proves the inequality for
.



WMA12/01 MAY/JUNE 2023

Question 9
7 marks

Trigonometric Equations



WMA12/01 MAY/JUNE 2023

Worked Solution -
Question 9

Trigonometric Equations

Topic group

1. Rewrite tan theta sin theta

.

2. Simplify the left side

.

3. Use sine squared

The equation becomes .

4. Rearrange

, so .

5. Apply the result to 2x

For the equation in part (b), take . Then .

6. Solve the quadratic

Let . Then , so .

7. Reject the impossible value

 is impossible for cosine, so .

8. Use the interval

Since , we have .

9. Find x

In this interval, .
Dividing by  gives  to one decimal place.



Final answer
 Proven.

 .



WMA12/01 MAY/JUNE 2023

Question 10
10 marks

Integration



WMA12/01 MAY/JUNE 2023

Worked Solution - Question 10
Integration

Topic group

1. Expand the integrand

.

2. Integrate

.

3. Substitute the limits

From  to , this gives .

4. Simplify the integral

The result is , so  and .

5. Use point A

Since  lies on , .

6. Find k

Thus , so  or . Since  is positive, .

7. Find point B

When  and , , so .

8. Find the line

The line through  and  has gradient , so  has

equation .



9. Area under the line

.

10. Area under the curve

From part (a), with , .

11. Subtract curve from line

The shaded area is .

Final answer
 .

 .

 Area .



WMA12/01 MAY/JUNE 2023

Question 11
8 marks

Sequences & Series



WMA12/01 MAY/JUNE 2023

Worked Solution - Question
11

Sequences & Series

Topic group

1. Find u2

Using  and , we get .

2. Find u3

.

3. Use the sum condition

, so .

4. Substitute b equals a plus nine

Using , the left side becomes
.

5. Simplify

This is , so .

6. Show the required equation

. Dividing by  gives .

7. Solve for a

, so  or .

8. Find the corresponding u2 values

If , then  and . If , then  and
.

9. Choose the larger value

The larger possible value of  is .



Final answer
 .

 .

 Proven.

 .



PAST PAPER

WMA12/01 October 2023
October 2023 | 10 questions | 75 marks

10
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 OCTOBER 2023

Question 1
3 marks

Proof



WMA12/01 OCTOBER 2023

Worked Solution - Question 1
Proof

Topic group

1. Use the conditions

Since  and , substitute for  to get
.

2. Write b in terms of a

This gives .

3. List possible a values

The integers  are positive. Since , we need .
Therefore .

4. Check each case

If , then  and , so . If , then  and , so
. If , then  and , so .

5. Conclude the exhaustion

The products ,  and  are all multiples of . All possible cases have been
checked, so  is always a multiple of .

Final answer
The only possible triples are ,  and , giving
products ,  and . Each is a multiple of , so  is always a multiple
of .



WMA12/01 OCTOBER 2023

Question 2
5 marks

Sequences & Series



WMA12/01 OCTOBER 2023

Worked Solution - Question 2
Sequences & Series

Topic group

1. Find u2

.

2. Find u3

.

3. Find u4

.

4. Notice the cycle

The sequence starts , so it repeats every 3 terms.

5. Sum one cycle

.

6. Use 100 terms

There are  complete cycles in the first  terms, then one extra term .

7. Find the sum

.



Final answer

 .

 .



WMA12/01 OCTOBER 2023

Question 3
7 marks

Trigonometric Equations



WMA12/01 OCTOBER 2023

Worked Solution -
Question 3

Trigonometric Equations

Topic group

1. Factor the equation

 becomes .

2. Multiply by cos theta

Since  is defined, . Multiplying by  gives
.

3. Factor

.

4. Solve the sine case

For ,  gives  or .

5. Solve the cosine case

 gives , so  or  to one decimal

place.

6. Apply to the new angle

For , the angle  must be one of
the solution angles, modulo .

7. Find the smallest positive x

The smallest positive value comes from , so

 to one decimal place.



Final answer
 .

 .



WMA12/01 OCTOBER 2023

Question 4
9 marks

Polynomials



WMA12/01 OCTOBER 2023

Worked Solution - Question 4
Polynomials

Topic group

1. Use the factor theorem

Since  is a factor,  is a root, so .

2. Substitute x equals negative half

.

3. Show the first relation

. Multiplying by  gives , so

.

4. Use the remainder theorem

Dividing by  gives remainder .

5. Substitute x equals two

.

6. Find the second relation

The remainder is , so , hence .

7. Solve the simultaneous equations

Solve  and . Multiplying the second equation by  gives
.

8. Find a and b

Subtracting  from  gives , so . Then
, so .



9. Write f(x)

Therefore .

10. Factorise

Using the known factors  and , division gives
.

Final answer
 Proven.

 .

 .

 .



WMA12/01 OCTOBER 2023

Question 5
6 marks

Laws of Logarithms



WMA12/01 OCTOBER 2023

Worked Solution - Question 5
Laws of Logarithms

Topic group

1. Solve the exponential equation

 gives .

2. Round a

, so  to 3 decimal places.

3. Rewrite four as a logarithm

.

4. Combine the left side

.

5. Equate arguments

The equation becomes , so .

6. Use the log domain

Since  is defined, . Divide by  to get .

7. Find b

, and , so .

Final answer
 .

 .



WMA12/01 OCTOBER 2023

Question 6
6 marks

Integration



WMA12/01 OCTOBER 2023

Worked Solution - Question 6
Integration

Topic group

1. Read the strip width

The  values are , so the trapezium width is .

2. Apply the trapezium rule

.

3. Find the cross-sectional area

This gives .

4. Convert flow speed to one minute

The speed is , so in one minute the water travels .

5. Estimate volume

Volume per minute .

6. Round the volume

To 2 significant figures, this is .

7. State over or under

It is an underestimate, because the curve between the plotted points lies below
the straight-line trapezium chords in the diagram, so the true cross-sectional area
is larger.



Final answer
 .

 .

 Underestimate.



WMA12/01 OCTOBER 2023

Question 7
8 marks

Circles



WMA12/01 OCTOBER 2023

Worked Solution - Question 7
Circles

Topic group

1. Use perpendicular gradients

The tangent  has gradient , so the radius  is perpendicular to it and has

gradient .

2. Use the centre

The line through  with gradient  is .

3. Show the required line

Multiplying by  gives , so .

4. Intersect the radius and tangent

Use  in .

5. Find x coordinate

. Multiplying by  gives 

, so  and .

6. Find y coordinate

, so .

7. Find the radius squared

.

8. Write the circle equation

With centre  and radius squared , the circle is
.



Final answer
 Proven.

 .

 .



WMA12/01 OCTOBER 2023

Question 8
7 marks

Arithmetic Sequences



WMA12/01 OCTOBER 2023

Worked Solution - Question
8

Arithmetic Sequences

Topic group

1. Use the arithmetic sum formula

The first term is  and the common difference is .

2. Use the first 10 rows

.

3. Find a

, so  and .

4. Write S n

.

5. Use the total number of seats

Since the total is , .

6. Show the equation

Dividing by  and rearranging gives .

7. Solve for n

, so  or .

8. Choose the row count

The number of rows must be positive, so there are  rows.

9. Find the maximum row size

The largest row is the last row:  seats.



Final answer
 .

 Proven.

  rows.

  seats.



WMA12/01 OCTOBER 2023

Question 9
12 marks

Applications of Differentiation



WMA12/01 OCTOBER 2023

Worked Solution -
Question 9

Applications of Differentiation

Topic group

1. Differentiate

For , .

2. Set up increasing condition

 is increasing when .

3. Multiply by a positive quantity

For , multiply by : .

4. Solve the inequality

, so  and .

5. Find the tangent gradient

At , .

6. Write the tangent line

, so .

7. Find where the tangent meets the x-axis

Set : , so .

8. Split the area

From  to , the lower boundary is the -axis. From  to

, the lower boundary is the tangent.



9. Set up the integral

.

10. Use antiderivatives

, and

.

11. Evaluate

Substituting the limits and simplifying gives .

Final answer

  is increasing for .

 Area .



WMA12/01 OCTOBER 2023

Question 10
12 marks

Binomial Expansion



WMA12/01 OCTOBER 2023

Worked Solution - Question
10

Binomial Expansion

Topic group

1. Find the second term

The 2nd term of  is .

2. Find the third term

The 3rd term is .

3. Find the fifth term

The 5th term is .

4. Use the geometric condition

For three consecutive terms in a geometric series, the middle term squared equals
the product of the two outer terms.

5. Set up the equation

.

6. Solve for x

For the non-zero geometric case, divide by : , so

.

7. Use the sum to infinity

In the different geometric series, first term , common ratio , and

.

8. Form the equation

.



9. Use sine squared

. With , this becomes
.

10. Show the required equation

Rearranging gives .

11. Solve for cosine

 gives  or . The possible value is

.

12. Find the second term

The 2nd term is first term times common ratio:

.

Final answer
 .

 .

 Proven.

 .



PAST PAPER

WMA12/01 January 2024
January 2024 | 10 questions | 75 marks

10
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 JANUARY 2024

Question 1
3 marks

Polynomials



WMA12/01 JANUARY 2024

Worked Solution - Question 1
Polynomials

Topic group

1. Use the remainder theorem

Dividing by  means the remainder is .

2. Substitute x equals two

.

3. Use the given remainder

The remainder is , so .

4. Solve for a

, hence .

Final answer

.



WMA12/01 JANUARY 2024

Question 2
3 marks

Binomial Expansion



WMA12/01 JANUARY 2024

Worked Solution - Question 2
Binomial Expansion

Topic group

1. Choose the x power

In , the term in  comes from choosing  and .

2. Write the term

The coefficient is .

3. Simplify the powers

 and , so .

4. Evaluate

, so the coefficient is .

Final answer
.



WMA12/01 JANUARY 2024

Question 3
6 marks

Circles



WMA12/01 JANUARY 2024

Worked Solution - Question 3
Circles

Topic group

1. Find the radius squared

The centre is  and the circle passes through , so
.

2. Write the circle equation

Hence  has equation .

3. Use the horizontal chord

Since  is parallel to the -axis, its equation has the form .

4. Use half the chord length

The chord length is , so the half-length is .

5. Relate chord length to the circle

At height , the horizontal half-length satisfies
.

6. Solve for c

, so  or .

7. Use the position above the x-axis

The chord lies above the -axis, so . Therefore the line through  and 
is .



Final answer
 .

 .



WMA12/01 JANUARY 2024

Question 4
9 marks

Integration



WMA12/01 JANUARY 2024

Worked Solution - Question 4
Integration

Topic group

1. Find the y-intercept

For , set : , so the curve meets the -axis at
.

2. Find the asymptote

Since ,  as , so the horizontal asymptote is .

3. Describe the sketch

The curve is decreasing, passes through , and approaches the line 
from above.

4. Use the trapezium width

The  values increase by , so .

5. Apply the trapezium rule

.

6. Round part b

This gives , so to two significant figures the estimate is .

7. Remove the constant part

.

8. Estimate part c i

Using the answer to part (b), .



9. Use symmetry by substitution

For , let . This changes it to the same integral as part

(b).

10. Estimate part c ii

Therefore the two integrals in part (c)(ii) are approximately equal, so the total is
.

Final answer
 -intercept  and asymptote .

 .

 .

 .



WMA12/01 JANUARY 2024

Question 5
8 marks

Sequences & Series



WMA12/01 JANUARY 2024

Worked Solution - Question 5
Sequences & Series

Topic group

1. Identify the geometric series

 has first term  and common ratio .

2. Sum to infinity

.

3. Find the first few terms

. Then .

4. Continue the recurrence

, and .

5. Show periodicity

Since , the terms repeat as .

6. State the order

The repeating cycle has length , so the order is .

7. Sum one cycle

One full cycle sums to .

8. Use 70 terms

Since , the first  terms contain  complete cycles and one extra
term .



9. Find the required sum

.

Final answer
 .

 Periodic.

 Order .

 .



WMA12/01 JANUARY 2024

Question 6
8 marks

Laws of Logarithms



WMA12/01 JANUARY 2024

Worked Solution - Question 6
Laws of Logarithms

Topic group

1. Combine the logarithms

, so the left side is .

2. Rewrite one half

, so the right side is .

3. Equate arguments

Therefore .

4. Expand

, so .

5. Show the cubic

Rearranging gives .

6. Use the given root

Since  is a root,  is a factor of .

7. Factor the cubic

.

8. Solve the quadratic

 gives .

9. Apply the logarithm domain

The original log equation requires . The only positive root is

.



Final answer
 Proven.

  and .

 .



WMA12/01 JANUARY 2024

Question 7
9 marks

Modelling with Sequences & Series



WMA12/01 JANUARY 2024

Worked Solution -
Question 7

Modelling with Sequences & Series

Topic group

1. Model A common difference

Model A is arithmetic. From year 1 to year 12 there are  equal increases, so

.

2. Find year 4 in model A

Year 4 is , so the amount is 

tonnes to the nearest  tonnes.

3. Model B common ratio

Model B is geometric. If the ratio is , then .

4. Find the ratio

.

5. Find year 2 in model B

Year 2 is , so the amount is  tonnes to the nearest 
tonnes.

6. Total for model A

 tonnes.

7. Total for model B

 tonnes.



8. Find the difference

The difference is , which is  tonnes to
the nearest  tonnes.

Final answer
  tonnes.

  tonnes.

  tonnes.



WMA12/01 JANUARY 2024

Question 8
6 marks

Proof



WMA12/01 JANUARY 2024

Worked Solution - Question 8
Proof

Topic group

1. Choose a counterexample

Take .

2. Evaluate the expression

.

3. Conclude false

 is not prime, so the statement is false.

4. Use residues modulo four

Every natural number is one of , ,  or .

5. Check n equals 4k

If , then , not a multiple of .

6. Check n equals 4k plus one

If , then , not a
multiple of .

7. Check n equals 4k plus two

If , then , not a
multiple of .

8. Check n equals 4k plus three

If , then , not a
multiple of .



9. Complete the proof

All possible cases leave remainder  or  when divided by , so  is not a
multiple of .

Final answer
 Counterexample:  gives , which is not prime.

 Proven by considering .



WMA12/01 JANUARY 2024

Question 9
14 marks

Trigonometric Equations



WMA12/01 JANUARY 2024

Worked Solution -
Question 9

Trigonometric Equations

Topic group

1. Rewrite the equation

 becomes .

2. Use sine squared

Multiplying by  gives . Since ,
.

3. Solve for cos x

, so .

4. Choose the possible cosine value

, so the valid value is .

5. Find x

For , this gives  or  to one decimal place.

6. Find A from P

The point  is a maximum point on the sine curve. Its  coordinate is , so
 and .

7. Locate Q

Point  is the next minimum after , so .

8. Find theta at Q

For this minimum, , so  and .



9. Find y at Q

At the minimum, , so .

10. Set up R

At , , so .

11. Choose the shown crossing

Thus . The crossing  shown after the second maximum

has .

12. Find theta at R

, so  to 3 significant

figures.

Final answer
 .

 .

 .

 .



WMA12/01 JANUARY 2024

Question 10
9 marks

Applications of Differentiation



WMA12/01 JANUARY 2024

Worked Solution -
Question 10

Applications of Differentiation

Topic group

1. Rewrite the curve

.

2. Differentiate

.

3. Use the stationary condition

At a stationary point, .

4. Solve for x

, so .

5. Show x coordinate

Raising both sides to the power  gives . Since , this is the only

stationary point.

6. Find the horizontal line

At , .

7. Set up the area

The region lies from  to  between the curve and the horizontal line

.

8. Integrate the difference

.



9. Find an antiderivative

.

10. Evaluate exactly

.

Final answer
 Proven.

 .



PAST PAPER

WMA12/01 May/June 2024
May/June 2024 | 10 questions | 75 marks

10
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 MAY/JUNE 2024

Question 1
5 marks

Binomial Expansion



WMA12/01 MAY/JUNE 2024

Worked Solution - Question 1
Binomial Expansion

Topic group

1. Expand the first terms

.

2. Simplify

The first four terms are .

3. Identify contributions to x cubed

In , the  coefficient comes from  times the 

coefficient and  times the  coefficient.

4. Calculate the coefficient

.

Final answer

 .

 .



WMA12/01 MAY/JUNE 2024

Question 2
7 marks

Arithmetic Sequences



WMA12/01 MAY/JUNE 2024

Worked Solution - Question
2

Arithmetic Sequences

Topic group

1. Use the sixth term

For an arithmetic series, .

2. Use the sum of ten terms

, so .

3. Solve simultaneously

From , . Substitute into .

4. Find a and d

, so  and . Then
.

5. Write S n

.

6. Set up the inequality

We need .

7. Solve the boundary

 gives .

8. Find the positive threshold

.

9. Choose the smallest integer

Therefore the smallest integer value with  is .



Final answer
 First term , common difference .

 .



WMA12/01 MAY/JUNE 2024

Question 3
6 marks

Laws of Logarithms



WMA12/01 MAY/JUNE 2024

Worked Solution - Question 3
Laws of Logarithms

Topic group

1. State the domain

The logarithms require  and , so .

2. Combine powers

.

3. Rewrite four

, so .

4. Equate arguments

.

5. Solve the quadratic

, so .

6. Use the domain

 or . The value  is outside the domain, so .

7. Evaluate the logarithm

.

Final answer
 .

 .



WMA12/01 MAY/JUNE 2024

Question 4
8 marks

Polynomials



WMA12/01 MAY/JUNE 2024

Worked Solution - Question 4
Polynomials

Topic group

1. Use the remainder theorem

The remainder on division by  is .

2. Find f of two

.

3. Use the factor theorem

Since  is a factor,  is a root, so .

4. Substitute x equals half

.

5. Solve for k

. Multiplying by  gives , so .

6. Write f with k equals eleven

.

7. Factorise

.

8. Count real solutions

The quadratic  has discriminant , so it has no real roots.
Therefore  has one real solution.



Final answer
 .

 .

 .

 One real solution.



WMA12/01 MAY/JUNE 2024

Question 5
6 marks

Proof



WMA12/01 MAY/JUNE 2024

Worked Solution - Question 5
Proof

Topic group

1. Start from the inequality

.

2. Expand the left side

.

3. Cancel common terms

Subtract  from both sides to get .

4. Factor

.

5. Use positivity

Since  and  are positive, . Therefore , so .

6. Give a real-number counterexample

Take  and . Then  and ,
so the given inequality is true.

7. Show the conclusion fails

But  would mean , which is false. Therefore the result is not true for
all real numbers.



Final answer
 Proven.

 For example,  satisfies the inequality but not .



WMA12/01 MAY/JUNE 2024

Question 6
9 marks

Integration



WMA12/01 MAY/JUNE 2024

Worked Solution - Question 6
Integration

Topic group

1. Sketch key features

For  with , the curve is increasing.

2. Find the y-intercept

At , , so the -intercept is .

3. Find the asymptote

As , , so the horizontal asymptote is .

4. Use the trapezium width

The  values increase by , so .

5. Apply the trapezium rule

.

6. Round part b

This gives , so the estimate is  to 2 decimal places.

7. Estimate part c i

, so .

8. Add the extra integral

, so the estimate is .



9. Estimate part c ii

, so the estimate is .

Final answer
 -intercept  and asymptote .

 .

 .

 .



WMA12/01 MAY/JUNE 2024

Question 7
6 marks

Circles



WMA12/01 MAY/JUNE 2024

Worked Solution - Question 7
Circles

Topic group

1. Complete the square

 becomes .

2. Write circle C1 in standard form

.

3. Read centre and radius

The centre of  is  and its radius is .

4. Read C2

 has equation , so its centre is  and its radius
is .

5. Find distance between centres

The distance between  and  is .

6. Compare with radii

, while .

7. Conclude

The distance between centres is greater than the sum of the radii, so the circles
are separate. Therefore they neither touch nor intersect.



Final answer
 .

 .

 The circles neither touch nor intersect.



WMA12/01 MAY/JUNE 2024

Question 8
12 marks

Trigonometric Equations



WMA12/01 MAY/JUNE 2024

Worked Solution -
Question 8

Trigonometric Equations

Topic group

1. Rewrite the trig equation

 becomes .

2. Multiply by cos x

.

3. Use sine squared

, so .

4. Solve for cos x

, so  or .

5. Choose the valid root

 is impossible, so . For , , so

 radians to 3 significant figures.

6. Use the temperature at 6 am

At , , so .

7. Solve for k

. Since , , so

 or .

8. Find possible k values

This gives  or , so  or  to 2 decimal
places.



9. Use the tighter condition

Given further that , use .

10. Find the maximum temperature

The maximum value of  is , so the maximum temperature is .

11. Find the time of maximum

The maximum occurs when , so  hours

after midnight.

12. Convert to time of day

 hours is  minutes, so the maximum occurs at about  am.

Final answer
  radians.

  or .

 .

  am.



WMA12/01 MAY/JUNE 2024

Question 9
8 marks

Applications of Differentiation



WMA12/01 MAY/JUNE 2024

Worked Solution -
Question 9

Applications of Differentiation

Topic group

1. Rewrite the curve

.

2. Differentiate

.

3. Find the stationary point

For the interior stationary point , , so .

4. Set up the area condition

 is the area from  to  above the -axis.  is the area from 
to  below the -axis.

5. Use equal areas

Equal areas mean , so .

6. Integrate y

.

7. Solve for k

.

8. Factor

.



9. Choose the value beyond four

Since , , so .

Final answer

 .

 .



WMA12/01 MAY/JUNE 2024

Question 10
8 marks

Modelling with Sequences & Series



WMA12/01 MAY/JUNE 2024

Worked Solution -
Question 10

Modelling with Sequences & Series

Topic group

1. Model the dormice

The dormice model is .

2. Find the dormice after six years

, so there are  dormice to 3 significant
figures.

3. Set up the vole model

Let the vole model be .

4. Use the two data points

At , . At , .

5. Find b

Dividing gives , so , which is  to 2 significant

figures.

6. Find a

, which is  to 2 significant figures.

7. Write the vole model

So the model is approximately .

8. Set the two models equal

Use  with the unrounded constants from the vole model.



9. Solve using logarithms

, so .

10. Calculate T

Substituting  and  gives , so
 to one decimal place.

Final answer
  dormice.

  to 2 s.f. constants.

 .



PAST PAPER

WMA12/01 May/June R 2024
May/June R 2024 | 10 questions | 75 marks

10
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 MAY/JUNE R 2024

Question 1
5 marks

Sequences & Series



WMA12/01 MAY/JUNE R 2024

Worked Solution - Question 1
Sequences & Series

Topic group

1. Use the recurrence at n equals one

.

2. Substitute given values

, so .

3. Find u2

, hence .

4. Find u4

.

5. Evaluate the sum

.

6. Add the terms

The sum is .

Final answer
 .

 .



WMA12/01 MAY/JUNE R 2024

Question 2
5 marks

Integration



WMA12/01 MAY/JUNE R 2024

Worked Solution - Question 2
Integration

Topic group

1. Use the trapezium width

The  values increase by , so .

2. Set up the trapezium estimate

.

3. Solve for a

This simplifies to , so .

4. Round a

Therefore  to 3 significant figures.

5. Use the transformed integral

.

6. Substitute the given estimate

This is .

Final answer
  to 3 s.f.

 .



WMA12/01 MAY/JUNE R 2024

Question 3
5 marks

Circles



WMA12/01 MAY/JUNE R 2024

Worked Solution - Question 3
Circles

Topic group

1. Complete the square

 becomes
.

2. Write standard form

.

3. Read centre and radius

The centre is  and the radius is .

4. Find distance from centre to origin

The distance from  to  is .

5. Use origin inside the circle

Since , the origin is inside the circle.

6. Find nearest distance to the circle

The nearest point on the circle lies along the line from the centre to the origin, so
.

Final answer
 .

 .

 .



WMA12/01 MAY/JUNE R 2024

Question 4
7 marks

Binomial Expansion



WMA12/01 MAY/JUNE R 2024

Worked Solution - Question 4
Binomial Expansion

Topic group

1. Write the expansion terms

.

2. Simplify the first four terms

This gives .

3. Identify x squared contributions

In , the  term comes from  times the constant term

and  times the  term.

4. Calculate the coefficient

The coefficient is .

Final answer
 .

 .



WMA12/01 MAY/JUNE R 2024

Question 5
6 marks

Trigonometric Equations



WMA12/01 MAY/JUNE R 2024

Worked Solution -
Question 5

Trigonometric Equations

Topic group

1. Substitute t equals two

.

2. Evaluate

, so the depth at 2 am is just over  metres.

3. Set depth equal to six

, so .

4. Use the time interval

After midday means . Then  is greater than .

5. Choose the first suitable angle

The first angle after  with sine  is .

6. Solve for t

, so  hours after midnight.

7. Convert to clock time

 hours is about  minutes, so the time to the nearest minute is ,
or  pm.



Final answer
  m, just over  m.

 , or  pm.



WMA12/01 MAY/JUNE R 2024

Question 6
9 marks

Applications of Differentiation



WMA12/01 MAY/JUNE R 2024

Worked Solution -
Question 6

Applications of Differentiation

Topic group

1. Use the factor theorem

Since  is a factor,  is a root.

2. Substitute x equals negative three halves

.

3. Simplify the first condition

, so .

4. Use the remainder theorem

The remainder on division by  is .

5. Substitute x equals negative two

.

6. Use the given remainder

, so .

7. Solve for p and q

Subtract  from : , so . Then

, so .

8. Differentiate

With , , so .



9. Factor the derivative

.

10. Find where decreasing

The quadratic derivative is negative between its roots, so  is decreasing for

.

Final answer
 .

 .

 .



WMA12/01 MAY/JUNE R 2024

Question 7
7 marks

Trigonometric Equations



WMA12/01 MAY/JUNE R 2024

Worked Solution -
Question 7

Trigonometric Equations

Topic group

1. Rewrite tan x

 becomes .

2. Multiply by cos x

.

3. Use sine squared

, so .

4. Solve for cosine

, so  or .

5. Reject impossible value

 is impossible, so .

6. Find x values

For , this gives  or , so 
radians.

7. Use the right triangle identity

Given  and , .

8. Find tan theta

.



Final answer
 .

 .



WMA12/01 MAY/JUNE R 2024

Question 8
13 marks

Arithmetic Sequences



WMA12/01 MAY/JUNE R 2024

Worked Solution - Question
8

Arithmetic Sequences

Topic group

1. Write the first and last terms

The first term is  and the th term is .

2. Use the arithmetic sum formula

.

3. Show the formula

Therefore .

4. Identify the arithmetic series

For , the first term is , the common difference is
, and the last term is .

5. Find the number of terms

, so  and .

6. Find the sum

.

7. Use the geometric condition

For , ,  to be consecutive geometric terms,
.

8. Show the quadratic

, so .



9. Solve for k

 gives  or .

10. Use convergence

If , the terms are  and the common ratio is , so the series is

convergent. If , the common ratio is , so it is not convergent.

11. Find S infinity

Use : .

Final answer
 Proven.

 .

 Proven.

 .



WMA12/01 MAY/JUNE R 2024

Question 9
9 marks

Laws of Logarithms



WMA12/01 MAY/JUNE R 2024

Worked Solution - Question 9
Laws of Logarithms

Topic group

1. Verify t equals four

Substitute : .

2. Combine the logarithms

.

3. Use seven as a logarithm

, so .

4. Clear the denominator

.

5. Expand

.

6. Show the cubic

Rearranging gives .

7. Use the known root

Since  is a root,  is a factor.

8. Factor the cubic

.

9. Solve the quadratic

 gives .



10. Use the log domain

The original equation requires . The value  is less than , so it is
rejected. Hence  or .

Final answer
 Verified.

 Proven.

  or .



WMA12/01 MAY/JUNE R 2024

Question 10
9 marks

Applications of Differentiation



WMA12/01 MAY/JUNE R 2024

Worked Solution -
Question 10

Applications of Differentiation

Topic group

1. Rewrite the curve

.

2. Differentiate

.

3. Use the stationary condition

For , the denominator is not zero. So  when .

4. Find P

Therefore the  coordinate of  is .

5. Find where the curve meets the x-axis

 when , so  for the positive intercept.

6. Set up the area

The region is under the curve from  to , so .

7. Integrate

.

8. Evaluate

.



Final answer
 .

 .



PAST PAPER

WMA12/01 October 2024
October 2024 | 11 questions | 75 marks

11
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 OCTOBER 2024

Question 1
5 marks

Integration



WMA12/01 OCTOBER 2024

Worked Solution - Question 1
Integration

Topic group

1. Find the strip width

The  values increase by , so the trapezium width is .

2. Apply the trapezium rule

.

3. Evaluate the estimate

This gives , which is  to one decimal place.

4. Split the second integral

.

5. Integrate 4x

.

6. Use part a

Using the estimate from part (a), the required value is .

Final answer
 .

 .



WMA12/01 OCTOBER 2024

Question 2
7 marks

Sequences & Series



WMA12/01 OCTOBER 2024

Worked Solution - Question 2
Sequences & Series

Topic group

1. Find the first few terms

, , , and
.

2. Show u five

.

3. Use the given sum

.

4. Find k

Since , we have , so .

5. Write one repeated block

With , the first four terms are , and their sum is . Since
, the pattern repeats every four terms.

6. Sum 150 terms

There are  complete blocks in the first  terms, with the first two terms left

over. Hence .



Final answer
 Proven.

 .

 .



WMA12/01 OCTOBER 2024

Question 3
7 marks

Polynomials



WMA12/01 OCTOBER 2024

Worked Solution - Question 3
Polynomials

Topic group

1. Use the remainder theorem

Dividing by  leaves remainder , so .

2. Show the given equation

. Therefore
, so .

3. Use the factor theorem

Since  is a factor,  is a root and .

4. Form a second equation

, so . Multiplying by 

gives .

5. Solve simultaneously

From , . Substitute into  to get
, so  and .

6. Write the polynomial

.

7. Divide by x minus seven

, so the quotient is
.



Final answer
 Proven.

 , .

 .



WMA12/01 OCTOBER 2024

Question 4
7 marks

Applications of Differentiation



WMA12/01 OCTOBER 2024

Worked Solution -
Question 4

Applications of Differentiation

Topic group

1. Rewrite using powers

.

2. Differentiate

.

3. Set the derivative to zero

. Since , the stationary point occurs when .

4. Find the x coordinate

Therefore .

5. Differentiate again

.

6. Test the stationary point

. At , the numerator is , so the

stationary point is a minimum.

7. Find where y is decreasing

For , , so  when . Hence  is decreasing for

.



Final answer

 .

 .

 .

 Minimum.

 .



WMA12/01 OCTOBER 2024

Question 5
7 marks

Binomial Expansion



WMA12/01 OCTOBER 2024

Worked Solution - Question 5
Binomial Expansion

Topic group

1. Write the first three binomial terms

.

2. Simplify the terms

The first three terms are .

3. Expand the other factor

.

4. Collect constant contributions

The constant term in  is .

5. Use the given constant term

, so .

6. Solve for a

. Since , , so .

Final answer
 .

 .



WMA12/01 OCTOBER 2024

Question 6
5 marks

Laws of Logarithms



WMA12/01 OCTOBER 2024

Worked Solution - Question 6
Laws of Logarithms

Topic group

1. State the domain

The logarithms require  and , so .

2. Combine the right hand side

, so .

3. Equate the arguments

 gives .

4. Form the quadratic

, so .

5. Factor and solve

, so  or .

6. Check the domain

The value  is outside , so the solution is .

Final answer

.



WMA12/01 OCTOBER 2024

Question 7
6 marks

Modelling with Sequences & Series



WMA12/01 OCTOBER 2024

Worked Solution -
Question 7

Modelling with Sequences & Series

Topic group

1. Identify Jem's sequence

Jem's payments are arithmetic with first term  and common difference .

2. Show month 100

The month  payment is , so Jem pays £69.50.

3. Sum Jem's payments

.

4. Model Kim's payments

Let the common ratio be . Since the first payment is  and the month 
payment is , .

5. Find the ratio

Thus  and .

6. Sum Kim's payments

 with , giving .

7. Find the difference

The difference is , which is £1,060 to the nearest
£10.



Final answer
 Proven.

 £28,425.

 £1,060.



WMA12/01 OCTOBER 2024

Question 8
8 marks

Integration



WMA12/01 OCTOBER 2024

Worked Solution - Question 8
Integration

Topic group

1. Equate the curves

.

2. Clear the denominator

Multiplying by  gives , so .

3. Factor

Let . Then , so  or .

4. Use x greater than zero

Since , the intersections have  and . Thus  and .

5. Set up the area

Between  and , curve  is above curve , so

.

6. Simplify the integrand

.

7. Integrate

.

8. Evaluate

.



Final answer
 , .

 .



WMA12/01 OCTOBER 2024

Question 9
7 marks

Trigonometric Equations



WMA12/01 OCTOBER 2024

Worked Solution -
Question 9

Trigonometric Equations

Topic group

1. Write tan in terms of sin and cos

 gives .

2. Multiply by cos theta

Since  is defined, . Hence .

3. Use the identity

, so .

4. Substitute the new angle

Let . Then .

5. Solve for sin theta

. The root  is less than , so

reject it.

6. Find the angle range

Since , .

7. Find the theta values

For  in this range, , , , and

.

8. Convert back to x

Using  gives , , , and .



9. Round the answers

To  significant figures, , , , and .

Final answer
 Proven.

 , , , .



WMA12/01 OCTOBER 2024

Question 10
10 marks

Circles



WMA12/01 OCTOBER 2024

Worked Solution - Question 10
Circles

Topic group

1. Complete the square

 becomes .

2. Read the centre and radius

The centre is  and the radius is .

3. Use the tangent distance

The line  can be written as . Its distance from
 must be .

4. Set up the equation for m

, so .

5. Show the quadratic

Squaring gives . Hence , so
.

6. Find the possible gradients

 gives  or .

7. Use perpendicular radii

A tangent is perpendicular to the radius at the point of contact.

8. Find the first point

For , the radius gradient is . The radius through the centre is

. Solving with  gives  and .



9. Find the second point

For , the radius gradient is . The radius through the centre is

. Solving with  gives  and .

Final answer
 .

 .

 Proven.

  and .



WMA12/01 OCTOBER 2024

Question 11
6 marks

Proof



WMA12/01 OCTOBER 2024

Worked Solution - Question 11
Proof

Topic group

1. Choose a prime value

Take , which is prime.

2. Evaluate the expression

, so it is not prime. This disproves the
statement.

3. List the possible forms of m

If integer  is not divisible by , then  has remainder  or  on division by .

4. Case one

If , then , which
is divisible by .

5. Case two

If , then
, which is divisible

by .

6. Conclude by exhaustion

Both possible cases for an integer not divisible by  have been checked, so
 is divisible by .

Final answer
 Counterexample:  gives , not prime.

 Proven.



PAST PAPER

WMA12/01 January 2025
January 2025 | 10 questions | 75 marks

10
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 JANUARY 2025

Question 1
4 marks

Arithmetic Sequences



WMA12/01 JANUARY 2025

Worked Solution - Question
1

Arithmetic Sequences

Topic group

1. Identify the arithmetic series

The first term is , the common difference is , and the last term is .

2. Find the number of terms

Use . Then , so  and .

3. Use the sum formula

, where  is the first term and  is the last term.

4. Find the sum

.

Final answer
 .

 .



WMA12/01 JANUARY 2025

Question 2
5 marks

Binomial Expansion



WMA12/01 JANUARY 2025

Worked Solution - Question 2
Binomial Expansion

Topic group

1. Write the first four terms

.

2. Simplify each term

The first four terms are .

3. Connect the expansion to 2.05

To use  for , set .

4. Find x

, so .

Final answer
 .

 .



WMA12/01 JANUARY 2025

Question 3
10 marks

Applications of Differentiation



WMA12/01 JANUARY 2025

Worked Solution -
Question 3

Applications of Differentiation

Topic group

1. Use the volume

The volume is . Since the capacity is , , so

.

2. Write the metal area

The open top means the metal area is the base plus four sides:
.

3. Substitute for y

. Hence  and .

4. Differentiate

.

5. Use the stationary condition

Set : , so .

6. Find x

, so . To  significant figures, .

7. Differentiate again

.

8. Show the minimum

For , , so the stationary value found in part (b) is a minimum.



Final answer

 , so  and .

 .

 , minimum.



WMA12/01 JANUARY 2025

Question 4
6 marks

Geometric Sequences



WMA12/01 JANUARY 2025

Worked Solution - Question
4

Geometric Sequences

Topic group

1. Write the two sums

For first term  and common ratio ,  and

.

2. Divide the equations

, so .

3. Find the ratio

, so  and .

4. Find the first term

Use . Hence .

Final answer
 .

 .



WMA12/01 JANUARY 2025

Question 5
9 marks

Polynomials



WMA12/01 JANUARY 2025

Worked Solution - Question 5
Polynomials

Topic group

1. Use the factor theorem

Since  is a factor,  is a root and .

2. Show the given equation

, so .

Multiplying by  gives .

3. Use the remainder condition

When dividing by , the remainder is . Given that the remainder is ,
.

4. Find a

. Thus , so .

5. Find b

Substitute  into : , so .

6. Write f of x

.

7. Find another factor

, so  is a factor.

8. Fully factorise

Dividing by  gives . Hence
.



Final answer
 Proven.

 , .

 .



WMA12/01 JANUARY 2025

Question 6
8 marks

Circles



WMA12/01 JANUARY 2025

Worked Solution - Question 6
Circles

Topic group

1. Find the midpoint

For  and , the midpoint is .

2. Find the gradient of AB

The gradient of  is .

3. Use the perpendicular bisector

The centre lies on the perpendicular bisector of the chord , so line  has
gradient  and passes through .

4. Find line l

, so .

5. Use the centre coordinates

Since  lies on , .

6. Find the radius squared

The centre is . Using point ,
.

7. Write the circle equation

Therefore the circle is .



Final answer
 .

 .

 .



WMA12/01 JANUARY 2025

Question 7
8 marks

Laws of Logarithms



WMA12/01 JANUARY 2025

Worked Solution - Question 7
Laws of Logarithms

Topic group

1. Use the trapezium rule

The width is , so

.

2. Combine the logarithms

This is .

3. Find k

, so .

4. State the domain

The logarithms require  and , so .

5. Combine the logarithms

.

6. Use one as a logarithm

, so .

7. Form the quadratic

, so . Hence
.

8. Solve and check

, so  or . Only  is in the domain, so
.



Final answer
 .

 .



WMA12/01 JANUARY 2025

Question 8
5 marks

Proof



WMA12/01 JANUARY 2025

Worked Solution - Question 8
Proof

Topic group

1. Give a counterexample

Let  and . Both are irrational and , but , which is

rational.

2. Represent an odd integer

Let , where  is an integer.

3. Substitute into the expression

.

4. Expand and factor

.

5. Show it is even

The expression has a factor of , so it is even.

6. Show it is not a multiple of four

The bracket  is odd, because the first three terms are even
and  is odd. Therefore the expression is  times an odd integer, so it is not
divisible by .

Final answer

 For example,  and  give .

 Proven.



WMA12/01 JANUARY 2025

Question 9
12 marks

Integration



WMA12/01 JANUARY 2025

Worked Solution - Question 9
Integration

Topic group

1. Rewrite the curve

.

2. Differentiate

.

3. Find the turning point x coordinate

For the turning point shown away from the origin, set . Hence 
.

4. Find the y coordinate

At , .

5. State M

Therefore .

6. Find the positive x intercept

For the positive intercept,  gives , so .

7. Set up the area

The top boundary is  and the curve is below it from  to .

So .



8. Integrate

.

9. Evaluate

, so the area is  to one decimal place.

Final answer

 .

 .

 .



WMA12/01 JANUARY 2025

Question 10
8 marks

Trigonometric Equations



WMA12/01 JANUARY 2025

Worked Solution -
Question 10

Trigonometric Equations

Topic group

1. Expand the left side

.

2. Rewrite the second term

Since , .

3. Use the identity

.

4. Simplify

, as required.

5. Use part a

The equation becomes .

6. Form a quadratic in sin x

Multiplying by  gives , so
.

7. Solve for sin x

. Since  is impossible, .



8. Find x in the interval

For ,  gives  or

.

9. Round the answers

Thus  or , so to  significant figures  or
.

Final answer
 Proven.

 , .



PAST PAPER

WMA12/01 May/June 2025
May/June 2025 | 10 questions | 75 marks

10
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 MAY/JUNE 2025

Question 1
6 marks

Binomial Expansion



WMA12/01 MAY/JUNE 2025

Worked Solution - Question 1
Binomial Expansion

Topic group

1. Write the binomial terms

.

2. Simplify

The first four terms are .

3. Find the x squared terms

In , the  coefficient comes from  and .

4. Use the given coefficient

, so .

5. Find k

, hence .

Final answer
 .

 .



WMA12/01 MAY/JUNE 2025

Question 2
7 marks

Circles



WMA12/01 MAY/JUNE 2025

Worked Solution - Question 2
Circles

Topic group

1. Find the centre

The centre is the midpoint of  and , so it is

.

2. Find the radius squared

Using , .

3. Write the circle equation

Therefore  has equation .

4. Find the nearest point to the x axis

The nearest point to the -axis is vertically below the centre by one radius.

5. Write the coordinates

The radius is , so the point is .

Final answer
 .

 .



WMA12/01 MAY/JUNE 2025

Question 3
5 marks

Integration



WMA12/01 MAY/JUNE 2025

Worked Solution - Question 3
Integration

Topic group

1. Find the line PQ

The gradient of  is , so the line through  is

.

2. Write the line equation

Thus  has equation .

3. Set up the area

From  to , the line segment is above the curve. Hence

.

4. Simplify the integrand

.

5. Integrate

.

6. Evaluate

.

Final answer

.



WMA12/01 MAY/JUNE 2025

Question 4
9 marks

Polynomials



WMA12/01 MAY/JUNE 2025

Worked Solution - Question 4
Polynomials

Topic group

1. Use the factor theorem

Since  is a factor, .

2. Show the relation

, so  and therefore 
.

3. Use the remainder theorem

When dividing by , substitute . The remainder is , so

.

4. Form the second equation

. Multiplying by  gives , so .

5. Solve for a and b

Substitute  into : , so  and .

6. Write f of x

.

7. Divide by x minus two

.

8. State the result

The quotient is  and the remainder is .



Final answer
 Proven.

 , .

 Quotient , remainder .



WMA12/01 MAY/JUNE 2025

Question 5
6 marks

Integration



WMA12/01 MAY/JUNE 2025

Worked Solution - Question 5
Integration

Topic group

1. Find the strip width

The  values increase by , so .

2. Apply the trapezium rule

.

3. Evaluate

This gives , which is  to one decimal place.

4. Use the power shift

.

5. Estimate part b i

So , which is .

6. Rewrite part b ii

Since , we have .

7. Estimate part b ii

, which is

.



Final answer
 .

 .

 .



WMA12/01 MAY/JUNE 2025

Question 6
10 marks

Laws of Logarithms



WMA12/01 MAY/JUNE 2025

Worked Solution - Question 6
Laws of Logarithms

Topic group

1. State the domain

The logarithms require  and , so .

2. Use log laws

 and

.

3. Equate the arguments

Thus .

4. Solve the quadratic

, so . Hence .

5. Check the domain

The root  is outside the domain, so .

6. Equate the curves

At , .

7. Let u equal 3 to the x

Let . Then , so .

8. Find u

Since , divide by  to get . Hence  and .

9. Find y

, so .



Final answer
 .

 .



WMA12/01 MAY/JUNE 2025

Question 7
9 marks

Sequences & Series



WMA12/01 MAY/JUNE 2025

Worked Solution - Question 7
Sequences & Series

Topic group

1. Identify the geometric sequence

The first term is  and the common ratio is .

2. Find the sum to infinity

.

3. Write the kth term

The th term is .

4. Use the inequality

, so .

5. Solve with logarithms

Taking logarithms gives . Since ,

.

6. Find the smallest integer

Thus , so the smallest possible value is .

7. Write the arithmetic sum

For , the first term is  and the common difference is
.

8. Form S n

.



9. Find the best integer n

This quadratic has its maximum near , so check

.

10. Find the greatest sum

.

Final answer
 .

 .

 .



WMA12/01 MAY/JUNE 2025

Question 8
8 marks

Trigonometric Equations



WMA12/01 MAY/JUNE 2025

Worked Solution -
Question 8

Trigonometric Equations

Topic group

1. Solve the tangent equation

 gives .

2. Write the general angle

Therefore .

3. Find x

, so .

4. Use the interval

For , the possible values are  and .

5. Rewrite the second equation

Using ,  becomes .

6. Form an equation in cos theta

Multiplying by  gives . Using 
gives .

7. Solve for cos theta

. The negative option is less than , so reject it.

8. Find theta

 gives  or .



9. Round the answers

To one decimal place,  or .

Final answer

 , .

 , .



WMA12/01 MAY/JUNE 2025

Question 9
11 marks

Applications of Differentiation



WMA12/01 MAY/JUNE 2025

Worked Solution -
Question 9

Applications of Differentiation

Topic group

1. Find the triangular end area

Each end is a right-angled triangle with perpendicular sides  and , so its area

is .

2. Use the capacity

The volume is cross-section area times length, so  and .

3. Write the metal area

There are two triangular ends with total area , and two rectangular sides with
total area .

4. Substitute for L

. Hence  and .

5. Differentiate

.

6. Find the stationary value of x

Set : , so .

7. Evaluate S

At , , so the minimum value is  to

one decimal place.



8. Differentiate again

.

9. Justify the minimum

Since , , so the stationary value found is a minimum.

Final answer

 , so  and .

 .

 Minimum justified.



WMA12/01 MAY/JUNE 2025

Question 10
4 marks

Proof



WMA12/01 MAY/JUNE 2025

Worked Solution - Question 10
Proof

Topic group

1. List the possible cases

A positive integer that is not a multiple of  must have the form  or
.

2. Case one

If , then

.

3. Case two

If , then

.

4. Conclude by exhaustion

Both possible cases give a factor of , so  is always a multiple of .

Final answer
Proven.



PAST PAPER

WMA12/01 October 2025
October 2025 | 9 questions | 75 marks

9
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 OCTOBER 2025

Question 1
4 marks

Arithmetic Sequences



WMA12/01 OCTOBER 2025

Worked Solution - Question
1

Arithmetic Sequences

Topic group

1. Identify the sequence

The first term is  and the common difference is .

2. Find the eighteenth term

.

3. Use the sum formula

.

4. Evaluate the sum

.

Final answer
 .

 .



WMA12/01 OCTOBER 2025

Question 2
6 marks

Binomial Expansion



WMA12/01 OCTOBER 2025

Worked Solution - Question 2
Binomial Expansion

Topic group

1. Write the first four terms

.

2. Compare the x coefficient

Since the coefficient of  is , , so .

3. Find q

.

4. Find r

.

Final answer

, , .



WMA12/01 OCTOBER 2025

Question 3
7 marks

Integration



WMA12/01 OCTOBER 2025

Worked Solution - Question 3
Integration

Topic group

1. Use the point on the curve

Since  lies on , .

2. Solve with logarithms

, so  and 
.

3. Round k

To  decimal places, .

4. Find the strip width

The  values increase by , so .

5. Apply the trapezium rule

.

6. Evaluate the estimate

This gives , which is  to  decimal places.

7. Relate the first new integral

.

8. Relate the second new integral

Using the substitution , .



9. Estimate the total

The required estimate is therefore , which is  to 

decimal places.

Final answer
 .

 .

 .



WMA12/01 OCTOBER 2025

Question 4
12 marks

Polynomials



WMA12/01 OCTOBER 2025

Worked Solution - Question 4
Polynomials

Topic group

1. Divide by x minus two

.

2. State Q and R

Hence  and .

3. Use the factor theorem

.

4. Show the factor

Since ,  is a factor of .

5. Factor the cubic

Dividing by  gives .

6. Check the quadratic

The discriminant of  is , so
this quadratic has no real roots.

7. Conclude the real solution

Therefore  has only one real solution, .

8. Differentiate

.

9. Find where f is decreasing

 is decreasing when , which is between the roots. Hence

.



Final answer
 .

 .

 Proven; only real solution is .

 .



WMA12/01 OCTOBER 2025

Question 5
9 marks

Trigonometric Equations



WMA12/01 OCTOBER 2025

Worked Solution -
Question 5

Trigonometric Equations

Topic group

1. Rewrite the first equation

 gives .

2. Factor sin theta

.

3. Use sin theta equals zero

In ,  gives  or .

4. Use the other factor

 gives .

5. Find the remaining angles

For ,  gives  or .

6. Round part i

The non-exact angles are  and  to one decimal place.

7. Clear the fractions in part ii

. Multiplying by  gives

.

8. Use the identity

, so  and .



9. Solve in the interval

For ,  or .

10. Round part ii

Thus  or , so  or  to  significant
figures.

Final answer
 , , , .

 , .



WMA12/01 OCTOBER 2025

Question 6
9 marks

Circles



WMA12/01 OCTOBER 2025

Worked Solution - Question 6
Circles

Topic group

1. Find the centre of C one

Since  is a diameter, the centre is the midpoint of  and .
This is .

2. Find the radius squared

Using , .

3. Write C one

Therefore  has equation .

4. Find the centre distance

The distance from the origin to  is .

5. Find possible radii for C two

Since  has radius , a circle centred at the origin can touch it with radius
 or .

6. Write the equations

Thus  can be  or
.

Final answer
 .

  or .



WMA12/01 OCTOBER 2025

Question 7
10 marks

Integration



WMA12/01 OCTOBER 2025

Worked Solution - Question 7
Integration

Topic group

1. Differentiate

For , .

2. Write in simplest form

.

3. Use the stationary point

At ,  and .

4. Substitute x equals nine

.

5. Find k

This simplifies to , so .

6. Find the horizontal line

With , the  coordinate of  is .

7. Set up the area

The line  is . The region is between the curve and this line from
 to .

8. Write the integral

.



9. Integrate

.

10. Evaluate

, so the area is  to  significant figures.

Final answer

 .

 Proven.

 .



WMA12/01 OCTOBER 2025

Question 8
8 marks

Geometric Sequences



WMA12/01 OCTOBER 2025

Worked Solution - Question
8

Geometric Sequences

Topic group

1. Write S n

.

2. Multiply by r

.

3. Subtract

.

4. Rearrange

, so .

5. Use the yearly multiplier

An  decrease each year means the multiplier is .

6. Show the amount after six years

After  years, the amount is , which is approximately 
litres.

7. Set up the forty barrel total

At the end of  years, the amounts are .

8. Sum the geometric sequence

The total is .

9. Round the total

To the nearest litre, the total amount is  litres.



Final answer
 Proven.

 Approximately  litres.

  litres.



WMA12/01 OCTOBER 2025

Question 9
10 marks

Laws of Logarithms



WMA12/01 OCTOBER 2025

Worked Solution - Question 9
Laws of Logarithms

Topic group

1. State the domain

The logarithms require  and , so .

2. Combine the logarithms

.

3. Use two as a logarithm

, so .

4. Form the quadratic

, so . Hence
.

5. Solve the quadratic

, so  or .

6. Check the domain

 is outside the domain, so .

7. Use the logarithm equation

 gives .

8. Equate the arguments

Since the logarithm function is one-to-one, .



9. Rearrange for a

, so  and therefore .

10. Restrict b

Given  and , the fraction  must be positive. Since the numerator

is positive, the denominator must also be positive, so .

Final answer

 .

 Proven.

 .



PAST PAPER

WMA12/01 January 2026
January 2026 | 10 questions | 75 marks

10
questions

75
marks

Answers
worked solution
after each
question



WMA12/01 JANUARY 2026

Question 1
6 marks

Binomial Expansion



WMA12/01 JANUARY 2026

Worked Solution - Question 1
Binomial Expansion

Topic group

1. Use the binomial expansion

For , the first four terms are
.

2. Simplify the coefficients

This gives .

3. Compare the required coefficients

The coefficient of  is  and the coefficient of  is .

4. Solve for k

Since  and , divide by  to get , hence

.

Final answer

.



WMA12/01 JANUARY 2026

Question 2
6 marks

Integration



WMA12/01 JANUARY 2026

Worked Solution - Question 2
Integration

Topic group

1. Find the strip width

The  values increase by , so .

2. Apply the trapezium rule

.

3. Calculate the estimated area

, so the area is  to 2 decimal places.

4. Improve the estimate

A more accurate estimate would use more trapezia, so the strip width is smaller.

5. Use the scale factor in the integral

Since , the required estimate is .

Final answer
 Use narrower strips, or more trapezia.

.



WMA12/01 JANUARY 2026

Question 3
7 marks

Polynomials



WMA12/01 JANUARY 2026

Worked Solution - Question 3
Polynomials

Topic group

1. Use the factor theorem

Since  is a factor of , we have .

2. Find k

, so  and .

3. Find the required remainder

The remainder on division by  is .

4. Set up the division

Write .

5. Match coefficients

Comparing coefficients gives , , and .

6. Find the remainder

Then , so

.

Final answer

.



WMA12/01 JANUARY 2026

Question 4
5 marks

Integration



WMA12/01 JANUARY 2026

Worked Solution - Question 4
Integration

Topic group

1. Integrate first

.

2. Apply the limits

.

3. Form a quadratic

Given the integral is , . Multiplying by  gives 

, so .

4. Solve for k

, hence  or . Both are positive, so both are valid.

Final answer

 or .



WMA12/01 JANUARY 2026

Question 5
6 marks

Circles



WMA12/01 JANUARY 2026

Worked Solution - Question 5
Circles

Topic group

1. Complete the square

 and .

2. Write the circle in centre-radius form

The equation becomes .

3. Read the centre and radius

The centre is  and the radius is .

4. Use the touching condition

The centre of  is  and its radius is . Since the circles touch externally,

the distance between centres is .

5. Solve for k

, so . Since , ,

hence .

Final answer

.



WMA12/01 JANUARY 2026

Question 6
8 marks

Proof



WMA12/01 JANUARY 2026

Worked Solution - Question 6
Proof

Topic group

1. Represent the consecutive odd numbers

Let  and , where  is a positive integer. Then 
and the numbers are consecutive odd numbers.

2. Subtract the squares

.

3. Simplify the expression

.

4. Conclude the proof

Since  is an integer,  is a multiple of , so  is a multiple of .

5. Differentiate the curve

For , .

6. Show the gradient is never zero

. This is always positive for real .

7. State the conclusion

Since  is never , the curve has no stationary points.

Final answer
 Proven.

  has no stationary points.



WMA12/01 JANUARY 2026

Question 7
9 marks

Laws of Logarithms



WMA12/01 JANUARY 2026

Worked Solution - Question 7
Laws of Logarithms

Topic group

1. Take logarithms base 2

From , take  of both sides to get .

2. Simplify the logarithms

Since  and , we get
.

3. Solve for x

, so  and .

4. Use log laws

 and .

5. Remove the logarithms

, so .

6. Solve the quadratic

, hence .

7. Check the logarithm domains

We need  and . Therefore  is not valid, and the
solution is .

Final answer

.



WMA12/01 JANUARY 2026

Question 8
10 marks

Trigonometric Equations



WMA12/01 JANUARY 2026

Worked Solution -
Question 8

Trigonometric Equations

Topic group

1. Make the tangent expression the subject

 gives .

2. Find the possible angle values

Let . Since , . The solutions of
 in this range are approximately .

3. Return to theta

, giving  to one decimal place.

4. Rewrite tan x

 becomes .

5. Form a quadratic in cos x

Multiplying by  gives . Using ,
, so .

6. Solve for x

. Since  is impossible, . In

,  or .

Final answer

.



WMA12/01 JANUARY 2026

Question 9
10 marks

Modelling with Sequences & Series



WMA12/01 JANUARY 2026

Worked Solution -
Question 9

Modelling with Sequences & Series

Topic group

1. Model A as an arithmetic sequence

For Model A, let the common difference be . Since year 15 is the 15th term,
.

2. Find year 5 for Model A

. Year 5 is  tonnes.

3. Find the total from year 1 to year 15

 tonnes.

4. Model B as a geometric sequence

Let the common ratio be . Then , so

.

5. Find year 10 for Model B

Year 10 is , which is  tonnes to the nearest 10 tonnes.

6. Find the limiting total

Since , the sum to infinity is , so the limit is

 tonnes to the nearest 100 tonnes.



Final answer
 tonnes.

 tonnes.

 tonnes.

 tonnes.



WMA12/01 JANUARY 2026

Question 10
8 marks

Applications of Differentiation



WMA12/01 JANUARY 2026

Worked Solution -
Question 10

Applications of Differentiation

Topic group

1. Rewrite the curve

.

2. Differentiate

.

3. Use the stationary point

At , . Thus . Multiplying by  gives .

4. Find the x-coordinate

Since , .

5. Integrate the curve

.

6. Use equal areas

The signed area from  to  is zero because the positive area  equals the
negative area  in magnitude.

7. Solve for k

. Since , divide by  to get , so

.

8. Write the exact value

.



Final answer

.


