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WMA12/01 OCTOBER 2021

Question 9

9. (a) Prove that for all positive values of x and y,

xX+y
2

Z Xy
3)

(b) Prove by counter-example that this inequality does not hold when x and y are
both negative.

(1)

WORKED SOLUTION Question 9 - WMA12/01 October 2021

o Start with a square
For positive  and y, both 4/ and ,/y are real, so (v/z — /)% > 0.

Expand
(Vz—y)i=z—2zy+y>0.

Rearrange
. Tty
Thus ¢ + y > 24/xy, and dividing by 2 gives > Jxy.
Give a negative counterexample
Take * = —1 and y = —1. Then z ; Y _ —1, while /2y = Vi=1.

Conclude

Since —1 > 1 s false, the inequality does not hold for all negative x and y.

@ rinaL ANsWER
(a) Proven.

(b) For example, & = y = —1 gives —1 # 1.



WMA12/01 JANUARY 2022

Question 10

10. (i) Prove by counter example that the statement

“if p is a prime number then 2p + 1 is also a prime number”

is not true.
(1)
(ii) Use proof by exhaustion to prove that if # is an integer then
S5n*+n+12
is always even.
4)
(Total 5 marks)
WORKED SOLUTION Question 10 - WMA12/01 January 2022

Give a counterexample

Take p = 7, which is prime.

Show the statement fails
2p+1=2(7) + 1 = 15, and 15 is not prime. So the statement is false.

Case one: n even

If n is even, let n = 2k. Then
5n? +n + 12 = 5(2k)? + 2k + 12 = 20k? + 2k + 12 = 2(10k2 + k + 6), which is even.

Case two: n odd
Ifnis odd, let n = 2k 4+ 1. Then 5n% + n + 12 = 5(2k + 1)? + (2k + 1) + 12.

Simplify the odd case
5(2k + 1)% + (2k + 1) + 12 = 20k? + 22k + 18 = 2(10k? + 11k + 9), which is even.

Conclude by exhaustion

Every integer is either even or odd, and both cases give an even result. Therefore 5n? +n + 12 is

always even.



@ rinaL ANswER
(¢) Forp=17,2p + 1 = 15, not prime.

(22) Proven.



WMA12/01 JANUARY 2023

Question 10

10. A student was asked to prove by exhaustion that
if n is an integer then 2n° + n + 1 is not divisible by 3

The start of the student’s proof is shown in the box below.

Consider the case when n = 3%

20+ n+ 1=18k>+3k+1=3(6k+k) + 1

which is not divisible by 3

Complete this proof.
4)

WORKED SOLUTION Question 10 - WMA12/01 January 2023

o Use the three possible forms
Every integer is exactly one of the forms 3k, 3k 4+ 1 or 3k + 2, where k is an integer.

o First case already given
For n = 3k, the expression becomes 3(6]{:2 + k) + 1, so it leaves remainder 1 when divided by 3.

Try n equals 3k plus 1
Ifn=38k+1then2n?+n+1=23k+1)2+ (38k+1) + 1.

Simplify the second case
2(9%> + 6k + 1) + 3k + 2 = 18k? + 15k + 4 = 3(6k® + 5k + 1) + 1, which is not divisible by 3.

° Try n equals 3k plus 2
Ifn=3k+2then2n? +n+1=28k+2)?+ (3k+2)+ 1.

o Simplify the third case

2(9k% + 12k + 4) + 3k + 3 = 18k? + 27k + 11 = 3(6k? + 9k + 3) + 2, which is not divisible by

3



° Complete the exhaustion
All possible integer forms have been checked, and none gives a multiple of 3. Therefore 2n2 +n + 1

is not divisible by 3.

@ FiNAL ANSWER
Forn = 3k, n = 3k + 1 and n = 3k + 2, the expression has remainders 1, 1 and 2 respectively
when divided by 3. Therefore 2n2 + n + 1 is never divisible by 3.



WMA12/01 MAY/JUNE 2023

Question 8

8. (i) A student writes the following statement:
“When a and b are consecutive prime numbers, a” + b” is never a multiple of 10”

Prove by counter example that this statement is not true.

(2)
(ii) Given that x and y are even integers greater than 0 and less than 6, prove by
exhaustion, that
, Xy
l<x- 2 <15

4

3)

WORKED SOLUTION Question 8 - WMA12/01 May/June 2023

Choose consecutive primes

7 and 11 are consecutive prime numbers.

Check the statement
72 4112 = 49 4 121 = 170, which is a multiple of 10.

Conclude the counterexample

This single counterexample proves the student's statement is not true.

List the possible even values

The even integers greater than 0 and less than 6 are 2 and 4. Therefore the possible ordered pairs
are (2,2), (2,4), (4,2), (4,4).

Check x equals two

If (z,9) = (2,2), then 22 — % =4—-1=3.If(z,y) = (2,4), then z? — % =4-2=2

Check x equals four

If (z,y) = (4,2), then 22 — % =16 — 2 = 14.If (z,y) = (4,4), then 22 — % =16 —4 =12



Complete the exhaustion
The possible values are 3, 2,14, 12, and each lies strictly between 1 and 15. Hence

1<z?— % < 15in every possible case.

@ rinaL ANswER
(4) A counterexample is @ = 7,b = 11, since 7% + 112 = 170.
(i) Exhaustion proves the inequality for (z,y) = (2,2), (2,4), (4,2), (4, 4).



WMA12/01 JANUARY 2024

Question 8

8. (i) Use a counter example to show that the following statement is false

“n” + 3n + 1 is prime for all n € N”

(2)
(i) Use algebra to prove by exhaustion that for all n € N
“n* —2 is not a multiple of 4”
4)
WORKED SOLUTION Question 8 - WMA12/01 January 2024

o Choose a counterexample
Take n = 6.

o Evaluate the expression
n?+3n+1=62+3(6)+1=236+18+1=55

Conclude false

55 is not prime, so the statement is false.

Use residues modulo four
Every natural number is one of 4k, 4k + 1, 4k + 2 or 4k + 3.

Check n equals 4k
If n = 4k, then n? — 2 = 16k? — 2 = 4(4k* — 1) + 2, not a multiple of 4.

Check n equals 4k plus one
If n =4k + 1, then n? — 2 = 16k? + 8k — 1 = 4(4k? + 2k — 1) + 3, not a multiple of 4.

Check n equals 4k plus two
If n = 4k + 2, then n? — 2 = 16k? + 16k + 2 = 4(4k? + 4k) + 2, not a multiple of 4.

Check n equals 4k plus three
If n = 4k + 3, then n? — 2 = 16k? + 24k + 7 = 4(4k? + 6k + 1) + 3, not a multiple of 4.



Complete the proof

All possible cases leave remainder 2 or 3 when divided by 4, so n2 — 2 is not a multiple of 4.

@ FinAL ANsWER

(¢) Counterexample: n = 6 gives 55, which is not prime.

(42) Proven by considering n = 4k, 4k + 1,4k + 2,4k + 3.



WMA12/01 OCTOBER 2024

Question 11

11. (i) Prove by counter example that the statement

“If n is a prime number then 3" + 2 is also a prime number.”

is false.

(2)
(i) Use proof by exhaustion to prove that if m is an integer that is not divisible
by 3, then
m° — 1

is divisible by 3

4)
WORKED SOLUTION Question 11 - WMA12/01 October 2024

0 Choose a prime value
Take i = 5, which is prime.

° Evaluate the expression
35+ 2 =243 + 2 = 245 = 5 x 49, so it is not prime. This disproves the statement.

List the possible forms of m

If integer m is not divisible by 3, then m has remainder 1 or 2 on division by 3.

©
° Case one
(s

Ifm =3q+1,thenm? — 1= (3¢+1)2 — 1 = 9¢% + 6g = 3(3q% + 2q), which is divisible by 3.
Case two

Ifm =3q+2 thenm? — 1= (3¢g+2)% —1=9q%+ 129+ 3 = 3(3¢2 + 49 + 1), which is
divisible by 3.

Conclude by exhaustion

Both possible cases for an integer not divisible by 3 have been checked, so m? — 1 is divisible by 3.



@ rinaL ANswER
() Counterexample: n = 5 gives 3° + 2 = 245, not prime.

(22) Proven.



WMA12/01 JANUARY 2025

Question 8

8. (i) A student states
“If x and y are irrational numbers, x # y, then xy is also irrational.”

Show, by counter example, that this statement is not always true.

(1)
(i1) Prove, using algebra, that for all odd integers », the value of the expression
n’+3n+2
is always even but never a multiple of 4
4)
WORKED SOLUTION Question 8 - WMA12/01 January 2025

° Give a counterexample

1
Letz = v/2 and Y= 7 Both are irrational and & # y, but £y = 1, which is rational.
2

° Represent an odd integer
Let n = 2q + 1, where g is an integer.

Substitute into the expression
n*+3n+2=(2¢+1)3+3(2¢+1)+2

Expand and factor
nd +3n + 2 = 8¢3 + 12¢2 + 12q + 6 = 2(4¢® + 692 + 6q + 3).

Show it is even

The expression has a factor of 2, so it is even.

Show it is not a multiple of four
The bracket 4¢3 + 6¢% + 6q + 3 is odd, because the first three terms are even and 3 is odd.

Therefore the expression is 2 times an odd integer, so it is not divisible by 4.



@ FinaL ANswWER

1
(i) For example, z = V2 and y = — give zy = 1.
V2

(42) Proven.



WMA12/01 MAY/JUNE 2025

Question 10

10: In this question you must show detailed reasoning.

Use algebra to prove by exhaustion that,

for all positive integers m that are not multiples of 3, the value of
m’+3m+2

is always a multiple of 3

4)

WORKED SOLUTION Question 10 - WMA12/01 May/June 2025

o List the possible cases
A positive integer that is not a multiple of 3 must have the form m = 3q+ 1 or m = 3q + 2.

° Case one

If m =3q+ 1, then
m2+3m+2=(3¢+1)2+3(3g+1)+2 =992+ 159+ 6 = 3(3¢% + 5q + 2).

6 Case two

If m = 3q + 2, then
m?+3m+2=3g+2)%+3(3¢+2)+2=9¢%+21qg+ 12 = 3(3¢> + 7q + 4).

° Conclude by exhaustion

Both possible cases give a factor of 3, so m? + 3m + 2 is always a multiple of 3.

@ rinaL ANswER

Proven.



WMA12/01 JANUARY 2026

Question 6

6. (i) Given that p and ¢ are consecutive odd numbers, where p > ¢ > 0, prove that

P -q

is a multiple of 8

4)
(i) The curve C has equation
y=x"+12x"+49x + 2

Prove that C has no stationary points.

(4)
WORKED SOLUTION Question 6 - WMA12/01 January 2026

0 Represent the consecutive odd numbers
Letq =2n — 1 and p = 2n + 1, where n is a positive integer. Then p > q > 0 and the numbers are

consecutive odd numbers.

Subtract the squares
p’P—q¢?=(2n+1)2-(2n-1)2

Simplify the expression
p?—q*=(4n’>+4n+1)— (4n? —4n+1) =8n.

Conclude the proof

Since n is an integer, 8n is a multiple of 8, so p? — ¢ is a multiple of 8.

Differentiate the curve

d
Fory = &3 + 1222 + 49z + 2, % — 32 + 24z + 49.

Show the gradient is never zero
322 + 24z + 49 = 3(z + 4)2 + 1. This is always positive for real z.

State the conclusion

d
Since %Y is never 0, the curve has no stationary points.

dz



@ rinaL ANsWER

(2) Proven.

(¢2) C has no stationary points.



WMA12/01 MAY/JUNE 2023

. m Proof Main topic: Applications of Differentiation
Question 7

7. The height of a river above a fixed point on the riverbed was monitored over a
7-day period.

The height of the river, H metres, ¢ days after monitoring began, was given by

‘ :
H=£(20+6r—r)+1? 0
20

/&)
/AN
-

Given that H has a stationary value at ¢ = o

(a) use calculus to show that a satisfies the equation

50°—18a—20=0

()
(b) Hence find the value of a, giving your answer to 3 decimal places.
1)
(¢) Use further calculus to prove that / is a maximum at this value of a.
(2)
WORKED SOLUTION Question 7 - WMA12/01 May/June 2023

0 Rewrite H with powers
1
H= %tl/z(zo + 6t — %) + 17.

Expand before differentiating
H= %(201:1/2 + 6t3/2 — £5/2) 4 17.

Differentiate

dH 1 5
92— = (10t2/2 4 get/2 — 2432
dt 20 ( 0t % 2t

Put over a common factor
dH  —5t? 418t + 20

dt 40/t
Use the stationary condition
H
Att = q, d— = 0. Since a > 0, the denominator is not zero, so —5a? + 18a + 20 = 0.

dt



Show the required equation
Multiplying by —1 gives 5a? — 18« — 20 = 0.

Find alpha

18 + 4/18 + 4(5)(20) 94 iST
10 N 5

o=

Use the time interval

9+ 4181
Only the positive value liesin 0 <t < 7, soa = +T = 4.491 to 3 decimal places.
Differentiate again
d’H B —15t% + 18t — 20
a2 80t3/2
Use the stationary equation
d2

Att = a, 5a? = 18a + 20. Therefore the numerator of is

dt?
—15a% + 18a — 20 = —3(18¢c + 20) + 18a — 20 = —36a — 80.

Show it is negative
2

dt?

Since @ > 0, —36a — 80 < 0, and the denominator 80a:3/2 is positive. Thus <0,soHisa

maximum.

@ FiNAL ANSWER

(a) Proven.
(b) o = 4.491.

(¢) H is a maximum at this value.



WMA12/01 MAY/JUNE 2024

Qu estion 7 m Proof Main topic: Circles

7. The circle C| has equation
x4y 4+ 8x—10y=29
(a) (i) Find the coordinates of the centre of C,

(ii) Find the exact value of the radius of C,

3)
In part (b) you must show detailed reasoning.
The circle C, has equation
(x—5) +(y+8) =52
(b) Prove that the circles C, and C, neither touch nor intersect.
3)
WORKED SOLUTION Question 7 - WMA12/01 May/June 2024

Complete the square
z? + y? + 8z — 10y = 29 becomes (z +4)2 — 16 + (y — 5)% — 25 = 29.

Write circle C1 in standard form
(x+4)%+ (y—5)* = T10.

Read centre and radius
The centre of Cy is (—4, 5) and its radius is 4/70.

Read C2
Cs has equation (z — 5)% + (y + 8)% = 52, so its centre is (5, —8) and its radius is v/52 = 24/13.

Find distance between centres
The distance between (—4,5) and (5, —8) is /92 + (—13)2 = /250 = 5+/10.

Compare with radii
V70 +2v/13 = 15.58.... ., while 54/10 = 15.81.......



Conclude

The distance between centres is greater than the sum of the radii, so the circles are separate.
Therefore they neither touch nor intersect.

@ FiNAL ANSWER
(a)(?) (—4,5).
(a)(ii) v/70.

(b) The circles neither touch nor intersect.



WMA12/01 OCTOBER 2025

. m Proof Main topic: Laws of Logarithms
Question 9

9. In this question you must show detailed reasoning.
Solutions relying on calculator technology are not acceptable.

(i) Solve

2log(4x +5) —log,(x +3) =2

(3)
(i) Given that @ > 0, b > 0 and
log,,a+log  b=log (a+b)
b
(a) prove that a= 1
- 3
(b) Hence write down the full restriction on the value of b, giving a reason for
your answer.
(2)
WORKED SOLUTION Question 9 - WMA12/01 October 2025

o State the domain

5
The logarithms require4z +5 > 0andz+3 > 0,soz > e

o Combine the logarithms

4 5)2
2logs (4 + 5) — logs(z + 3) = logs (M)

z+3

Use two as a logarithm
(4z+5)*

9.
+3

2 =logs 9, so

(4z + 5)% = 9(z + 3), so 16x2 + 40z + 25 = 9z + 27. Hence 1622 + 31z — 2 = 0.

Solve the quadratic

o
° Form the quadratic
©

1
16w2—|—31:1:—2=(16:1:—1)(:v—|—2):0,so:1:=Eorw=—2.



o Check the domain

1
= —2is outside the domain, so x = 1_6

° Use the logarithm equation
log;p a + logiy b = logyo(a + b) gives log;y(ab) = log;o(a + b).

Equate the arguments

Since the logarithm function is one-to-one, ab = a + b.

ab —a = b,s0 a(b— 1) = band therefore a = =1

Restrict b

o
o Rearrange for a
10/

Givena > 0 and b > 0, the fraction

b " . . .
— must be positive. Since the numerator is positive, the
denominator must also be positive, so b > 1.

@ FiNAL ANSWER

(i)w:1—16.

(i)
(i)

a) Proven.

(
(b)b> 1.
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WMA12/01 MAY/JUNE 2021

. m Polynomials Main topic: Laws of Logarithms
Question 7

7. (a) Given that
3log,(2x — 1) = 2 + log,(14x — 25)

show that

20 —3x*=30x+56=0

4)
(b) Show that —4 is a root of this cubic equation.
(2)
(c) Hence, using algebra and showing each step of your working, solve
3log,(2x — 1) = 2 + log,(14x — 25)
4)
WORKED SOLUTION Question 7 - WMA12/01 May/June 2021

0 Use the power law
3logs(2z — 1) = logg(2z — 1)3.

° Rewrite two as a logarithm
Since 2 = logs 9, the right side is logs 9 + logs (14 — 25) = logs{9(14x — 25)}.

Equate the arguments
So (2z —1)3 = 9(14z — 25).

Expand and simplify
8x3 — 1222 4+ 6z — 1 = 126 — 225, which simplifies to 2z3 — 322 — 30z + 56 = 0.

Check the given root
Substituting € = —4 gives 2(—64) — 3(16) — 30(—4) + 56 = 0, so —4 is a root.

Factorise the cubic
Dividing by (z + 4) gives 2z2 — 11z + 14 = (2z — 7)(z — 2).



° Apply the logarithm domain

7
The possible roots are —4, 2, and 7 The original logarithms require 2z — 1 > 0 and 14z — 25 > 0,

soxr > 25
14°

0 State the valid solutions

7
Therefore the solutions arex = 2 and & = 5

@ FinaL ANswER

(a) Proven.

(b) —4 is a root of the cubic.
7

(c) z =2, 5



WMA12/01 MAY/JUNE 2022

. Polynomials Main topic: Integration
Question 7

7. f(x)=Ax* +6x*—4x+ B
where 4 and B are constants.
Given that

* (x+2) is a factor of f(x)

. -[ f(x)dx = 176

3

find the value of 4 and the value of B.

(7

WORKED SOLUTION Question 7 - WMA12/01 May/June 2022

0 Use the factor condition
Since (z + 2) is a factor, f(—2) = 0.

° Form the first equation
A(—2)%+6(—2)2—4(-2)+B=0550—84+32+B=0and B=84 — 32.

° Set up the integral
J2(Ae? + 622 — 4z + B) dz = 176.

° Integrate
5

A
[Zx‘l + 223 — 222 + Bx| = 176.
3

o Simplify the second equation
This gives 136 A + 164 + 2B = 176, so 68A + B = 6.

o Solve simultaneously
1
Using B=8A — 32 in 68A + B = 6 gives T6A = 38,50 A = 3



° Find B

1
B—8<5)—32——28.

@ rinAL ANSWER

1
A=—, B=-28
2’



WMA12/01 MAY/JUNE 2022

Question 10 m Polynomials Main topic: Circles

10. The circle C has centre X (3, 5) and radius r
The line / has equation y = 2x + k, where k is a constant.

(a) Show that / and C intersect when

5x2 + (4k — 26)x + k*— 10k + 34 — 12 =0

3
Given that / is a tangent to C,
(b) show that 5% = (k + p)*, where p is a constant to be found.
3)
VA i
B C
A
Y X
Figure 2
The line /
«  cuts the y-axis at the point 4
* touches the circle C at the point B
as shown in Figure 2.
Given that 4B =2r
(¢) find the value of &
(6)

(Total 12 marks)




WORKED SOLUTION Question 10 - WMA12/01 May/June 2022

o Write the circle equation
The circle has centre (3,5) and radius 7, so (z — 3)2 + (y — 5)2 = r2.

Q Substitute the line
On the line, y = 2z + k. Substitution gives (z — 3)2 + (2z + k — 5)2 = rZ.

Expand
2 — 6x + 9 + 422 + 4kx — 20z + k2 — 10k +25 —r2 = 0.

Show the intersection equation
Collecting terms gives 5z2 + (4k — 26)x + k% — 10k + 34 — r2 = 0.

Use tangency

For a tangent, the quadratic has one repeated root, so its discriminant is zero.

Set the discriminant to zero
(4k — 26)2 — 20(I<:2 — 10k + 34 — rz) = 0.

Simplify
This reduces to 2072 — 4k? — 8k — 4 = 0, hence 5r% = (k + 1)2. Therefore p = 1.

Find the tangent point x coordinate
4k —26 13— 2k
2-5 5

For the repeated root, g = —

Use distance AB
The point A is (0, k) and B lies on a line of gradient 2, so AB = /2% + (2z5)2 = V5 5.

Use the radius relation

From5r2 = (k+1)% r = k+1 in the shown configuration.

Apply AB equals two r
13 — 2k E+1
a(557) =2 (F)
5 NG

Solve for k

O 66 00 06 06 0 6 6 60 o

11
Multiplying by v/5 gives 13 — 2k = 2k + 2, s0 k = e



@ FinAL ANsWER

(a) Proven.

(b)5r2=(k+1)%sop=1
11

(¢) k= 1



WMA12/01 JANUARY 2023

. m Polynomials Main topic: Integration
Question 9

9. In this question you must show all stages of your working.

Solutions based entirely on calculator technology are not acceptable.

YVa C
D
R\ & f
E\/F
(0] X

Figure 3

Figure 3 shows

+ the curve C with equation y = x> — 4x + 5

« the line / with equation y =2

The curve C intersects the y-axis at the point D.

(a) Write down the coordinates of D.

(1)
The curve C intersects the line / at the points E and F, as shown in Figure 3.

(b) Find the x coordinate of £ and the x coordinate of F.

(2)
Shown shaded in Figure 3 is
¢ the region R, which is bounded by C, / and the y-axis
¢ the region R, which is bounded by C and the line segments £EF and DF

. area of R, .
Given that ———— =k, where % is a constant,
arca of R,

(c) use algebraic integration to find the exact value of &, giving your answer as a
simplified fraction.

6



WORKED SOLUTION Question 9 - WMA12/01 January 2023

Find D
At the y-axis, z = 0.On C,y = 02 — 4(0) + 5 =5, s0 D = (0, 5).

Find intersections with the line

The line is y = 2, so solve 2 —4x+5=2

Solve the quadratic
:1:2—4m—l-3=0,so(m—1)(:c—3) =0.Hencezg =1landzrp = 3.

Area of R1

R, lies between the curve and the liney =2 fromz =0toz = 1.

Integrate R1
1 1
R, =/ (a:2—4:1:—|—5—2)d.7:=/ (z® — 4z + 3)dz.
0 0

Evaluate R1

3 1o 4
Ri=|——222+3z| == —-24+3=—.
1 [3 :12+:L':|0 3 + 3

Find the line DF
The line through D = (0,5) and F = (3,2) has gradient —1, so its equation is y = 5 — .

Split R2
ForO0 < a <1, Ryis betweeny =5 — x and the curve. For 1 < & < 3, it is between y = 5 — z and
y=2

Integrate R2

1 3
R2=/0 [(5—w)—(m2—4m+5)]dw+/1 [(5 — z) — 2]dz.

Evaluate R2

1 3
R2=/(—:c2—|—3:1:)da:—|—/(3—w)d:1:=%+2=—.
0 1

Find the ratio
__areaof R;  4/3 _ 8

~ areaof Ry, 19/6 19




e FINAL ANSWER
(a) D = (0,5).

(b)zg=1, zr=3.
8



WMA12/01 JANUARY 2024

. m Polynomials Main topic: Laws of Logarithms
Question 6

6. (a) Given that

2log, (x +3) + log, x = log, (4x + 2) + %

show that

A6 +x—4=0

“4)
(b) Given also that —1 is a root of the equation
Xt+ox’+x—4=0
(i) use algebra to find the other two roots of the equation.
3)
(i1)) Hence solve
1
2log, (x +3) + log, x = log, (4x +2) + 3
(1)
WORKED SOLUTION Question 6 - WMA12/01 January 2024

Combine the logarithms
2log,(z + 3) = log,((z + 3)?), so the left side is log, (z(z + 3)?).

Rewrite one half
1

5 = log, 2, so the right side is logy (4 + 2) + log, 2 = log,(8z + 4).
Equate arguments

Therefore z(z + 3)2 = 8z + 4.

Expand
z(z2 +6z+9) =8z +4s0oz®+62>+9z=8z+4



Show the cubic

Rearranging gives 2% + 622 + z — 4 = 0.

Use the given root
Since —1is a root, (z + 1) is a factor of 3 + 6% + = — 4.

Factor the cubic
3+ 622+ —4=(z+1)(z2+ 5z — 4).

Solve the quadratic

z? + 5z —4 = 0givesz =

—5++v25+16 —5++/41
2 B 2

Apply the logarithm domain

—5+ /41

The original log equation requires > 0. The only positive root is £ = >

@ FiNAL ANSWER

—5++/41 —5—+/41
— - v=

(a,) Proven.
dzx =
and

5)(i) = =
B 5= —5+T\/ﬁ



WMA12/01 MAY/JUNE R 2024 m Polynomials

Qu estIOI‘I 6 Main topic: Applications of Differentiation

6. f(x)=4x +px’+8x+g¢g
where p and ¢ are constants.
Given that
* (2x + 3) is a factor of f(x)
* f(x) has a remainder of —5 when divided by (x + 2)
(a) (i) show that p =10

(i1) find the value of g.

5)
(b) Hence find the range of values of x for which f(x) is decreasing.
(Solutions based entirely on calculator technology are not acceptable.)
C))
WORKED SOLUTION Question 6 - WMA12/01 May/June R 2024

° Use the factor theorem

3
Since (2z + 3) is a factor, = 3 is a root.

° Substitute x equals negative three halves
a(=3) 4 p(=3) s (=3) +q=0
2) TP\ 72 2 ) TITT

° Simplify the first condition

—£+2 - 12+ —Osog + _
9 TP I=004yPTI= o~

° Use the remainder theorem
The remainder on division by (z + 2) is f(—2).

° Substitute x equals negative two
f(=2)=4(-8)+4p—16+qg=4p+q—48.



Use the given remainder
4p+q—48 = —5,s04p + g =43.

Solve for p and q

9 51 7 35
Subtract 2P +q= - from 4p + q = 43: aP= 5 sop= 10. Then 4(10) + ¢ = 43, so g = 3.
Differentiate

With p = 10, f(z) = 423 + 1022 + 8z + 3, so f'(z) = 1222 + 20z + 8.

Factor the derivative
f'(z) =4(3z + 2)(z + 1).

Find where decreasing

The quadratic derivative is negative between its roots, so f(z) is decreasing for -1 < & < ——.

3

@ FiNAL ANSWER
(@)(®)p=10
(a)(3t) ¢ = 3.
) -l<z< —%.



WMA12/01 MAY/JUNE R 2024

. m Polynomials Main topic: Laws of Logarithms
Question 9

9. Given that
3log,(t+4)—2log,(t—-2)=7

(a) verify that 1 =4 is a solution of the above equation,

(2)

(b) show that

* 116> + 5601 — 448 = 0

3)

(c) Hence, using algebra and showing your working, solve

3log,(t+4)—2log,(t-2)=7
giving each answer in simplest form.
(Solutions based entirely on calculator technology are not acceptable.)
4)
WORKED SOLUTION Question 9 - WMA12/01 May/June R 2024

0 Verify t equals four
Substitute ¢ = 4: 31log,(8) — 21og,(2) =3(3) —2(1) =T.

° Combine the logarithms

3
3log, (¢ + 4) — 2log,(t — 2) = log, (%)

Use seven as a logarithm
(t+4)3

7 =log,(128), so

(t+4)% = 128(t — 2)2.

o
° Clear the denominator
(s )

Expand
t3 + 12t% + 48t + 64 = 128t2 — 512t + 512.



o Show the cubic
Rearranging gives t3 — 116t2 + 560t — 448 = 0.

o Use the known root

Since t = 4is aroot, (t — 4) is a factor.

o Factor the cubic
t3 — 1162 + 560t — 448 = (t — 4)(¢% — 112t + 112).

o Solve the quadratic

112 + 4/112” — 4(112)

t2 — 112t + 112 =0 gives t = 5

— 56 + 124/21.

0 Use the log domain
The original equation requires t > 2. The value 56 — 124/21 is less than 2, so it is rejected. Hence
t=4ort=>56+12v21

@ FiNAL ANSWER

(a) Verified.

(b) Proven.

()t =4ort=>56+12v21.
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. m Polynomials Main topic: Integration
Question 8

8. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

F 9
y ¢

Figure 1

Figure 1 shows a sketch of part of the curve C| with equation
y=x+3 x>0
and part of the curve C, with equation

9
y=13-— x>0
X
The curves C| and C, intersect at the points P and Q as shown in Figure 1.

(a) Use algebra to find the x coordinate of P and the x coordinate of Q.

C))
The finite region R, shown shaded in Figure 1, is bounded by C, and C,

(b) Use algebraic integration to find the exact area of R.

)



WORKED SOLUTION

Question 8 - WMA12/01 October 2024

Equate the curves

:1:2—|—3:13—%.
€

Clear the denominator

Multiplying by 22 gives z* + 322 = 1322 — 9, so z* — 1022 + 9 = 0.

Factor

letu =22 Thenu? —10u+9=(u—1)(u—9)=0,s0z> =1lorz?=09.

Use x greater than zero

Since > 0, the intersections havex =1 andz = 3. Thuszp = 1 and zg = 3.

Set up the area

3
Between £ = 1 and £ = 3, curve C; is above curve C1, so R = / (13 - % —(z® + 3)) dz.
1 T

Simplify the integrand
3
R= / (10 — z* — 9272) dz.
1

Integrate
3 3
R= [10z—w—+2] .
3 T,
Evaluate
1
R=(30—9+3)— (10—§+9) —24— % _ 16

@ rinaL ANswER

) 5

(@) zp=12z9 =3

16

16
3
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Qu eStiOI‘I 6 Circles

6.
VA
[
=
(@] X
Figure 1
Figure 1 shows a sketch of a circle C with centre N(4, —1).
The line / with equation y = Ex is a tangent to C at the point P.
Find
(a) the equation of line PN in the form y = mx + ¢, where m and ¢ are constants,
)
(b) the equation of C.
3)
WORKED SOLUTION Question 6 - WMA12/01 October 2019

0 Use perpendicular gradients

1
The tangent has gradient 3 so the radius PN has gradient —2.

o Find the equation of PN
Line PN passes through N(4,—1),soy+ 1 = —2(x — 4). Therefore y = —2z + 7.



o Find point P

1 1 14
At P, the tangent y = 5:1: meets the radius y = —2x + 7. Thus 5:1: =—-2zx+7sox= 5 and

° Find the radius squared
14 2T 2 6\> (12\> 36
(5 G = () (5) =
o Write the circle equation

36 36
With centre (4, —1) and radius squared - the circle is (z — 4)2 + (y + 1)2 = =

@ FINAL ANSWER

(@ y=—22+7 (b)(z—4)2+(y+1)?= %



WMA12/01 JANUARY 2020

. Circl
Question 6 Q=) (-

6. The circle C has equation
Xty +ex—4y—-14=0

(a) Find
(i) the coordinates of the centre of C,

(i1) the exact radius of C.

3)
The line with equation y = k, where & is a constant, is a tangent to C.
(b) Find the possible values of £.
(2)
The line with equation y = p, where p is a negative constant, is a chord of C.
Given that the length of this chord is 4 units,
(c) find the value of p.
3)
WORKED SOLUTION Question 6 - WMA12/01 January 2020

0 Complete the square
24+ 6z=(z+3)2—-9andy? —dy=(y—2)2 -4

° Find the centre and radius
The circle becomes (z + 3)2 + (y — 2)2 = 27. Hence the centre is (—3,2) and the radius is

V27 =33

° Use horizontal tangents
A horizontal tangent has equation y = k. The possible tangent levels are one radius above and
below the centre, so k = 2 + 34/3.

o Use half the chord length

The chord has length 4, so half the chord is 2. If the chord is y = p, its perpendicular distance from
the centre is |p — 2.



o Apply Pythagoras
(p—2)%+22=(3v3)2 =27,50 (p— 2)® = 23.

o Choose the negative value
Since p is negative, p = 2 — v/ 23.

@ rinAL ANswWER

(a)(i) (—3,2). (a)(#)3v3. (B)k=2+3V3. (c)p=2—+23



WMA12/01 JANUARY 2021

. Circl
Question 9 QD) (oo

9. A circle C has equation
(x—kY+(y—2kY=k+7
where £ is a positive constant.
(a) Write down, in terms of £,
(1) the coordinates of the centre of C,

(i1) the radius of C.

(2)
Given that the point P(2,3) lies on C
(b) (i) show that 5k — 17k +6 =0
(ii) hence find the possible values of k.
3)
The tangent to the circle at P intersects the x-axis at point 7.
Given that k£ < 2
(c) calculate the exact area of triangle OPT.
3)
WORKED SOLUTION Question 9 - WMA12/01 January 2021

Read the centre and radius
From (z — k)2 + (y — 2k)2 = k + 7, the centre is (k, 2k) and the radius is vk + 7.

Substitute point P
Since P(2, 3) lies on the circle, (2 — k)2 + (3 —2k) 2 =k + 7.

° Show the quadratic
Expanding gives k2 — 4k + 4 + 4k?> — 12k +9 = k + 7, hence 5k%> — 17k + 6 = 0.



Solve for k

2
5k? — 17k +6 = (5k — 2)(k —3) sok= Z ork=3

Use the condition k less than two

. . 2 4
For the tangent calculation, k < 2, so the centre is g, E .

Find the tangent gradient

3—-4/5 11
/ = —, so the tangent gradient is BETE

The radius from the centre to P has gradient
2-2/5 8

Find the x intercept

4
The tangentisy — 3 = —18—1(93 — 2). Setting y = 0 gives x = 4?9, soT = (?9,0).

Calculate the area

49 49 147
Triangle OPT has base 5 on the g-axis and height 3, so its area is 3 8 3= 16

@ rinaL ANswER

2 147

(@) (k,2K). (@) VEFT. B)G)k=80r=. (o) 7

5
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Qu eStiOI‘I 6 Circles

6. A circle has equation
X —6x+y +8+k=0
where £ is a positive constant.

Given that the x-axis is a tangent to this circle,

(a) find the value of £.

3)
The circle meets the coordinate axes at the points R, S and T.
(b) Find the exact area of the triangle RST.
4)
WORKED SOLUTION Question 6 - WMA12/01 May/June 2021

Complete the square
22 — 6z = (x—3)2—9and y® + 8y = (y+4)2 — 16.

Write centre-radius form
The circle becomes (z — 3)2 + (y +4)2 =25 — k.

Use the tangent condition
The centre is (3, —4). Since the z-axis is tangent, the radius is the distance from the centre to the z-

axis, which is 4.

Find k
Thus 25 — k=42 =16,s0k = 9.

Find the intercepts
With k = 9, the circle is (z — 3)2 + (y+ 4)2 = 16. On the z-axis, y = 0, giving = 3.

Find the y-axis points
On the y-axis, £ = 0,50 9 + (y + 4)% = 16. Hencey = —4 + V7.



Calculate the triangle area
The vertical base on the y-axis has length 24/7, and its perpendicular distance to (3, 0) is 3. The area

s %(2\/7)(3) _ 3%

@ FiNAL ANSWER

(@) k=9. (b)3V7.



WMA12/01 OCTOBER 2021

. Circl
Question 6 Q= (-

6. (i) Thecircle C, has equation

X4y +10x— 12y =k where £ is a constant

(a) Find the coordinates of the centre of C,

(2)

(b) State the possible range in values for k.

(2)

(i1) The point P(p, 0), the point O(-2, 10) and the point R(8, —14) lie on a different
circle, C,

Given that

*  pis a positive constant
* QR is adiameter of C,

find the exact value of p.

(4)

WORKED SOLUTION Question 6 - WMA12/01 October 2021

o Complete the square
z? + 10z = (z + 5)% — 25 and y% — 12y = (y — 6)2 — 36.

Write centre-radius form
The circle becomes (z + 5)% + (y — 6)2 = k + 61.

Read the centre
The centre is (—5, 6).

State the range for k
For a circle with positive radius, kK + 61 > 0, so k > —61.

Use the diameter property
If QR is a diameter and P lies on the circle, then ZQPR = 90°.



Use perpendicular vectors

So(Q — P)-(R— P)=0.With P = (p,0), Q@ = (—2,10), and R = (8, —14), this gives
(_2 - D, 10) : (8 — D _14) =0.

Form the quadratic
(=2 —p)(8 — p) — 140 = 0, so p? — 6p — 156 = 0.

° Choose the positive value

6 = v/ 660
p= — = 3 = v/165. Since p is positive, p = 3 + 4/165.

@ rinaL ANswER

(i)(a) (=5,6). (3)(b) k> —61. (i) p =3+ /165.



WMA12/01 JANUARY 2022

. Circl
Question 6 Q=) (-

/F\mzs_ 14)
0 %

R(-7,-26)

0(15, -30)

Figure 1

The points P(23, 14), O(15, -30) and R(-7, —26) lie on the circle C, as shown in Figure 1.

(a) Show that angle POR = 90°

(2)
(b) Hence, or otherwise, find
(1) the centre of C,
(i1) the radius of C.
3)

Given that the point § lies on C such that the distance OS is greatest,

(c) find an equation of the tangent to C at S, giving your answer in the form ax + by +¢=0,
where a, b and c¢ are integers to be found.

3)

WORKED SOLUTION Question 6 - WMA12/01 January 2022

o Find the gradient QP

14 — (—30 44 11
The gradient of QP is ﬁ = ? = 7

0 Find the gradient QR
-26—-(-30) 4 2

The gradient of QR is

—7—-15 —22 11



Show the right angle
The product of the two gradients is —1, so QP is perpendicular to QR and ZPQR = 90°.

Use the diameter
Since the angle at @ is a right angle, PR is a diameter of the circle.

Find the centre
The centre is the midpoint of P(23,14) and R(—7,—26), so it is (8, —6).

Find the radius
PR = 1/30?% + 40% = 50, so the radius is 25.

Find the farthest point from Q
The greatest distance from @ occurs at the point opposite ) on the diameter through the centre.
Thus S = 2(8,—6) — (15, —30) = (1,18).

Find the tangent gradient

) ) 18 — (—6) 24 S
The radius from the centre to S has gradient -8 = = so the tangent gradient is YR

Write the tangent equation

y—18 = %(w — 1), which rearranges to 7z — 24y + 425 = 0.

@ rinaL ANswER

(a) Proven: ZPQR = 90°.
(b)(2) (8,—6). (b)(i2) 25. (c) Tz — 24y + 425 = 0.
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Question 10 (12 maric R

10. The circle C has centre X (3, 5) and radius »
The line / has equation y = 2x + k, where k is a constant.

(a) Show that / and C intersect when

5x2 + (4k — 26)x + k*— 10k + 34 — 12 =0

3
Given that / is a tangent to C,
(b) show that 5% = (k + p)*, where p is a constant to be found.
3)
VA i
B C
A
Y X
Figure 2
The line /
«  cuts the y-axis at the point 4
* touches the circle C at the point B
as shown in Figure 2.
Given that 4B =2r
(¢) find the value of &
(6)

(Total 12 marks)




WORKED SOLUTION Question 10 - WMA12/01 May/June 2022

o Write the circle equation
The circle has centre (3,5) and radius 7, so (z — 3)2 + (y — 5)2 = r2.

Q Substitute the line
On the line, y = 2z + k. Substitution gives (z — 3)2 + (2z + k — 5)2 = rZ

Expand
2 — 6x + 9 + 422 + 4kx — 20z + k2 — 10k +25 — r2 = 0.

Show the intersection equation
Collecting terms gives 5z2 + (4k — 26)x + k% — 10k + 34 — r2 = 0.

Use tangency

For a tangent, the quadratic has one repeated root, so its discriminant is zero.

Set the discriminant to zero
(4k — 26)2 — 20(I<:2 — 10k + 34 — rz) = 0.

Simplify
This reduces to 2072 — 4k? — 8k — 4 = 0, hence 5r% = (k + 1)2. Therefore p = 1.

Find the tangent point x coordinate
4k —26 13— 2k
2-5 5

For the repeated root, g = —

Use distance AB
The point A is (0, k) and B lies on a line of gradient 2, so AB = 4/2% + (2z5)2 = V5 5.

Use the radius relation

From5r2 = (k+1)% r = k+1 in the shown configuration.

Apply AB equals two r
13 — 2k E+1
a(557) =2 (F)
5 NG

Solve for k

O 6 0 06 606 0 6 6 60 o

11
Multiplying by v/5 gives 13 — 2k = 2k + 2, s0 k = e



@ rinaL ANswWER

(a) Proven.

(b)5r2=(k+1)%sop=1
11

(¢) k= 1
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. Circl
Question 9 QD) (oo

9. In this question you must show detailed reasoning.

Solutions relying entirely on calculator technology are not acceptable.

VA

Figure 3

Figure 3 shows

+ the curve C, with equation y = x° — 5x° + 3x + 14
« the circle C, with centre T

The point 7' is the minimum turning point of C,
Using Figure 3 and calculus,

(a) find the coordinates of T

3
The curve C, intersects the circle C, at the point A with x coordinate 2
(b) Find an equation of the circle C,
3
The line / shown in Figure 3, is the tangent to circle C, at 4
(c) Show that an equation of/ is
J’} = l X + 2
373
3)

The region R, shown shaded in Figure 3, is bounded by C), [ and the y-axis.

(d) Find the exact area of R.

(€))



WORKED SOLUTION Question 9 - WMA12/01 October 2022

o Differentiate the cubic
dy

Fory:w3—5w2+3x+14,%:3:1:2—10:1:+3.

0 Find stationary x values
1
3z% — 10z + 3 = O factorsas (3z — 1)(z —3) = 0,50z = 3ore =3.

Identify the minimum
2

d

_d g = 6z — 10. At & = 3, this is positive, so the minimum turning point has & = 3.
T

FindT

Substitute = 3: y = 27 — 45 + 9 + 14 = 5. Hence T' = (3, 5).

Find A
Atz =20onC1,y=8-20+6+14=28s0 A= (2,8).

Find the circle radius
The centre of Cy is T' = (3,5) and it passes through A = (2, 8). Thus
r?=(2-3)%+ (8—5)% =10.

Write the circle equation
Therefore Cy has equation (z — 3)% + (y — 5)2 = 10.

Find the tangent gradient

8 1
The radius T'A has gradient 2_3 = —3, so the tangent at A has gradient 3

Write the tangent equation

1 1 22
Using A =(2,8), y—8 = §($_2)’ soy = §w+?

Set up the area

From z = 0 to & = 2, the cubic is above the line. The required area is
2
1 22
/ [:1:3 — 522 43z +14 — (—:l:—l— —)]d:z:
0 3 3

Simplify the integrand
: . 3 9 8 20
The integrand is ° — bx* + gw + 3



Q Integrate

z?  Bzd N 42 N 20z 12
4 3 3 3

@ FiNAL ANSWER

(a) T = (3,5).

(0) (z —3)* + (y— 5)* = 10.
1 22

(C)y——:zz—l—?

(d)



WMA12/01 JANUARY 2023

. Circl
Question 6 @D (oo

6. The circle C has equation
X +y +8x—4y=0
(a) Find
(i) the coordinates of the centre of C,

(i1) the exact radius of C.

3)
The point P lies on C.
Given that the tangent to C at P has equation x + 2y + 10 =0
(b) find the coordinates of P
4)
(c) Find the equation of the normal to C at P, giving your answer in the form
v = mx + ¢ where m and c are integers to be found.
3)
WORKED SOLUTION Question 6 - WMA12/01 January 2023

o Complete the square
z? + 92 + 8z — 4y = 0 becomes (z +4)2 — 16 + (y — 2)2 —4 = 0.

Write the circle form
So (z +4)? + (y — 2)% = 20.

Read the centre and radius
The centre is (—4,2) and the radius is v/20 = 2+v/5.

Use the tangent gradient
1
The tangent z + 2y + 10 = 0 has gradient —3

Find the radius gradient

The radius to the point of contact is perpendicular to the tangent, so its gradient is 2.



Write the normal through the centre
The radius line through the centre (—4,2) is y — 2 = 2(z + 4), so y = 2z + 10.

Intersect with the tangent
Substitute y = 2z + 10 into ¢ + 2y + 10 = 0: = + 2(2z + 10) + 10 = 0.

Find P
52 +30 =0,s0x = —6. Then y = 2(—6) + 10 = —2, hence P = (—6,—2).

State the normal

The normal at P is the radius line already found, so its equation is y = 2z + 10.

@ FiNAL ANSWER

(

(
(b
(

a)(é) (—4,2).
a)(ii) 2/5.

) P =(-6,-2).
¢) y = 2z + 10.
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Question 7

Circles

Figure 2

Figure 2 shows a sketch of

« the circle C with centre X(4, —3)

+ the line / with equation y = —x — 5

Given that / is the tangent to C at the point N,
(a) show that an equation for the straight line passing through X and N is
2x+5y+7=0
3)
(b) Hence find
(i) the coordinates of N,

(ii) an equation for C.

(3)



WORKED SOLUTION Question 7 - WMA12/01 October 2023

o Use perpendicular gradients

5 2
The tangent [ has gradient 7 so the radius XN is perpendicular to it and has gradient 5

0 Use the centre

2 2
The line through X (4, —3) with gradient oy isy+3= —g(w —4).

Show the required line
Multiplying by 5 gives by + 15 = —2z + 8, so 2z + 5y + 7 = 0.

Usey=§z—%in2m+5y+7=0.

Find x coordinate

o Intersect the radius and tangent

5 55
2z +5 (Ew — 7) + 7 = 0. Multiplying by 2 gives 4z + 25x — 275 + 14 = 0, so 292 = 261
andz = 9.

Find y coordinate
5 ., 55 _45-55

y=501-3 )

= —5,s0 N =(9,-5).

0 Find the radius squared
XN2=(9—-4)2+(-5+3)2=5%+(—2)2=29.

o Write the circle equation
With centre (4, —3) and radius squared 29, the circle is (z — 4)? + (y + 3)% = 29.

@ FiNAL ANSWER

(a) Proven.
(b)(é) N = (9,-5).
(b)(3) (z — 4)* + (y + 3)% = 29.
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. Circl
Question 7 Q=) (-

7. The circle C| has equation
x4y 4+ 8x—10y=29
(a) (i) Find the coordinates of the centre of C,

(ii) Find the exact value of the radius of C,

3)
In part (b) you must show detailed reasoning.
The circle C, has equation
(x—5) +(y+8) =52
(b) Prove that the circles C, and C, neither touch nor intersect.
3)
WORKED SOLUTION Question 7 - WMA12/01 May/June 2024

0 Complete the square
z? + y? + 8z — 10y = 29 becomes (z +4)2 — 16 + (y — 5)% — 25 = 29.

° Write circle C1 in standard form
(x+4)%+ (y—5)* = T10.

Read centre and radius
The centre of Cy is (—4, 5) and its radius is 4/70.

Read C2
Cs has equation (z — 5)% + (y + 8)% = 52, so its centre is (5, —8) and its radius is v/52 = 24/13.

Find distance between centres
The distance between (—4,5) and (5, —8) is /92 + (—13)2 = /250 = 5v/10.

Compare with radii
V70 +2v/13 = 15.58.... ., while 54/10 = 15.81.......



Conclude

The distance between centres is greater than the sum of the radii, so the circles are separate.
Therefore they neither touch nor intersect.

@ FiNAL ANSWER
(a)(?) (—4,5).
(a)(ii) v/70.

(b) The circles neither touch nor intersect.
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Question 10 (10 maric RS

10. The circle C has equation
x4y 4+ 4x - 30y +209=0
(a) Find
(i) the coordinates of the centre of C,

(i1) the exact value of the radius of C.

3)
The line L has equation y = mx + 1, where m is a constant.
Given that L is the tangent to C at the point P,
(b) show that
2m’ —Tm—22=0
3)
(c) Hence find the possible pairs of coordinates of P.
“4)
WORKED SOLUTION Question 10 - WMA12/01 October 2024

Complete the square
z? + y? + 4z — 30y + 209 = 0 becomes (z + 2)2 + (y — 15)2 = 20.

Read the centre and radius
The centre is (—2,15) and the radius is v/20 = 2+/5.

Use the tangent distance
The line y = ma 4 1 can be written as ma — y + 1 = 0. Its distance from (—2, 15) must be 24/5.

Set up the equation for m

—-2)—15+1 —2m — 14

m(=2) “ 1541 _ o 5 I 22m =1,
vm? +1 m? +1

Show the quadratic

Squaring gives 4(m + 7)% = 20(m? + 1). Hence (m + 7)% = 5(m? + 1), so 2m? — Tm — 22 = 0.



o Find the possible gradients

2m2—7m—22=Ogivesm=—2orm=7.

a Use perpendicular radii

A tangent is perpendicular to the radius at the point of contact.

e Find the first point

1 1
Form = —2, the radius gradient is 3 The radius through the centre is y — 15 = 5(:1: + 2). Solving
withy = —22 + 1 gives x = —6 and y = 13.

° Find the second point
11 2 2
Form = - the radius gradient is ——-. The radius through the centre is y — 15 = —ﬁ(w + 2).
71
Solving withy = 7:1: + 1 gives ¢ = 5 andy = 5

@ FiNAL ANSWER
(a)(4) (—2,15).

(a)(i1) 2v/5.
(b) Proven.
(c

) (=6, 13) and (% %)
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. Circl
Question 6 Q=) (-

B(11, 6)

S
o

Figure 2

The point 4 (-1, 2) and the point B (11, 6) both lie on a circle with centre P.

The point M is the midpoint of AB.
Given that the line / passes through M and P, as shown in Figure 2,

(a) find an equation for /, giving your answer in the form y = mx + ¢, where m and ¢
are constants.

4)
Given that P has coordinates (7, k), where k is a constant,

(b) find the value of £,
1)

(¢) find an equation for the circle.

3)



WORKED SOLUTION Question 6 - WMA12/01 January 2025

o Find the midpoint
-1411 2
For A(—1,2) and B(11, 6), the midpoint is M ( ;_ , ;— 6) = (5,4).

0 Find the gradient of AB

6—2 4 1
The gradient of ABIS 11_—(_1) = E = g

° Use the perpendicular bisector

The centre lies on the perpendicular bisector of the chord AB, so line [ has gradient —3 and passes
through M(5, 4).

Find line |
y—4=-3(x—5),soy=—3z+19.

Use the centre coordinates
Since P = (7,k) liesonl, k= —3(7) + 19 = —2.

Find the radius squared
The centre is (7, —2). Using point 4, 72 = (7 — (—1))? + (-2 — 2)? = 8% + (—4)% = 80.

Write the circle equation
Therefore the circle is (z — 7)% + (y + 2)% = 80.

0 FINAL ANSWER

(a) y= -3z +19.

(b) k= —2.

(¢) (z—T7)%+ (y+2)% = 80.
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. Circl
Question 6 Q@ (-

6.
VA
Cl
A(-2, 18)
B(14, 6)
0 %
Figure 2
The points A(-2, 18) and B(14, 6) lie on a circle C| as shown in Figure 2.
Given that 4B is a diameter of the circle C,
(a) find an equation for C, making your method clear.
(5
A circle C, has its centre at the origin.
Given that circles C, and C, touch,
(b) find possible equations for C,
4)
WORKED SOLUTION Question 6 - WMA12/01 October 2025

Find the centre of C one
Since AB is a diameter, the centre is the midpoint of A(—2,18) and B(14, 6). This is (6,12).

Find the radius squared
Using A(—2,18), 7% = (-2 — 6)2 + (18 — 12)% = 64 + 36 = 100.



° Write C one
Therefore C has equation (z — 6)% + (y — 12)2 = 100.

o Find the centre distance
The distance from the origin to (6, 12) is 4/62 + 122 = 6+/5.

o Find possible radii for C two
Since € has radius 10, a circle centred at the origin can touch it with radius 6\/3 —10or 6\/3 + 10.

° Write the equations
Thus Cy can be 2% + y? = (64/5 — 10)% = 280 — 120+/5 or
z2 + % = (6v/5 + 10)2 = 280 + 120+/5.

@ FiNAL ANSWER
(a) (z — 6)% + (y — 12)2 = 100.
(b) 2% + y? = 280 — 120v/5 or 22 + y? = 280 + 120+/5.
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Question 10 m Binomial Expansion

10. (i) (a) Find, in ascending powers of x, the 2nd, 3rd and 5th terms of the binomial
expansion of

(3 + 2x)°
3)
For a particular value of x, these three terms form consecutive terms in a
geometric series.
(b) Find this value of x.
3)
(ii) In a different geometric series,
» the first term is sin’ @
* the common ratio is 2cos#
+ the sum to infinity is 3
(a) Show that
5cos’@—16cosf+3=0
3)
(b) Hence find the exact value of the 2nd term in the series.
3)
WORKED SOLUTION Question 10 - WMA12/01 October 2023

0 Find the second term
The 2nd term of (3 + 2z)% is (§)3%(2z) = 6 - 243 - 2z = 2916z.

° Find the third term
The 3rd term is (3)34(2w)2 =15 - 81 - 422 = 4860z2.

° Find the fifth term
The 5th term is (2)32(2w)4 =15-9-16z* = 2160z,

° Use the geometric condition
For three consecutive terms in a geometric series, the middle term squared equals the product of the

two outer terms.



Set up the equation
(4860z%)2 = (2916x)(2160z*).

Solve for x
48602 15

For th - tri , divide by z4: 48602 = 2916 - 2160 =, = =
or e non zerogeome ric case viae y I X, SO 2916'2160 4

Use the sum to infinity
8

In the different geometric series, first term = sin? , common ratio = 2 cos 6, and So = —

Form the equation
sin®d 8
1—2cosf 5

Use sine squared
5sin? @ = 8(1 — 2 cos #). With sin? = 1 — cos? 6, this becomes 5(1 — cos? §) = 8 — 16 cos 6.

Show the required equation
Rearranging gives 5cos? @ — 16 cos 0 + 3 = 0.

Solve for cosine

1 1
5cos2 0 — 16 cos@ + 3 = 0 gives cos@ = 3 or cosf = 5 The possible value is cos § = 5

Find the second term

1 2 24 2 48
5 25 5 125

The 2nd term is first term times common ratio: sin? (2 cos §) = (1 3

@ rinaL ANswER

a) 2916z, 486022, 2160z*.
15
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Question 8 Arithmetic Sequences

8. In a large theatre there are n rows of seats, where n is a constant.
The number of seats in the first row is a, where a 1s a constant.
In each subsequent row there are 4 more seats than in the previous row so that
* in the 2nd row there are (a + 4) seats
* in the 3rd row there are (a + 8) seats
* the number of seats in each row form an arithmetic sequence
Given that the total number of seats in the first 10 rows is 360

(a) find the value of a.

(2)
Given also that the total number of seats in the n rows is 2146
(b) show that
n +81—1073=0
(2)
(c) Hence
(i) state the number of rows of seats in the theatre,
(i) find the maximum number of seats in any one row.
3)
WORKED SOLUTION Question 8 - WMA12/01 October 2023

o Use the arithmetic sum formula

The first term is @ and the common difference is 4.

Use the first 10 rows

1
S10 = 70(2(14-9 . 4) = 360.

(2
° Find a
0

5(2a + 36) = 360, so 10a + 180 = 360 and a = 18.

Write S n
Sy = %(2(18) +(n—1)4) = %(zm +32) = 2n2 + 16n.



Use the total number of seats
Since the total is 2146, 2n? + 16n = 2146.

Show the equation
Dividing by 2 and rearranging gives n% + 8n — 1073 = 0.

Solve for n

_ —8+/8214(1073) —8+66
_ - _

5 ,son=29orn = —37.

n

Choose the row count

The number of rows must be positive, so there are 29 rows.

Find the maximum row size

The largest row is the last row: 18 4 (29 — 1)4 = 18 + 112 = 130 seats.

@ rinaL ANswER
(a) a = 18.

(b) Proven.

(¢)(2) 29 rows.
(c)(#%) 130 seats.
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Question 8 m Arithmetic Sequences

8. (i) (a) In an arithmetic series the first term is @ and the common difference is d.

Show that

S = g{Za +(n-1)d)}

3)
(b) Hence find
900 + 892 + 884 + ... + 500
3)
(i) Given that the first three terms of a geometric series are
k+4 k-2 11—k
where £ is a constant,
(a) show that
2k*~11k—40=0
3)
Given also that this series is convergent,
(b) find the value of S
C))
WORKED SOLUTION Question 8 - WMA12/01 May/June R 2024

o Write the first and last terms
The first term is @ and the nth term isa + (n — 1)d.

o Use the arithmetic sum formula
n
Sy = £y (first term + last term).

e Show the formula
Therefore S, = %{a Fla+ (n—1)d} = %{20, + (n - 1)d}.

° Identify the arithmetic series
For 900 + 892 4+ 884 + - - - 4+ 500, the first term is 900, the common difference is —8, and the last
term is 500.



o Find the number of terms
500 = 900 + (n — 1)(—8), son — 1 = 50 and n = 51.

Find the sum

51
§ = =5 (900 + 500) = 35700,

Use the geometric condition
For k + 4, k — 2, 11 — k to be consecutive geometric terms, (k — 2)? = (k + 4)(11 — k).

Show the quadratic
k* —4k+4 = —k? 4+ Tk + 44, 50 2k®> — 11k — 40 = 0.

Solve for k

2k2—11k—40=09ivesk=80rk:—g.

Use convergence

1 5
If kK = 8, the terms are 12, 6,3 and the common ratio is £ so the series is convergent. If k = 5

the common ratio is —3, so it is not convergent.

Q Find S infinity
Use k=8 S = 12

=24
1—1/2

@ rinAL ANSWER
(2)(a) Proven.

(3) () 35700,
(i%)(a) Proven.
(42)(b) Soo = 24.
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Qu estIOI‘I 9 Main topic: Trigonometric Equations

9. Solutions based entirely on graphical or numerical methods are not acceptable in
this question.

(i) Solve, for 0 < 6 < 180°, the equation
3sin(20 — 10°) = 1

giving your answers to one decimal place.

4)
(i1) The first three terms of an arithmetic sequence are
sina, and 2sina
tan o
where @ is a constant.
(a) Show that 2cosa = 3sin“«a
3)
Given that © < a < 2m,
(b) find, showing all working, the value of « to 3 decimal places.
(3)
WORKED SOLUTION Question 9 - WMA12/01 October 2019

o Solve the sine equation

. 1
Letu = 260 — 10°. Then sinu = 3

o Find the valid angle values
Since 0 < 8 < 180° —10° < u < 350°. In this interval, u = 19.471...° oru = 160.529.. .°.

° Return to theta

1 (o)
0= % giving @ = 14.7° and 85.3° to one decimal place.



o Use the arithmetic sequence condition

For three consecutive terms of an arithmetic sequence, second minus first equals third minus second.

—sina =2sina —

Hence .
tan o tan o

o Prove the required identity

. ) 1 Cos ¢ 2cosa
= 3 sin «. Since = — , we get —;
tan o tan o sin sin o

2cosa = 3sin? a.

This gives = 3sinq, so

6 Form a quadratic in cos alpha

2

Using sin®a = 1 — cos? @, 2cosa = 3(1 — cos? @), so 3cos? a + 2cosa — 3 = 0.

Q Solve in the given interval

cosa = 3 ; the other root is less than —1. Since T < a < 2w and cosine is positive, ¢ is in

the fourth quadrant.

e State alpha

o= 2ﬂ- — COS_I (M

3 ) = 5.517 radians to 3 decimal places.

@ rinAL ANSWER
(6) 6 =14.7°, 85.3°. (ii)(a) Proven.
(#4)(b) o = 5.517 radians.
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Qu estiOI‘l 8 Main topic: Sequences & Series

8. (i) An arithmetic series has first term ¢ and common difference d.

Prove that the sum to n terms of this series is

“H2a+(n-1)d}

3)
(i) A sequence u, u,, u,,... is given by
u =5n+3(-1)
Find the value of
(a) u,
(1)
59
(b) Yu,
=1 (3)
WORKED SOLUTION Question 8 - WMA12/01 January 2020

0 Write the series forwards
Spn=a+(a+d)+(a+2d)+---+ (a+ (n—1)d).

Write the series backwards
Sp,=(a+n—-1d)+(a+(n—-2)d)+---+a

Add the two forms
Each pair adds to 2a + (n — 1)d, and there are n pairs. Hence 2S,, = n{2a + (n — 1)d}.

Complete the proof
Dividing by 2 gives Sy, = %{2a + (n —1)d}.

Find u5
us = 5(5) +3(—1)> =25 -3 =22



o Sum the sequence
YoniUn =530y n+3300 (-1

Calculate the total
59 - 60

5 27519:1 n=>5- = 8850, and 22921(—1)" = —1. Therefore the total is 8850 — 3 = 8847.

2

@ rinaL ANswWER

(2) Proven.

(i4)(a) 22. (i) (b) 884T.
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Qu estIOI‘I 1 0 Main topic: Modelling with Sequences & Series

10. In this question you must show detailed reasoning.
Owen wants to train for 12 weeks in preparation for running a marathon.
During the 12-week period he will run every Sunday and every Wednesday.

e On Sunday in week 1 he will run 15km
e On Sunday in week 12 he will run 37km

He considers two different 12-week training plans.
In training plan 4, he will increase the distance he runs each Sunday by the same amount.

(a) Calculate the distance he will run on Sunday in week 5 under training plan A.

3)

In training plan B, he will increase the distance he runs each Sunday by the same
percentage.

(b) Calculate the distance he will run on Sunday in week 5 under training plan B.
Give your answer in km to one decimal place.

3
Owen will also run a fixed distance, x km, each Wednesday over the 12-week period.

Given that

e x is an integer
e the total distance that Owen will run on Sundays and Wednesdays over the
12 weeks will not exceed 360km

(c) (i) find the maximum value of x, if he uses training plan A4,

(11) find the maximum value of x, if he uses training plan B.
&)
(Total 11 marks)

WORKED SOLUTION Question 10 - WMA12/01 January 2021

Find the arithmetic difference

Plan A has 12 Sunday runs from 15 km to 37 km, so there are 11 equal increases. The common
7—15 9

diff is ———
ifference is T



Find week five for plan A
Week 5 is the fifth term, so the distance is 15 + 4(2) = 23 km.

Find the geometric ratio

37\ /11
For plan B, 1571 =37 sor = (E) )

Find week five for plan B

37\ Y11
The fifth Sunday distance is 15r* = 15 (1—5) = 20.829.. ., soitis 20.8 km.

Sum the Sunday runs for plan A

12
The arithmetic total is 7(15 +37) =312 km.

Find the Wednesday limit for plan A
The total distance condition gives 312 4 12z < 360, so x < 4. The maximum integer is 4.

Sum the Sunday runs for plan B
12 _
=294.185... km.

The geometric total is 15
r pu—

Find the Wednesday limit for plan B
Now 294.185 ... + 12z < 360, so ¢ < 5.484.... The maximum integer is 5.

@ rinaL ANswWER

(@) 23km. (b)20.8km. (c)(?)xz=4. (c)(it) z=>5.
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Qu estIOI‘I 8 Main topic: Modelling with Sequences & Series

8. A metal post is repeatedly hit in order to drive it into the ground.

Given that
» on the Ist hit, the post is driven 100 mm into the ground
* on the 2nd hit, the post is driven an additional 98 mm into the ground
« on the 3rd hit, the post is driven an additional 96 mm into the ground

+ the additional distances the post travels on each subsequent hit form an
arithmetic sequence

(a) show that the post is driven an additional 62 mm into the ground with the 20th hit.

(1)
(b) Find the total distance that the post has been driven into the ground after 20 hits.
(2)
Given that for each subsequent hit after the 20th hit
+ the additional distances the post travels form a geometric sequence with
common ratio
* on the 22nd hit, the post is driven an additional 60 mm into the ground
(c) find the value of r, giving your answer to 3 decimal places.
(2)
After a total of N hits, the post will have been driven more than 3 m into the ground.
(d) Find, showing all steps in your working, the smallest possible value of N.
4)
WORKED SOLUTION Question 8 - WMA12/01 January 2022

o Use the arithmetic rule
For the first 20 hits, the additional distances form an arithmetic sequence with first term 100 and

common difference —2.

@ show the twentieth hit
The twentieth additional distance is 100 4+ 19(—2) = 62 mm.

° Sum the first twenty hits
2
S0 = 70(100 + 62) = 1620 mm.



Use the geometric information

After the twentieth hit, the distances follow the same ratio, so the twenty second distance is 6272

Find r

62r2 = 60, hence r = \/ % = 0.984 to 3 decimal places.

Set up the remaining distance

More than 3 m means more than 3000 mm. After 20 hits, the remaining amount to exceed is
3000 — 1620 = 1380 mm.

Sum the geometric tail

1 _ m
If there are m further hits, their total is 62r + 6272 + - - - + 62r™ = 62r 1 r,,. .

Find the first m that works
27 r28

1 _
Using 7 = 4/30/31, 62r T

is not enough, but 62r 1

makes the total exceed 3000 mm.

State N
Therefore m = 28 further hits are needed after the first 20, so N = 20 + 28 = 48.

@ FiNAL ANSWER

(a) Proven: 62 mm.
(b) 1620 mm.
(¢c)r=0.984. (d) N =48
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Qu estIOI‘I 7 Main topic: Modelling with Sequences & Series

7. Wheat is grown on a farm.
* In year 1, the farm produced 300 tonnes of wheat.
* In year 12, the farm is predicted to produce 4 000 tonnes of wheat.

Model 4 assumes that the amount of wheat produced on the farm will increase by the
same amount each year.

(a) Using model 4, find the amount of wheat produced on the farm in year 4.
Give your answer to the nearest 10 tonnes.

3)
Model B assumes that the amount of wheat produced on the farm will increase by the
same percentage each year.
(b) Using model B, find the amount of wheat produced on the farm in year 2.
Give your answer to the nearest 10 tonnes.
3)
(c) Calculate, according to the two models, the difference between the total amounts of
wheat predicted to be produced on the farm from year 1 to year 12 inclusive.
Give your answer to the nearest 10 tonnes.
3)
WORKED SOLUTION Question 7 - WMA12/01 January 2024
0 Model A common difference
Model A is arithmetic. From year 1 to year 12 there are 11 equal increases, so
d— 4000 — 300 3700
B 11 o1
a Find year 4 in model A
_ 3700 .
Year 4 is 300 + 3d = 300 + 3 ETH = 1309.09.. ., so the amount is 1310 tonnes to the

nearest 10 tonnes.

° Model B common ratio
Model B is geometric. If the ratio is 7, then 300711 = 4000.



Find the ratio

4 1/11
r= (%) = 1.2655.. ..

Find year 2 in model B

Year 2 is 300r = 379.65 . . ., so the amount is 380 tonnes to the nearest 10 tonnes.

Total for model A

12
Sa= ?(300 + 4000) = 25800 tonnes.

Total for model B

P12 _

S =300 =17935.20... tonnes.

r—

Find the difference
The difference is 25800 — 17935.20... = 7864.79

tonnes.

@ rinAL ANSWER
(a) 1310 tonnes.
(b) 380 tonnes.

(c) 7860 tonnes.

..., which is 7860 tonnes to the nearest 10
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Qu estIOI‘I 7 Main topic: Modelling with Sequences & Series

7. Jem pays money into a savings scheme, 4, over a period of 300 months.

Jem pays £20 into scheme 4 in month 1, £20.50 in month 2, £21 in month 3 and so on,
so that the amounts Jem pays each month form an arithmetic sequence.

(a) Show that Jem pays £69.50 into scheme 4 in month 100

1)
(b) Find the total amount that Jem pays into scheme A over the period of 300 months.
(2)
Kim pays money into a different savings scheme, B, over the same period of
300 months.
In a model, the amounts Kim pays into scheme B increase by the same percentage each
month, so that the amounts Kim pays each month form a geometric sequence.
Given that Kim pays
* £20 into scheme B in month 1
*  £250 into scheme B in month 300
(c) use the model to calculate, to the nearest £10, the difference between the total
amount paid into scheme A4 and the total amount paid into scheme B over the period
of 300 months.
3)
WORKED SOLUTION Question 7 - WMA12/01 October 2024

0 Identify Jem's sequence

Jem's payments are arithmetic with first term 20 and common difference 0.50.

° Show month 100
The month 100 payment is 20 + 99(0.50) = 69.50, so Jem pays £69.50.

Q Sum Jem's payments

Sao0 = %{2(20) +299(0.50)} = 150(189.5) — 28425,

0 Model Kim's payments
Let the common ratio be 7. Since the first payment is 20 and the month 300 payment is 250,
207299 = 250.



o Find the ratio
Thus 729 = 12.5 and r = 12.51/299,

o Sum Kim's payments
300 _

Sp =207

—— withr = 12.5Y29 giving Sp ~ 27362.95.
l"' —_—

Q Find the difference
The difference is 28425 — 27362.95 =~ 1062.05, which is £1,060 to the nearest £10.

@ rinaL ANsWER
(a) Proven.

(b) £28,425.

(c) £1,060.
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Qu estiOI‘l 7 Main topic: Sequences & Series

7: In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(i) A geometric series begins
10+8+64+...

(a) Find the sum to infinity of this series.

(2)
Given that the Ath term of this series is less than 0.0005
(b) use algebra to find the smallest possible value of k.
3)
(i) An arithmetic series begins
850 + 843 + 836 + ...
Given that the sum of the first # terms of this series is S
find the greatest possible value of S
4)
WORKED SOLUTION Question 7 - WMA12/01 May/June 2025

0 Identify the geometric sequence

8
The first term is 10 and the common ratio is 0 =0.8.

Find the sum to infinity

10
Soo = 1-0.8 =90

The kth term is 10(0.8)*L.

(2
° Write the kth term
@

Use the inequality
10(0.8)*~! < 0.0005, so (0.8)F! < 0.00005.



© 0 0 0 O

Solve with logarithms

Taking logarithms gives (k — 1) log(0.8) < log(0.00005). Since log(0.8) < 0,

log(0.
k1> 108(000005) _ )\ a6; .
log(0.8)

Find the smallest integer
Thus k > 45.381 ..., so the smallest possible value is k = 46.

Write the arithmetic sum
For 850 + 843 4+ 836 + : - -, the first term is 850 and the common difference is —7.

FormSn
Sy = %{2(850) F(n—1)(=7)} = %(1707 — 7).

Find the best integer n

1
This quadratic has its maximum nearn = % = 121.928..., so checkn = 122.

Find the greatest sum

122
S1z2 = —~ (1707 — 854) = 61(853) = 52033,

@ FINAL ANSWER

(
(
(

i)(a) 50.

i)(b) 46
11) 52033.
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Qu estIOI‘I 9 Main topic: Modelling with Sequences & Series

9. A company mines lithium.
* inyear 1, the company mined 12400 tonnes of lithium
* inyear 15, the company is predicted to mine 7500 tonnes of lithium

Model 4 assumes that the mass of lithium the company mines will decrease by the same
amount each year.

According to model A4,

(a) find the mass of lithium the company will mine in year 5

3

(b) calculate the total mass of lithium the company will mine from year 1 to year
15 inclusive.

()

Model B assumes that the mass of lithium the company mines will decrease by the same
percentage each year.

(c) Find, according to model B, the mass of lithium the company will mine in year 10.
Give the answer to the nearest 10 tonnes.

3)
According to model B, there is a limit to the total mass of lithium that can be mined.
(d) Calculate the value of this limit. Give the answer to the nearest 100 tonnes.
(2)
WORKED SOLUTION Question 9 - WMA12/01 January 2026

0 Model A as an arithmetic sequence
For Model A, let the common difference be d. Since year 15 is the 15th term, 7500 = 12400 +- 14d.

° Find year 5 for Model A

=20 1412400 — —350. Year 5 is 12400 + 4(—350) = 11000 tonnes.

° Find the total from year 1 to year 15
15
S15 = —(12400 + 7500) = 149250 tonnes.



o Model B as a geometric sequence

1/14
Let the common ratio be 7. Then 7500 = 12400714, so r = (ﬂ> =~ 0.964723.

12400

Q Find year 10 for Model B
Year 10 is 124007 ~ 8975.26, which is 8980 tonnes to the nearest 10 tonnes.

° Find the limiting total

12400
Since 0 < 7 < 1, the sum to infinity is So = T, =~ 351508.1, so the limit is 351500 tonnes to
-7

the nearest 100 tonnes.

@ FiNAL ANSWER
(a) 11000 tonnes.

(b) 149250 tonnes.
(c) 8980 tonnes.
(

d) 351500 tonnes.
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Every past-paper question on this topic, October 2019 to January 2026.
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Qu estion 7 m Geometric Sequences

7. (i) A geometric sequence has first term 4 and common ratio 6
Given that the n" term is greater than 10", find the minimum possible value of x.

3)
(ii) A different geometric sequence has first term ¢ and common ratio .
Given that
« the second term of the sequence is —6
» the sum to infinity of the series is 25
(a) show that
2517 = 25r—6=0
3)
(b) Write down the solutions of
257 =25r—6=0
(1)
Hence,
(c) state the value of r, giving a reason for your answer,
(1)
(d) find the sum of the first 4 terms of the series.
(2)
WORKED SOLUTION Question 7 - WMA12/01 October 2021

0 Write the nth term

The nth term of the first sequence is 4 - 6™ 1.

a Use logarithms

100 —1 4
We need 4-671 > 101 sop — 1 > T OBt

= 127.736. . ..
log; 6

° Choose the smallest integer

Thus 7 must be greater than 128.736 . . ., so the minimum possible value is 129.



Use the second term

6
For the second sequence, ar = —6,soa = ——.
T

Use the sum to infinity
a

1—7r

= 25. Substituting @ = _5 gives —6 = 257(1 — 7).
r

Show the quadratic
Rearranging gives 2572 — 25r — 6 = 0.

Solve forr
1

2572 — 257 — 6 = 0 gives r = g orr = —5
Choose the valid ratio

1
A sum to infinity exists only when |r| < 1,so r = ~5

Find the first term
Since ar = —6, a = 30.

Sum four terms
1—(-1/5)* 624
1-(-1/5) 25°

S4=30

@ FiNAL ANSWER
(G)n=129. (ii)(a

(i) (b) r = g or —

Proven.

N—r

)= —%. ()(d) %

| =
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Qu estio n 6 m Geometric Sequences

27 1!;7 e

6. Ina geometric sequence u , u
* the common ratio is r
* u,tu = 6

. Lt4=8

(a) Show that r satisfies

3rr—4r—4=0
3)
Given that the geometric sequence has a sum to infinity,
(b) find u,
(&)
(c) find S,
2)
WORKED SOLUTION Question 6 - WMA12/01 May/June 2022

0 Write the terms
3

Uy = urT, ug = uir?, and ug = uqrs.

Use u four

. 8
Since ug = 8, u1r® = 8, so ur=—-.
r

Use u two plus u three
uz +ug =ur(l1+7) =6

Show the quadratic

8 8
Substitute u;r = —- to get — (1 +7) = 6. Hence 8 + 8r = 6r% s03r2 —4r —4=0.
T T

Solve forr

2
3r2—4r—4:09ivesr=2orr=—g.



o Choose the sum-to-infinity ratio

2
A sum to infinity requires |r| < 1,sor = -3

° Find u one

2\ 3
uird =8 sou (—g) =8 and u; = —27.

° Find the infinite sum
S = (3] . 27 __E
T 1-r 1+2/3  5°

@ FiNAL ANSWER
(a) Proven: 3r2 —4r — 4 = 0.

81
(b)) ur = —-27. (¢) Soo = —
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Question 8 Geometric Sequences

8. A geometric sequence has first term ¢ and common ratio »

Given that S, = 3a

2
(a) show that » = 3

(2)
Given also that
U, —uy =16
where u, is the k™ term of this sequence,
(b) find the value of §,, giving your answer to one decimal place.
3
WORKED SOLUTION Question 8 - WMA12/01 October 2022

Use the sum to infinity formula

a
For a geometric sequence, S, = 1— The question gives S = 3a.

Find the common ratio

=3a.Sinceu2—U4=16,a7éO,so1 =3andr= —.

1—7r -7

Use u2 minus u4d

us —ug = ar — ard = ar(l — r?) = 16.

Substitute r

B9

Solve for a
2 5 10a 216
¢ — e — = 1 _— = ]_ d = — = 4 .2.
a 39 6, so o7 6 and a 5 3
Find S10

=021 s (1- (2)").



° Evaluate

216 2 92840

10
=3(=\)(1=-(2 _ 4% 197359 . — 19 N : ‘
S10=3 ( 3 ) ( <3) ) 729 127.352...,s0 S1o 7 to 3 significant figures

@ rinaL ANswWER
(a) a = 43.2.
(b) S0 = 127.353...,50 127 to 3 sf.
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Question 7 Geometric Sequences

7. A geometric sequence has first term ¢ and common ratio », where » > 0
Given that
* the 3rd term is 20
* the 5th term is 12.8

(a) show that » = 0.8
(1)

(b) Hence find the value of a.

(2)
Given that the sum of the first # terms of this sequence is greater than 156

(c) find the smallest possible value of n.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

“)

WORKED SOLUTION Question 7 - WMA12/01 January 2023

o Write the given terms

For a geometric sequence, the third term is ar? = 20 and the fifth term is ar* = 12.8.

0 Divide the equations
ar? 128

ar2 20

,sor? = 0.64.

Use r positive
Sincer > 0,r=0.8.

o Find a
Using ar? = 20, a(0.8)2 = 20, s0 a = 20 _ 31.25.
0.64

Write the sum formula
B a(l—r") B 31.25(1 — 0.8") B n
Sp = T, = 02 = 156.25(1 — 0.8™).




o Set up the inequality
We need 156.25(1 — 0.8") > 156.

o Isolate the power

156 624 1
1 —0. n = , 0.871, — .
0-8"> 75625 ~ 625’ *° %" < 25

e Use logarithms

1
nlog(0.8) < log (@) Since log(0.8) < 0, dividing reverses the inequality:
log(1/625)

= 28.85....
log(0.8)

o Choose the smallest integer

The smallest possible integer value is therefore n = 29.

@ FINAL ANSWER
(a) »=0.8.

(b) @ = 31.25.
(¢)n =29.
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Qu estio n 6 m Geometric Sequences

6. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

A software developer released an app to download.

The numbers of downloads of the app each month, in thousands, for the first
three months after the app was released were

2k—15 k  k+4
where £ is a constant.

Given that the numbers of downloads each month are modelled as a geometric series,

(a) show that k* — 7k — 60 =0

()
(b) predict the number of downloads in the 4th month.
4
The total number of all downloads of the app is predicted to exceed 3 million for the
first time in the Nth month.
(c) Calculate the value of N according to the model.
3)
WORKED SOLUTION Question 6 - WMA12/01 May/June 2023

0 Use the geometric condition
For three consecutive terms of a geometric sequence, the middle term squared equals the product of

the outer terms.

° Set up the equation
So k? = (2k — 15)(k + 4).

° Show the required quadratic
Expanding gives k? = 2k? — Tk — 60, hence k2 — Tk — 60 = 0.

o Find k

k? — Tk — 60 = (k — 12)(k + 5) = 0, so k = 12 or k = —5. The download numbers must be
positive, so k = 12.



o Find the common ratio

12 4
The first three monthly values are 9, 12 and 16 thousand. The common ratio is 9 -3

° Predict month four

4 64
The 4th month is 16 - 3 = 3 thousand downloads, which is about 21300 downloads.

Q Write the cumulative total

In thousands, the total after N months is Sy =

o Compare with three million

4
Three million downloads is 3000 thousand, so we need 27 (( 3

I
N———
=2
I
=
N—
\Y
w
=]
=]
S

o Solve the inequality

( 4 ) N 1009 log(1009/9)

> 5 Taking logarithms gives N > log(4/3) =16.405....

3

0 Choose the first month

The first integer month for which the total exceeds 3 million is N = 17.

@ FiNAL ANSWER

(a) Proven.

64
(b) 3 thousand downloads, about 21300 downloads.
() N=17.
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Qu estio n 8 m Geometric Sequences

8. (i) A geometric series has first term ¢ and common ratio .

Prove that the sum of the first n terms of this series S is given by

a(l-r")
1-r

S

n

3)
(ii) A liquid is to be stored in a barrel.

Due to evaporation, the volume of the liquid in the barrel at the end of each year is
8% less than the volume of the liquid in the barrel at the start of the year.

At the start of the first year, the barrel is filled with 150 litres of the liquid.

(a) Show that the amount of the liquid in the barrel at the end of 6 years is
approximately 91 litres.

2)

At the start of each year a new barrel is filled with 150 litres of the liquid so that, at
the end of 40 years, there are 40 barrels containing the liquid.

(b) Calculate the total amount of the liquid, to the nearest litre, in the 40 barrels at
the end of 40 years.

(€)

WORKED SOLUTION Question 8 - WMA12/01 October 2025

o Write S n

S,=a+ar+ar:+.--+ar"L

Multiply by r
rS, =ar+ar? +ar®+ .-+ ar’

2
c Subtract
@

Sp—rSp=a—ar” =a(l—r").

Rearrange
a(l—r") '

(1-7r)S,=a(l—71"),508, = -



Use the yearly multiplier

An 8% decrease each year means the multiplier is 0.92.

Show the amount after six years
After 6 years, the amount is 150(0.92)® = 90.953.. . ., which is approximately 91 litres.

Set up the forty barrel total
At the end of 40 years, the amounts are 150(0.92), 150(0.92)2, . ..,150(0.92).

Sum the geometric sequence
The total is 150(0 gz)L‘gzz10 — 1663.581

. 1—092 — .581....
Round the total

To the nearest litre, the total amount is 1664 litres.

@ FiNAL ANSWER

i1)(a) Approximately 91 litres.
i1)(b) 1664 litres.
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Qu estIOI‘I 1 0 Main topic: Modelling with Sequences & Series

10. In this question you must show detailed reasoning.
Owen wants to train for 12 weeks in preparation for running a marathon.
During the 12-week period he will run every Sunday and every Wednesday.

e On Sunday in week 1 he will run 15km
e On Sunday in week 12 he will run 37km

He considers two different 12-week training plans.
In training plan 4, he will increase the distance he runs each Sunday by the same amount.

(a) Calculate the distance he will run on Sunday in week 5 under training plan A.

3)

In training plan B, he will increase the distance he runs each Sunday by the same
percentage.

(b) Calculate the distance he will run on Sunday in week 5 under training plan B.
Give your answer in km to one decimal place.

3
Owen will also run a fixed distance, x km, each Wednesday over the 12-week period.

Given that

e x is an integer
e the total distance that Owen will run on Sundays and Wednesdays over the
12 weeks will not exceed 360km

(c) (i) find the maximum value of x, if he uses training plan A4,

(11) find the maximum value of x, if he uses training plan B.
&)
(Total 11 marks)

WORKED SOLUTION Question 10 - WMA12/01 January 2021

Find the arithmetic difference

Plan A has 12 Sunday runs from 15 km to 37 km, so there are 11 equal increases. The common
7—15 9

diff is ———
ifference is T



Find week five for plan A
Week 5 is the fifth term, so the distance is 15 + 4(2) = 23 km.

Find the geometric ratio

37\ /11
For plan B, 1571 =37 sor = (E) )

Find week five for plan B

37\ Y11
The fifth Sunday distance is 15r* = 15 (1—5) = 20.829.. ., soitis 20.8 km.

Sum the Sunday runs for plan A

12
The arithmetic total is 7(15 +37) =312 km.

Find the Wednesday limit for plan A
The total distance condition gives 312 4 12z < 360, so x < 4. The maximum integer is 4.

Sum the Sunday runs for plan B
12 _
=294.185... km.

The geometric total is 15
r pu—

Find the Wednesday limit for plan B
Now 294.185 ... + 12z < 360, so ¢ < 5.484.... The maximum integer is 5.

@ rinAL ANsWER

(@) 23km. (b)20.8km. (c)(?)xz=4. (c)(it) z=>5.
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Qu estIOI‘I 8 Main topic: Modelling with Sequences & Series

8. A metal post is repeatedly hit in order to drive it into the ground.

Given that
» on the Ist hit, the post is driven 100 mm into the ground
* on the 2nd hit, the post is driven an additional 98 mm into the ground
« on the 3rd hit, the post is driven an additional 96 mm into the ground

+ the additional distances the post travels on each subsequent hit form an
arithmetic sequence

(a) show that the post is driven an additional 62 mm into the ground with the 20th hit.

(1)
(b) Find the total distance that the post has been driven into the ground after 20 hits.
(2)
Given that for each subsequent hit after the 20th hit
+ the additional distances the post travels form a geometric sequence with
common ratio
* on the 22nd hit, the post is driven an additional 60 mm into the ground
(c) find the value of r, giving your answer to 3 decimal places.
(2)
After a total of N hits, the post will have been driven more than 3 m into the ground.
(d) Find, showing all steps in your working, the smallest possible value of N.
4)
WORKED SOLUTION Question 8 - WMA12/01 January 2022

0 Use the arithmetic rule
For the first 20 hits, the additional distances form an arithmetic sequence with first term 100 and

common difference —2.

@ show the twentieth hit
The twentieth additional distance is 100 4+ 19(—2) = 62 mm.

° Sum the first twenty hits
2
S0 = 70(100 + 62) = 1620 mm.



Use the geometric information

After the twentieth hit, the distances follow the same ratio, so the twenty second distance is 6272

Find r

62r2 = 60, hence r = \/ % = 0.984 to 3 decimal places.

Set up the remaining distance

More than 3 m means more than 3000 mm. After 20 hits, the remaining amount to exceed is
3000 — 1620 = 1380 mm.

Sum the geometric tail

1 _ m
If there are m further hits, their total is 62r + 6272 + - - - + 62r™ = 62r 1 r,,. .

Find the first m that works
27 r28

1 _
Using 7 = 4/30/31, 62r T

is not enough, but 62r 1

makes the total exceed 3000 mm.

State N
Therefore m = 28 further hits are needed after the first 20, so N = 20 + 28 = 48.

@ FiNAL ANSWER

(a) Proven: 62 mm.
(b) 1620 mm.
(¢c)r=0.984. (d) N =48
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QI.I EStiOI‘I 1 0 Main topic: Binomial Expansion

10. (i) (a) Find, in ascending powers of x, the 2nd, 3rd and 5th terms of the binomial
expansion of

(3 + 2x)°
3)
For a particular value of x, these three terms form consecutive terms in a
geometric series.
(b) Find this value of x.
3)
(i1) In a different geometric series,
* the first term is sin’ @
« the common ratio is 2cos#
* the sum to infinity is 3
(a) Show that
5cos’6—16cosh+3=0
3)
(b) Hence find the exact value of the 2nd term in the series.
3)
WORKED SOLUTION Question 10 - WMA12/01 October 2023

o Find the second term
The 2nd term of (3 + 2z)% is (§)3%(22) = 6 - 243 - 22 = 2916z.

° Find the third term
The 3rd term is (5)3%(2z)? = 15 - 81 - 422 = 486022,

° Find the fifth term
The 5th term is (5)32(2z)* = 159 - 162 = 2160z,

0 Use the geometric condition
For three consecutive terms in a geometric series, the middle term squared equals the product of the

two outer terms.



Set up the equation
(4860z%)2 = (2916x)(2160z*).

Solve for x
48602 15

For th - tri , divide by z4: 48602 = 2916 - 2160 =, = =
or e non zerogeome ric case viae y I X, SO 2916'2160 4

Use the sum to infinity
8

In the different geometric series, first term = sin? , common ratio = 2 cos 6, and So = —

Form the equation
sin®d 8
1—2cosf 5

Use sine squared
5sin? @ = 8(1 — 2 cos #). With sin? = 1 — cos? 6, this becomes 5(1 — cos? §) = 8 — 16 cos 6.

Show the required equation
Rearranging gives 5cos? @ — 16 cos 0 + 3 = 0.

Solve for cosine

1 1
5cos2 0 — 16 cos@ + 3 = 0 gives cos@ = 3 or cosf = 5 The possible value is cos § = 5

Find the second term

1 2 24 2 48
5 25 5 125

The 2nd term is first term times common ratio: sin? (2 cos §) = (1 3

@ rinaL ANswER

a) 2916z, 486022, 2160z*.
15
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Qu estIOI‘I 7 Main topic: Modelling with Sequences & Series

7. Wheat is grown on a farm.
* In year 1, the farm produced 300 tonnes of wheat.
* In year 12, the farm is predicted to produce 4 000 tonnes of wheat.

Model 4 assumes that the amount of wheat produced on the farm will increase by the
same amount each year.

(a) Using model 4, find the amount of wheat produced on the farm in year 4.
Give your answer to the nearest 10 tonnes.

3)
Model B assumes that the amount of wheat produced on the farm will increase by the
same percentage each year.
(b) Using model B, find the amount of wheat produced on the farm in year 2.
Give your answer to the nearest 10 tonnes.
3)
(c) Calculate, according to the two models, the difference between the total amounts of
wheat predicted to be produced on the farm from year 1 to year 12 inclusive.
Give your answer to the nearest 10 tonnes.
3)
WORKED SOLUTION Question 7 - WMA12/01 January 2024
0 Model A common difference
Model A is arithmetic. From year 1 to year 12 there are 11 equal increases, so
d— 4000 — 300 3700
B 11 o1
a Find year 4 in model A
_ 3700 .
Year 4 is 300 + 3d = 300 + 3 ETH = 1309.09.. ., so the amount is 1310 tonnes to the

nearest 10 tonnes.

° Model B common ratio
Model B is geometric. If the ratio is 7, then 300711 = 4000.



Find the ratio

4 1/11
r= (%) = 1.2655.. ..

Find year 2 in model B

Year 2 is 300r = 379.65 . . ., so the amount is 380 tonnes to the nearest 10 tonnes.

Total for model A

12
Sa= ?(300 + 4000) = 25800 tonnes.

Total for model B

P12 _

S =300 =17935.20... tonnes.

r—

Find the difference
The difference is 25800 — 17935.20... = 7864.79

tonnes.

@ rinAL ANSWER
(a) 1310 tonnes.
(b) 380 tonnes.

(c) 7860 tonnes.

..., which is 7860 tonnes to the nearest 10
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Qu estIOI‘I 1 0 Main topic: Modelling with Sequences & Series

10. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The number of dormice and the number of voles on an island are being monitored.
Initially there are 2000 dormice on the island.

A model predicts that the number of dormice will increase by 3% each year, so that the
numbers of dormice on the island at the end of each year form a geometric sequence.

(a) Find, according to the model, the number of dormice on the island 6 years after
monitoring began. Give your answer to 3 significant figures.

2
The number of voles on the island is being monitored over the same period of time.

Given that

* 4 years after monitoring began there were 3690 voles on the island

» 7 years after monitoring began there were 3470 voles on the island

* the number of voles on the island at the end of each year is modelled as a
geometric sequence

(b) find the equation of this model in the form
N = ab'

where N is the number of voles, ¢ years after monitoring began and a and b are
constants. Give the value of a and the value of b to 2 significant figures.

3

When ¢ = T, the number of dormice on the island is equal to the number of voles on
the island.

(c) Find, according to the models, the value of 7, giving your answer to
one decimal place.

3

WORKED SOLUTION Question 10 - WMA12/01 May/June 2024

Model the dormice
The dormice model is D = 2000(1.03)".

Find the dormice after six years
D = 2000(1.03)% = 2388.10. . ., so there are 2390 dormice to 3 significant figures.



Set up the vole model
Let the vole model be N = abt.

Use the two data points
Att =4, ab* = 3690. At t = 7, ab” = 3470.

Find b

- . 5 3470 L . ,
Dividing gives b° = 3690 ° b=0.9797.. ., which is 0.98 to 2 significant figures.
Find a
a= 3?)490 =4005.18.. . ., which is 4000 to 2 significant figures.

Write the vole model
So the model is approximately N' = 4000(0.98)®.

Set the two models equal
Use 2000(1.03)T = abT with the unrounded constants from the vole model.

Solve using logarithms
( 1.03 ) T @ o log(a/2000)

b ) ~ 2000°°" T Tog(1.03/b)
Calculate T
Substituting @ = 4005.18...and b = 0.9797... gives T = 13.875...,so T = 13.9 to one decimal
place.

@ rinAL ANSWER
(a) 2390 dormice.

(b) N = 4000(0.98)" to 2 s.f. constants.
(¢) T =13.9.
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Qu estIO n 8 Main topic: Arithmetic Sequences

8. (i) (a) In an arithmetic series the first term is @ and the common difference is d.

Show that

S = g{Za +(n-1)d)

3)
(b) Hence find
900 + 892 + 884 + ... + 500
3)
(i) Given that the first three terms of a geometric series are
k+4 k-2 11—k
where £ is a constant,
(a) show that
2k~ 11k—40=0
3)
Given also that this series is convergent,
(b) find the value of S
“4)
WORKED SOLUTION Question 8 - WMA12/01 May/June R 2024

0 Write the first and last terms
The first term is @ and the nth term isa + (n — 1)d.

° Use the arithmetic sum formula

Sy = %(ﬁrst term + last term).

° Show the formula
Therefore S,, = %{a +la+ (n—1)d]} = %{20, + (n —1)d}.



° Identify the arithmetic series
For 900 4+ 892 + 884 + - - - 4+ 500, the first term is 900, the common difference is —8, and the last
term is 500.

Find the number of terms
500 = 900 + (n — 1)(—8), son — 1 =50 and n = 51.

Find the sum

1
S = 57(900 + 500) = 35700.

Use the geometric condition
Fork+4, k— 2,11 — k to be consecutive geometric terms, (k — 2)2 = (k+4)(11 — k).

Show the quadratic
k> — 4k + 4= —k% + Tk + 44, s0 2k? — 11k — 40 = 0.

Solve for k

5
2k2—11k—4O:09ivesk=80rk:—5.

Use convergence

1 5
If kK = 8, the terms are 12, 6,3 and the common ratio is 7 so the series is convergent. If k = 3

the common ratio is —3, so it is not convergent.

@ Find S infinity
Use k=8 S, = 12

1-1/2

24.

@ rinAL ANSWER
(¢)(a) Proven.

() (b) 35700.
(2)(a) Proven.
(64)(b) Soo = 24.
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Qu estIOI‘I 7 Main topic: Modelling with Sequences & Series

7. Jem pays money into a savings scheme, 4, over a period of 300 months.

Jem pays £20 into scheme 4 in month 1, £20.50 in month 2, £21 in month 3 and so on,
so that the amounts Jem pays each month form an arithmetic sequence.

(a) Show that Jem pays £69.50 into scheme 4 in month 100

1)
(b) Find the total amount that Jem pays into scheme A over the period of 300 months.
(2)
Kim pays money into a different savings scheme, B, over the same period of
300 months.
In a model, the amounts Kim pays into scheme B increase by the same percentage each
month, so that the amounts Kim pays each month form a geometric sequence.
Given that Kim pays
* £20 into scheme B in month 1
*  £250 into scheme B in month 300
(c) use the model to calculate, to the nearest £10, the difference between the total
amount paid into scheme A4 and the total amount paid into scheme B over the period
of 300 months.
3)
WORKED SOLUTION Question 7 - WMA12/01 October 2024

0 Identify Jem's sequence

Jem's payments are arithmetic with first term 20 and common difference 0.50.

o Show month 100
The month 100 payment is 20 + 99(0.50) = 69.50, so Jem pays £69.50.

Q Sum Jem's payments

Sao0 = %{2(20) +299(0.50)} = 150(189.5) — 28425,

0 Model Kim's payments
Let the common ratio be 7. Since the first payment is 20 and the month 300 payment is 250,
207299 = 250.



o Find the ratio
Thus 729 = 12.5 and r = 12.51/299,

o Sum Kim's payments
300 _

Sp =207

—— withr = 12.5Y29 giving Sp ~ 27362.95.
l"' —_—

Q Find the difference
The difference is 28425 — 27362.95 =~ 1062.05, which is £1,060 to the nearest £10.

@ rinaL ANSWER
(a) Proven.

(b) £28,425.

(c) £1,060.
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Qu estiOI‘l 7 Main topic: Sequences & Series

7: In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(i) A geometric series begins
10+8+64+...

(a) Find the sum to infinity of this series.

(2)
Given that the Ath term of this series is less than 0.0005
(b) use algebra to find the smallest possible value of k.
3)
(i) An arithmetic series begins
850 + 843 + 836 + ...
Given that the sum of the first # terms of this series is S
find the greatest possible value of S
4)
WORKED SOLUTION Question 7 - WMA12/01 May/June 2025

0 Identify the geometric sequence

8
The first term is 10 and the common ratio is 0 =0.8.

Find the sum to infinity

10
Soo = 1-0.8 =90

The kth term is 10(0.8)*L.

(2
° Write the kth term
@

Use the inequality
10(0.8)*~! < 0.0005, so (0.8)F! < 0.00005.



© 0 0 0 o

Solve with logarithms

Taking logarithms gives (k — 1) log(0.8) < log(0.00005). Since log(0.8) < 0,

log(0.
k1> 108(000005) _ )\ a6; .
log(0.8)

Find the smallest integer
Thus k > 45.381 ..., so the smallest possible value is k = 46.

Write the arithmetic sum
For 850 + 843 4+ 836 + : - -, the first term is 850 and the common difference is —7.

FormSn
Sy = %{2(850) F(n—1)(=7)} = %(1707 — 7).

Find the best integer n

1
This quadratic has its maximum nearn = % = 121.928..., so checkn = 122.

Find the greatest sum

122
S1z2 = —~ (1707 — 854) = 61(853) = 52033,

@ FINAL ANSWER

(
(
(

i)(a) 50.

i)(b) 46
11) 52033.



WMA12/01 JANUARY 2026 @ Geometric Sequences

Qu estIOI‘I 9 Main topic: Modelling with Sequences & Series

9. A company mines lithium.
* inyear 1, the company mined 12400 tonnes of lithium
* inyear 15, the company is predicted to mine 7500 tonnes of lithium

Model 4 assumes that the mass of lithium the company mines will decrease by the same
amount each year.

According to model A4,

(a) find the mass of lithium the company will mine in year 5

3

(b) calculate the total mass of lithium the company will mine from year 1 to year
15 inclusive.

()

Model B assumes that the mass of lithium the company mines will decrease by the same
percentage each year.

(c) Find, according to model B, the mass of lithium the company will mine in year 10.
Give the answer to the nearest 10 tonnes.

3)
According to model B, there is a limit to the total mass of lithium that can be mined.
(d) Calculate the value of this limit. Give the answer to the nearest 100 tonnes.
(2)
WORKED SOLUTION Question 9 - WMA12/01 January 2026

0 Model A as an arithmetic sequence
For Model A, let the common difference be d. Since year 15 is the 15th term, 7500 = 12400 +- 14d.

° Find year 5 for Model A

=20 1412400 — —350. Year 5 is 12400 + 4(—350) = 11000 tonnes.

° Find the total from year 1 to year 15
15
S15 = —(12400 + 7500) = 149250 tonnes.



o Model B as a geometric sequence

1/14
Let the common ratio be 7. Then 7500 = 12400714, so r = (ﬂ> =~ 0.964723.

12400

Q Find year 10 for Model B
Year 10 is 124007 ~ 8975.26, which is 8980 tonnes to the nearest 10 tonnes.

° Find the limiting total

12400
Since 0 < 7 < 1, the sum to infinity is So = T, =~ 351508.1, so the limit is 351500 tonnes to
-7

the nearest 100 tonnes.

@ FiNAL ANSWER
(a) 11000 tonnes.

(b) 149250 tonnes.
(c) 8980 tonnes.
(

d) 351500 tonnes.
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WMA12/01 JANUARY 2020

Qu estion 8 Sequences & Series

8. (i) An arithmetic series has first term ¢ and common difference d.

Prove that the sum to n terms of this series is

2a+(n-1)d}

3)
(i) A sequence u, u,, u,,... is given by
u =5n+3(-1y
Find the value of
(@) u,
(1)
39
() .,
m=1 (3)
WORKED SOLUTION Question 8 - WMA12/01 January 2020

o Write the series forwards
Spn=a+(a+d)+(a+2d)+---+ (a+ (n—1)d).

Write the series backwards
Spn=(@+n—-1d)+(a+(n—2)d)+---+a

Add the two forms
Each pair adds to 2a + (n — 1)d, and there are n pairs. Hence 25, = n{2a + (n — 1)d}.

Complete the proof
Dividing by 2 gives Sy, = %{2(1 +(n—1)d}.

Find u5
us = 5(5) + 3(—1)5 =25 -3 =22



o Sum the sequence
YoniUn =530y n+3300 (-1

Calculate the total
59 - 60

5 27519:1 n=>5- = 8850, and 22921(—1)" = —1. Therefore the total is 8850 — 3 = 8847.

2

@ rinaL ANsSWER

(2) Proven.

(i4)(a) 22. (i) (b) 884T.



WMA12/01 JANUARY 2021

Qu estion 8 Sequences & Series

8. Asequence a,a,,a,, ...is defined by

a . =2a+3) 7

a =p—3
where p is a constant.

(a) Find an expression for @, in terms of p, giving your answer in simplest form.

e}
Given that Zan =p+15
n=1
(b) find the possible values of a,
(6)
WORKED SOLUTION Question 8 - WMA12/01 January 2021

0 Find a two

Since a; = p — 3, we have a; + 3 = p. Therefore ay = 2(a; + 3)2 —7=2p2-T.

° Find a three
as+3=2p2 —4s0a3=2(2p? —4)2 - 7=8(p?-2)2-7.

Use the given sum
a1 +az+az=p+ 15.

Substitute the expressions
(p—3)+(2p2—T7)+8(p?* -2 -7T=p+15

Simplify
Cancelling p and expanding gives 8p* — 30p? = 0, so 2p?(4p? — 15) = 0.

Find the possible a two values

1 1 1
pr:0,thena2:—7.lfp2=T5,thena2=2-T5—7=§.



@ rinAL ANsWER

(a) ay = 2p* — 7.



WMA12/01 MAY/JUNE 2023

Question 1 1 m Sequences & Series

11. A sequence u , u,, u,, ... is defined by

u_ =b- au,

ntl

where a and b are constants.

(a) Find, in terms of a and b,

(i) u,
(i1) u,
(2)
Given
3
© Yu, =153
n=1
» b=a+9
(b) show that
a —5a—-66=0
3)
(c) Hence find the larger possible value of u,
3)
WORKED SOLUTION Question 11 - WMA12/01 May/June 2023

o Find u2

Using tn+1 = b — auy, and ug = 3, we get ug = b —a(3) = b — 3a.

Find u3
us=b—auz =b—a(b—3a) =b—ab+ 3a’

u1 +u2 +ug = 153,503 + (b — 3a) + (b — ab + 3a?) = 153.

Substitute b equals a plus nine
Using b= a + 9, the left side becomes 3 + (a + 9) — 3a + (a + 9) — a(a + 9) + 3a2.

(2]
° Use the sum condition
(4]



° Simplify

This is 2a2 — 10a + 21, so 2a2 — 10a + 21 = 153.

o Show the required equation
2a? — 10a — 132 = 0. Dividing by 2 gives a®> — ba — 66 = 0.

° Solve for a

a’?—5a—66=(a—11)(a+6) =0,s0a=1lora = —6.

o Find the corresponding u2 values
If @ = 11, then b = 20 and uy = 20 — 3(11) = —13.1fa = —6, then b = 3 and
us = 3 — 3(—6) = 21.

° Choose the larger value

The larger possible value of ug is 21.

@ rinaL ANswER

(a)(2) ug = b — 3a.

(a)(ii) us = b — ab + 3a?.
(b) Proven.
(c) 21.



WMA12/01 MAY/JUNE 2025

Question 7 m Sequences & Series

7: In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(i) A geometric series begins
10+8+64+...

(a) Find the sum to infinity of this series.

(2)
Given that the kth term of this series is less than 0.0005
(b) use algebra to find the smallest possible value of «.
3)
(i) An arithmetic series begins
850 + 843 + 836 + ...
Given that the sum of the first n terms of this series is S,
find the greatest possible value of S
4)
WORKED SOLUTION Question 7 - WMA12/01 May/June 2025

0 Identify the geometric sequence

8
The first term is 10 and the common ratio is — = 0.8.

10

Find the sum to infinity

10
Soo = 108 = 50.

The kth term is 10(0.8)%~1.

Use the inequality
10(0.8)*! < 0.0005, so (0.8)*~! < 0.00005.

(2
° Write the kth term
0



© 00 0 0 O

Solve with logarithms

Taking logarithms gives (k — 1) log(0.8) < log(0.00005). Since log(0.8) < 0,

log(0.
k1> 108(000005) _ )\ a6; .
log(0.8)

Find the smallest integer
Thus k > 45.381 ..., so the smallest possible value is k = 46.

Write the arithmetic sum
For 850 + 843 4+ 836 + : - -, the first term is 850 and the common difference is —7.

FormSn
Sy = %{2(850) F(n—1)(=7)} = %(1707 — 7).

Find the best integer n

1
This quadratic has its maximum nearn = % = 121.928..., so checkn = 122.

Find the greatest sum

122
S1z2 = —~ (1707 — 854) = 61(853) = 52033,

@ FINAL ANSWER

(
(
(

i)(a) 50.

i)(b) 46
11) 52033.



WMA12/01 OCTOBER 2019 Sequences & Series

Qu estiOI‘l 7 Main topic: Laws of Logarithms

7. Given logub = k, find, in simplest form in terms of &,

(i) logﬂ[ﬁ]
b )

(i) log c1‘1b

logd b? (2)

50
(iii) D (k + log, b")

n=1 (3)

WORKED SOLUTION Question 7 - WMA12/01 October 2019

0 Use the given logarithm

Since log, b = k, we can replace every log, b by k.
o Simplify part (i)
1
log,, (%) = log,(a'/?) — log, b = 5 k.

Simplify the numerator and denominator
log,(a?b) = log, a® + log, b = 2 + k, and log,, (®) = 3log, b = 3k.

Write part (ii)
log,(a®b) k+2
log,(b3) 3k

Therefore

Simplify the summand
log, (") = nlog, b = nk, so k +log,(b") = k+nk = (n + 1)k.

Sum the series
S0 (n+1)k=k (Efj’:l n+ 50) = k(1275 + 50) = 1325k.



@ rinAL ANsWER

! o k+2
(2) E_k' (i2) TR (¢42) 1325k.




WMA12/01 OCTOBER 2021 m Sequences & Series

Qu estIO n 7 Main topic: Geometric Sequences

7. (i) A geometric sequence has first term 4 and common ratio 6
Given that the n" term is greater than 10", find the minimum possible value of n.

3)
(ii) A different geometric sequence has first term ¢ and common ratio r.
Given that
» the second term of the sequence is —6
* the sum to infinity of the series is 25
(a) show that
251 =25r—6=0
(&)
(b) Write down the solutions of
2517 =25r—6=0
0]
Hence,
(c) state the value of r, giving a reason for your answer,
(1
(d) find the sum of the first 4 terms of the series.
(2)
WORKED SOLUTION Question 7 - WMA12/01 October 2021

o Write the nth term

The nth term of the first sequence is 4 - 61,

° Use logarithms

100 —1 4
We need 4.6 1 > 10 son — 1 > ~T T 080

=127.736....
Tog g 6 7.736

° Choose the smallest integer

Thus n must be greater than 128.736.. . ., so the minimum possible value is 129.



Use the second term

6
For the second sequence, ar = —6,soa = ——.
T

Use the sum to infinity
a

1—7r

= 25. Substituting @ = _5 gives —6 = 257(1 — 7).
r

Show the quadratic
Rearranging gives 2572 — 25r — 6 = 0.

Solve forr
1

2572 — 257 — 6 = 0 gives r = g orr = —5
Choose the valid ratio

1
A sum to infinity exists only when |r| < 1,so r = ~5

Find the first term
Since ar = —6, a = 30.

Sum four terms
1—(-1/5)* 624
1-(-1/5) 25°

S4=30

@ FiNAL ANSWER
(G)n=129. (ii)(a

(i) (b) r = g or —

Proven.

N—r

)= —%. ()(d) %

| =



WMA12/01 MAY/JUNE 2022

Question 6

m Sequences & Series

Main topic: Geometric Sequences

6. In a geometric sequence U, Uy, Uy, ...
a

¢+ the common ratio is r
* u,tu =6
. u, = 8

(a) Show that r satisfies

3ri—4r—4=90

Given that the geometric sequence has a sum to infinity,

(b) find u,

(c) find S,

WORKED SOLUTION

3)

3)

(2)

Question 6 - WMA12/01 May/June 2022

o Write the terms

Ug = UIT, ug = ’l,lll’l"2

,and ug = uprs.

Use u four

. 8
Since ug = 8, u1r® = 8, s0 u1r = -
r

Use u two plus u three
us +ug =uir(l+r) =6.

Show the quadratic

Solve forr

2
3r2—4r—4=0givesr=2orr=—g.

8 8
Substitute uir = —- to get —2(1 + 1) =6.Hence 8 + 8r = 6r2 so3r2 —4r —4 = 0.
r r



o Choose the sum-to-infinity ratio

2
A sum to infinity requires |r| < 1,sor = -3

° Find u one

2\ 3
uird =8 sou (—g) =8 and u; = —27.

° Find the infinite sum
S = (3] . 27 __E
T 1-r 1+2/3  5°

@ FiNAL ANSWER
(a) Proven: 3r2 —4r — 4 = 0.

81
(b)) ur = —-27. (¢) Soo = —



WMA12/01 OCTOBER 2022 Sequences & Series

Qu estIO n 8 Main topic: Geometric Sequences

8. A geometric sequence has first term ¢ and common ratio »

Given that S, = 3a

2
(a) show that r = 3

(2)
Given also that
U, —u, =16
where u_is the k" term of this sequence,
(b) find the value of §,, giving your answer to one decimal place.
(5)
WORKED SOLUTION Question 8 - WMA12/01 October 2022

Use the sum to infinity formula

a
For a geometric sequence, S, = 1 The question gives Soo = 3a.
—-r

Find the common ratio
a

=3andr= —.

- = 3a. Since ug —uqg = 16, a # 0, so —

Use u2 minus u4d

uy —ug = ar — ard = ar(1 — r?) = 16.

Substitute r

B 8-

Solve for a

2 5 10a 216
agg —16,SOW —16anda,— T —432
Find S10

su= 262 (1 (2)")



° Evaluate

216 2 92840

10
=3(=\)(1=-(2 _ 4% 197359 . — 19 N : ‘
S10=3 ( 3 ) ( <3) ) 729 127.352...,s0 S1o 7 to 3 significant figures

@ rinAL ANsSWER
(a) a = 43.2.
(b) S0 = 127.353...,50 127 to 3 sf.



WMA12/01 JANUARY 2023 Sequences & Series

Qu estIO n 7 Main topic: Geometric Sequences

7. A geometric sequence has first term ¢ and common ratio », where » > 0
Given that
* the 3rd term is 20
* the 5th term is 12.8

(a) show that r = 0.8
(1)

(b) Hence find the value of a.
(2)

Given that the sum of the first # terms of this sequence is greater than 156

(c) find the smallest possible value of n.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

C))

WORKED SOLUTION Question 7 - WMA12/01 January 2023

0 Write the given terms

For a geometric sequence, the third term is ar? = 20 and the fifth term is ar* = 12.8.

o Divide the equations
art  12.8

= — 2 = .
= 20 ,sor 0.64

Use r positive
Sincer >0, r=0.8.

o Find a
Using ar? = 20, a,(0.8)2 =20,s0a = ﬂ = 31.25.
0.64

Write the sum formula
a(l—r")  31.25(1 —0.8")
n — fr == 1 .2 1 - . n .
S - 02 56.25( 0.8")




o Set up the inequality
We need 156.25(1 — 0.8") > 156.

° Isolate the power

156 624 1
1 —0. n = , 0.871, — .
0-8"> 75625 ~ 625’ *° %" < 25

e Use logarithms

1
nlog(0.8) < log (@) Since log(0.8) < 0, dividing reverses the inequality:
log(1/625)

= 28.85....
log(0.8)

o Choose the smallest integer

The smallest possible integer value is therefore n = 29.

@ FiNAL ANSWER
(a) »=0.8.

(b) @ = 31.25.
(¢)n =29.



WMA12/01 OCTOBER 2023 Sequences & Series

Qu estIO n 8 Main topic: Arithmetic Sequences

8.

In a large theatre there are n rows of seats, where » is a constant.

The number of seats in the first row is a, where « is a constant.

In each subsequent row there are 4 more seats than in the previous row so that
* in the 2nd row there are (a + 4) seats

* in the 3rd row there are (a + 8) seats

* the number of seats in each row form an arithmetic sequence

Given that the total number of seats in the first 10 rows is 360

(a) find the value of a.

(2)
Given also that the total number of seats in the # rows is 2146

(b) show that

n+81—1073=0
(2)

(c) Hence
(i) state the number of rows of seats in the theatre,

(i1) find the maximum number of seats in any one row.

3

WORKED SOLUTION Question 8 - WMA12/01 October 2023

o Use the arithmetic sum formula

The first term is @ and the common difference is 4.

0 Use the first 10 rows
10
SlO = ?(20,4- 9. 4) = 360.

c Find a

5(2a + 36) = 360, so 10a + 180 = 360 and a = 18.



Write S n
S, = %(2(18) +(n—1)4) = %(471 +32) = 2n2 + 16n.

Use the total number of seats
Since the total is 2146, 2n? + 16n = 2146.

Show the equation
Dividing by 2 and rearranging gives n? + 8n — 1073 = 0.

Solve for n

—8 4 /82 +4(1073 -8+
n= 2+( )= 8266,son=290rn:—37.

Choose the row count

The number of rows must be positive, so there are 29 rows.

Find the maximum row size
The largest row is the last row: 18 4 (29 — 1)4 = 18 + 112 = 130 seats.

@ riNAL ANSWER
(@) a =18

(
(
(

b) Proven.
c)() 29 rows.
c)(it) 130 seats.
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Qu estion 1 0 m Modelling with Sequences & Series

10. In this question you must show detailed reasoning.
Owen wants to train for 12 weeks in preparation for running a marathon.
During the 12-week period he will run every Sunday and every Wednesday.

e On Sunday in week 1 he will run 15km
e On Sunday in week 12 he will run 37km

He considers two different 12-week training plans.
In training plan 4, he will increase the distance he runs each Sunday by the same amount.

(a) Calculate the distance he will run on Sunday in week 5 under training plan A.

3)

In training plan B, he will increase the distance he runs each Sunday by the same
percentage.

(b) Calculate the distance he will run on Sunday in week 5 under training plan B.
Give your answer in km to one decimal place.

3)
Owen will also run a fixed distance, x km, each Wednesday over the 12-week period.

Given that

e xis an integer
e the total distance that Owen will run on Sundays and Wednesdays over the
12 weeks will not exceed 360 km

(c) (i) find the maximum value of x, if he uses training plan A4,

(i1) find the maximum value of x, if he uses training plan 5.

)
(Total 11 marks)

WORKED SOLUTION Question 10 - WMA12/01 January 2021

Find the arithmetic difference

Plan A has 12 Sunday runs from 15 km to 37 km, so there are 11 equal increases. The common
37—-15
i S

diff i
ifference is 1



Find week five for plan A
Week 5 is the fifth term, so the distance is 15 + 4(2) = 23 km.

Find the geometric ratio

37\ /11
For plan B, 1571 =37 sor = (E) )

Find week five for plan B

37\ Y11
The fifth Sunday distance is 15r* = 15 (1—5) = 20.829.. ., soitis 20.8 km.

Sum the Sunday runs for plan A

12
The arithmetic total is 7(15 +37) =312 km.

Find the Wednesday limit for plan A
The total distance condition gives 312 4 12z < 360, so x < 4. The maximum integer is 4.

Sum the Sunday runs for plan B
12 _
=294.185... km.

The geometric total is 15
r pu—

Find the Wednesday limit for plan B
Now 294.185 ... + 12z < 360, so ¢ < 5.484.... The maximum integer is 5.

@ rinAL ANsWER

(@) 23km. (b)20.8km. (c)(?)xz=4. (c)(it) z=>5.



WMA12/01 JANUARY 2022

. m Modelling with Sequences & Series
Question 8

8. A metal post is repeatedly hit in order to drive it into the ground.

Given that
« on the Ist hit, the post is driven 100 mm into the ground
* on the 2nd hit, the post is driven an additional 98 mm into the ground
* on the 3rd hit, the post is driven an additional 96 mm into the ground

+ the additional distances the post travels on each subsequent hit form an
arithmetic sequence

(a) show that the post is driven an additional 62 mm into the ground with the 20th hit.

(1)
(b) Find the total distance that the post has been driven into the ground after 20 hits.
(2)
Given that for each subsequent hit after the 20th hit
» the additional distances the post travels form a geometric sequence with
common ratio r
« on the 22nd hit, the post is driven an additional 60 mm into the ground
(c) find the value of r, giving your answer to 3 decimal places.
(2)
After a total of N hits, the post will have been driven more than 3 m into the ground.
(d) Find, showing all steps in your working, the smallest possible value of N.
4)
WORKED SOLUTION Question 8 - WMA12/01 January 2022

0 Use the arithmetic rule
For the first 20 hits, the additional distances form an arithmetic sequence with first term 100 and

common difference —2.

o Show the twentieth hit
The twentieth additional distance is 100 + 19(—2) = 62 mm.

° Sum the first twenty hits
2
S0 = ?0(100 + 62) = 1620 mm.



Use the geometric information

After the twentieth hit, the distances follow the same ratio, so the twenty second distance is 6272

Find r

62r2 = 60, hence r = \/ % = 0.984 to 3 decimal places.

Set up the remaining distance

More than 3 m means more than 3000 mm. After 20 hits, the remaining amount to exceed is
3000 — 1620 = 1380 mm.

Sum the geometric tail

1 _ m
If there are m further hits, their total is 62r + 6272 + - - - + 62r™ = 62r 1 r,,. .

Find the first m that works
27 r28

1 _
Using 7 = 4/30/31, 62r T

is not enough, but 62r 1

makes the total exceed 3000 mm.

State N
Therefore m = 28 further hits are needed after the first 20, so N = 20 + 28 = 48.

@ FiNAL ANSWER

(a) Proven: 62 mm.
(b) 1620 mm.
(¢c)r=0.984. (d) N =48
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. m Modelling with Sequences & Series
Question 9

9. A scientist is using carbon-14 dating to determine the age of some wooden items.
The equation for carbon-14 dating an item is given by
N = kA
where
* N grams is the amount of carbon-14 currently present in the item
*  k grams was the initial amount of carbon-14 present in the item

* tis the number of years since the item was made
* Aisaconstant, with 0 < A < 1

(a) Sketch the graph of N against 7 for £ = 1
2)

Given that it takes 5700 years for the amount of carbon-14 to reduce to half'its initial value,

(b) show that the value of the constant / is 0.999878 to 6 decimal places.
(2)

Given that Item A4

* is known to have had 15 grams of carbon-14 present initially
* is thought to be 3250 years old

(c) calculate, to 3 significant figures, how much carbon-14 the equation predicts is
currently in Item A4.

2)

Item B is known to have initially had 25 grams of carbon-14 present, but only 18 grams
now remain.

(d) Use algebra to calculate the age of Item B to the nearest 100 years.

3)



WORKED SOLUTION Question 9 - WMA12/01 May/June 2022

Sketch the model for k equals one
Fork=1, N = A* with 0 < X < 1. The graph starts at (0, 1), decreases as ¢ increases, and tends
towards 0.

1‘/\(

N=M\,0<A<1

Use the half-life information

After 5700 years, N = g s0 kX700 — g

Find lambda

oo 1 1) 1/5700 .
A =3 hence A = 0 = 0.999878 ... so A = 0.999878 to 6 decimal places.

Model item A
Foritem A, k = 15 and £ = 3250, so N = 153250,

Calculate item A

N = 15(0.9998784026 . . .)3250 = 10.103. .. ., so the current amount is 10.1 g to 3 significant
figures.

Set up item B

For item B, 18 = 25!, so A\t = %

Take logarithms

B 18 _ log(18/25)
t].OgA = ].Og (%), sot = W

Round the age
Using A = (1/2)1/57%0 gives ¢ = 2701.. ., so the age is 2700 years to the nearest 100 years.



@ rinaL ANswER

(a) Decreasing exponential through (0, 1).
(5) A = 0.999878.

() 10.1g. (d) 2700 years.



WMA12/01 JANUARY 2024

. m Modelling with Sequences & Series
Question 7

7. Wheat is grown on a farm.
* Inyear 1, the farm produced 300 tonnes of wheat.
* Inyear 12, the farm is predicted to produce 4000 tonnes of wheat.

Model 4 assumes that the amount of wheat produced on the farm will increase by the
same amount each year.

(a) Using model 4, find the amount of wheat produced on the farm in year 4.
Give your answer to the nearest 10 tonnes.

3)
Model B assumes that the amount of wheat produced on the farm will increase by the
same percentage each year.
(b) Using model B, find the amount of wheat produced on the farm in year 2.
Give your answer to the nearest 10 tonnes.
3)
(c) Calculate, according to the two models, the difference between the total amounts of
wheat predicted to be produced on the farm from year 1 to year 12 inclusive.
Give your answer to the nearest 10 tonnes.
3)
WORKED SOLUTION Question 7 - WMA12/01 January 2024

o Model A common difference

Model A is arithmetic. From year 1 to year 12 there are 11 equal increases, so
de 4000 — 300 3700
B 11 o1

° Find year 4 in model A
3700

Year 4 is 300 + 3d = 300 + 3 (T) = 1309.09.. ., so the amount is 1310 tonnes to the

nearest 10 tonnes.

° Model B common ratio
Model B is geometric. If the ratio is 7, then 300r! = 4000.



Find the ratio

4 1/11
r= (%) = 1.2655.. ..

Find year 2 in model B

Year 2 is 300r = 379.65 . . ., so the amount is 380 tonnes to the nearest 10 tonnes.

Total for model A

12
Sa= ?(300 + 4000) = 25800 tonnes.

Total for model B

P12 _

S =300 =17935.20... tonnes.

r—

Find the difference
The difference is 25800 — 17935.20... = 7864.79

tonnes.

@ rinAL ANSWER
(a) 1310 tonnes.
(b) 380 tonnes.

(c) 7860 tonnes.

..., which is 7860 tonnes to the nearest 10
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Qu estion 1 0 m Modelling with Sequences & Series

10. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The number of dormice and the number of voles on an island are being monitored.
Initially there are 2000 dormice on the island.

A model predicts that the number of dormice will increase by 3% each year, so that the
numbers of dormice on the island at the end of each year form a geometric sequence.

(a) Find, according to the model, the number of dormice on the island 6 years after
monitoring began. Give your answer to 3 significant figures.

(2)
The number of voles on the island is being monitored over the same period of time.

Given that

* 4 years after monitoring began there were 3690 voles on the island

* 7 years after monitoring began there were 3470 voles on the island

* the number of voles on the island at the end of each year is modelled as a
geometric sequence

(b) find the equation of this model in the form
N = ab'

where N is the number of voles, ¢ years after monitoring began and a and b are
constants. Give the value of @ and the value of b to 2 significant figures.

3

When ¢ = T, the number of dormice on the island is equal to the number of voles on
the island.

(¢) Find, according to the models, the value of 7, giving your answer to
one decimal place.

3

WORKED SOLUTION Question 10 - WMA12/01 May/June 2024

Model the dormice
The dormice model is D = 2000(1.03)%.

Find the dormice after six years
D = 2000(1.03)% = 2388.10... ., so there are 2390 dormice to 3 significant figures.



Set up the vole model
Let the vole model be N = abt.

Use the two data points
Att =4, ab* = 3690. At t = 7, ab” = 3470.

Find b

- . 5 3470 L . ,
Dividing gives b° = 3690 ° b=0.9797.. ., which is 0.98 to 2 significant figures.
Find a
a= 3?)490 =4005.18.. . ., which is 4000 to 2 significant figures.

Write the vole model
So the model is approximately N' = 4000(0.98)®.

Set the two models equal
Use 2000(1.03)T = abT with the unrounded constants from the vole model.

Solve using logarithms
( 1.03 ) T @ o log(a/2000)

b ) ~ 2000°°" T Tog(1.03/b)
Calculate T
Substituting @ = 4005.18...and b = 0.9797... gives T = 13.875...,so T = 13.9 to one decimal
place.

@ rinAL ANSWER
(a) 2390 dormice.

(b) N = 4000(0.98)" to 2 s.f. constants.
(¢) T =13.9.
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. m Modelling with Sequences & Series
Question 7

7. Jem pays money into a savings scheme, 4, over a period of 300 months.

Jem pays £20 into scheme 4 in month 1, £20.50 in month 2, £21 in month 3 and so on,
so that the amounts Jem pays each month form an arithmetic sequence.

(a) Show that Jem pays £69.50 into scheme 4 in month 100

)
(b) Find the total amount that Jem pays into scheme A over the period of 300 months.
@)
Kim pays money into a different savings scheme, B, over the same period of
300 months.
In a model, the amounts Kim pays into scheme B increase by the same percentage each
month, so that the amounts Kim pays each month form a geometric sequence.
Given that Kim pays
* £20 into scheme B in month 1
*  £250 into scheme B in month 300
(¢) use the model to calculate, to the nearest £10, the difference between the total
amount paid into scheme 4 and the total amount paid into scheme B over the period
of 300 months.
3)
WORKED SOLUTION Question 7 - WMA12/01 October 2024

0 Identify Jem's sequence

Jem's payments are arithmetic with first term 20 and common difference 0.50.

0 Show month 100
The month 100 payment is 20 + 99(0.50) = 69.50, so Jem pays £69.50.

0 Sum Jem's payments

S0 = %{2(20) +299(0.50)} = 150(189.5) = 28425,

o Model Kim's payments

Let the common ratio be 7. Since the first payment is 20 and the month 300 payment is 250,
207299 = 250.



o Find the ratio
Thus 729 = 12.5 and r = 12.51/299,

o Sum Kim's payments
300 _

Sp =207

—— withr = 12.5Y29 giving Sp ~ 27362.95.
l"' —_—

Q Find the difference
The difference is 28425 — 27362.95 =~ 1062.05, which is £1,060 to the nearest £10.

@ rinaL ANsWER
(a) Proven.

(b) £28,425.

(c) £1,060.
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. m Modelling with Sequences & Series
Question 9

9. A company mines lithium.
* inyear 1, the company mined 12400 tonnes of lithium
* inyear 15, the company is predicted to mine 7 500 tonnes of lithium

Model 4 assumes that the mass of lithium the company mines will decrease by the same
amount each year.

According to model A4,

(a) find the mass of lithium the company will mine in year 5

3)

(b) calculate the total mass of lithium the company will mine from year 1 to year
15 inclusive.

2

Model B assumes that the mass of lithium the company mines will decrease by the same
percentage each year.

(c) Find, according to model B, the mass of lithium the company will mine in year 10.
Give the answer to the nearest 10 tonnes.

3)
According to model B, there is a limit to the total mass of lithium that can be mined.
(d) Calculate the value of this limit. Give the answer to the nearest 100 tonnes.
(2)
WORKED SOLUTION Question 9 - WMA12/01 January 2026

o Model A as an arithmetic sequence
For Model A, let the common difference be d. Since year 15 is the 15th term, 7500 = 12400 + 14d.

o Find year 5 for Model A

— 124
d= 7500 11 0 _ —350. Year 5 is 12400 + 4(—350) = 11000 tonnes.

° Find the total from year 1 to year 15

15
Si5 = —(12400 + 7500) = 149250 tonnes.



o Model B as a geometric sequence

1/14
Let the common ratio be 7. Then 7500 = 12400714, so r = (ﬂ> =~ 0.964723.

12400

Q Find year 10 for Model B
Year 10 is 124007 ~ 8975.26, which is 8980 tonnes to the nearest 10 tonnes.

° Find the limiting total

12400
Since 0 < 7 < 1, the sum to infinity is So = T, =~ 351508.1, so the limit is 351500 tonnes to
-7

the nearest 100 tonnes.

@ FiNAL ANSWER
(a) 11000 tonnes.

(b) 149250 tonnes.
(c) 8980 tonnes.
(d) 351500 tonnes.
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Qu estiOI‘l 7 Main topic: Integration

P (kW) 4

3

O“‘/\IlIIIIIIII\}
7 8 9 10 11 12 13 14 15 16 17 ¢ (hours)

Figure 1
Solar panels are installed on the roof of a building.
The power, P, produced on a particular day, in kW, can be modelled by the equation
P=095+2"2+2" " —-12) 85<1<152
where ¢ is the time in hours after midnight. The graph of P against ¢ is shown in Figure 1.

A table of values of ¢ and P is shown below, with the values of P given to 4 significant
figures where appropriate.

Time, ¢

(hours) 10 10.5 11 11.5 12
Power, P

(kW) 1.882 2.45 2.95

(a) Use the given equation to complete the table, giving the values of P to 4 significant
figures where appropriate.

(e

The amount of energy, in kWh, produced between 10:00 and 12:00 can be found by
calculating the area of region R, shown shaded in Figure 1.

(b) Use the trapezium rule, with all the values of P in the completed table, to find an
estimate for the amount of energy produced between 10:00 and 12:00. Give your
answer to 2 decimal places.

“



WORKED SOLUTION Question 7 - WMA12/01 January 2021

o Use the model at t equals ten
P(10) =0.95+272 +2% — (10 — 12)2 = 0.95 +0.25 + 4 — 4 = 1.20.

Use the model at t equals eleven point five
P(11.5) = 0.95 4+ 2795 1+ 205 _ (11.5 — 12)2 = 2.821....

Identify the trapezium width

The time values increase by 0.5, so h = 0.5.

Apply the trapezium rule
The estimate is %{1.20 +2.95 +2(1.882 +2.45+2.821...)}.

Calculate the energy

This gives 4.614. . ., so the estimated energy is 4.61 kWh to 2 decimal places.

@ FiNAL ANSWER
(a) P(10) = 1.20, P(11.5) = 2.821. (b) 4.61 kWh.
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Qu estIO n 6 Main topic: Geometric Sequences

6. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

A software developer released an app to download.

The numbers of downloads of the app each month, in thousands, for the first
three months after the app was released were

2k—15 k k+4

where £ is a constant.
Given that the numbers of downloads each month are modelled as a geometric series,

(a) show that &* — 7k — 60 =0

(2)
(b) predict the number of downloads in the 4th month.
4)
The total number of all downloads of the app is predicted to exceed 3 million for the
first time in the Nth month.
(c) Calculate the value of N according to the model.
3)
WORKED SOLUTION Question 6 - WMA12/01 May/June 2023

o Use the geometric condition
For three consecutive terms of a geometric sequence, the middle term squared equals the product of

the outer terms.

° Set up the equation
So k? = (2k — 15)(k + 4).

° Show the required quadratic
Expanding gives k? = 2k? — 7k — 60, hence k2 — 7k — 60 = 0.

o Find k

k* — 7k — 60 = (k — 12)(k+5) = 0, so k = 12 or k = —5. The download numbers must be
positive, so k = 12.



o Find the common ratio

12 4
The first three monthly values are 9, 12 and 16 thousand. The common ratio is 9 -3

° Predict month four

4 64
The 4th month is 16 - 3 = 3 thousand downloads, which is about 21300 downloads.

a Write the cumulative total

In thousands, the total after N months is Sy =

o Compare with three million

4
Three million downloads is 3000 thousand, so we need 27 (( 3

I
N———
=2
I
=
N—
\Y
w
=]
=]
S

o Solve the inequality

( 4 ) N 1009 log(1009/9)

> 5 Taking logarithms gives N > log(4/3) =16.405....

3

0 Choose the first month

The first integer month for which the total exceeds 3 million is N = 17.

@ FiNAL ANSWER

(a) Proven.

64
(b) 3 thousand downloads, about 21300 downloads.
() N=17.
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Qu estiOI‘l 6 Main topic: Integration

e

(0, 0) (15,0)

(3, 1.52)

(6, 2.74)
(9, 3.12) (12, 3.08)

yv
Figure 1

A river is being studied.
At one particular place, the river is 15m wide.

The depth, y metres, of the river is measured at a point x metres from one side of
the river.

Figure 1 shows a plot of the cross-section of the river and the coordinate values (x, y)

(a) Use the trapezium rule with all the y values given in Figure 1 to estimate the
cross-sectional area of the river.

3)

The water in the river is modelled as flowing at a constant speed of 1.5ms "' across the

whole of the cross-section.

(b) Use the model and the answer to part (a) to estimate the volume of water flowing
through this section of the river each minute, giving your answer in m" to
2 significant figures.

)

Assuming the model,

(c) state, giving a reason for your answer, whether your answer for part (b) is an
overestimate or an underestimate of the true volume of water flowing through this
section of the river each minute.

1)
WORKED SOLUTION Question 6 - WMA12/01 October 2023

Read the strip width
The z values are 0, 3, 6,9, 12,15, so the trapezium width is h = 3.



° Apply the trapezium rule
Area ~ %[0 + 0+ 2(1.52 + 2.74 + 3.12 + 3.08)].

° Find the cross-sectional area
This gives 31.38 m?2.

Convert flow speed to one minute

The speed is 1.5 m 871, so in one minute the water travels 1.5 x 60 = 90 m.

Estimate volume
Volume per minute ~ 31.38 x 90 = 2824.2 m?.

Round the volume
To 2 significant figures, this is 2.8 x 103 m3.

State over or under

It is an underestimate, because the curve between the plotted points lies below the straight-line
trapezium chords in the diagram, so the true cross-sectional area is larger.

0 FINAL ANSWER
(a) 31.38 m?.
(b) 2.8 x 10° m3.

(¢) Underestimate.
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Qu estIOI‘I 8 Main topic: Trigonometric Equations

8. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(1) Solve, for 0 < x < =, the equation
Ssinxtanx + 13 = cosx

giving your answer in radians to 3 significant figures.

()
(i1) The temperature inside a greenhouse is monitored on one particular day.

The temperature, H°C, inside the greenhouse, 7 hours after midnight, is modelled by
the equation

H=10+ 12sin(kt + 18)° 0<r<24
where & is a constant.
Use the equation of the model to answer parts (a) to (c).
Given that
+ the temperature inside the greenhouse was 20°C at 6 am
« 0<k<20

(a) find all possible values for &, giving each answer to 2 decimal places.

4)
Given further that 0 < k < 10

(b) find the maximum temperature inside the greenhouse,

1)
(c) find the time of day at which this maximum temperature occurs.

Give your answer to the nearest minute.

(€9

WORKED SOLUTION Question 8 - WMA12/01 May/June 2024

o Rewrite the trig equation

] 5sin?

Ssinztanzx + 13 = cos £ becomes —— + 13 = cos z.
COS T



0 Multiply by cos x
2

5sin®z + 13 cosz = cos? z.

° Use sine squared

5(1 — cos? z) + 13 cos ¢ = cos?

x,s06cos?2x —13cosz — 5 =0.

0 Solve for cos x

5 1
(2cosz —5)(3cosz+1) =0,s0cosx = 5 Orcosz = —o.
° Choose the valid root
1
cosT = g is impossible, so cosx = 3 ForO0<z<maz=1.9106... soz = 1.91 radians to 3

significant figures.

Use the temperature at 6 am

Att =6, 20 = 10 + 12sin(6k + 18)°, so sin(6k + 18)° = %

Solve for k

sin~? (%) = 56.442...°.Since 0 < k < 20, 18 < 6k + 18 < 138, so 6k + 18 = 56.442... or

123.557.. ..

Find possible k values
This gives k = 6.407... ork =17.592..., s0 k = 6.41 or 17.59 to 2 decimal places.

Use the tighter condition
Given further that 0 < k£ < 10, use k = 6.407... ..

Find the maximum temperature

The maximum value of sin is 1, so the maximum temperature is 10 4+ 12 = 22°C.

Find the time of maximum

2
The maximum occurs when kt + 18 = 90, sot = # = 11.2375. .. hours after midnight.

Convert to time of day

0.2375... hours is 14.25 ... minutes, so the maximum occurs at about 11:14 am.



@ rinaL ANswER
1) £ = 1.91 radians.

(i
(i4)(a) k = 6.41 or 17.59.
(44)(b) 22°C.

(44) () 11:14 am.
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Qu estIOI‘I 9 Main topic: Applications of Differentiation

Figure 2
Figure 2 shows a sketch of an open container.
The sides CDEF and ABFE are rectangles.
The ends ADE and BCF are congruent (identical) right-angled triangles.
The container is made from metal of negligible thickness.
Given that
* AE = BF = 3x metres
« DE = CF = 2x metres
« AB=DC = EF = L metres
and the capacity of the container is 12m’

(a) show that the area of metal used to make the container, Sm’, is given by

s=p+ €
X

where P and Q are positive integers to be found.

“@
Given that x can vary,
(b) use algebraic calculus to find the minimum value of S, giving your answer to
one decimal place.
)

(c) Justify that the value of S found in part (b) is a minimum.

()



WORKED SOLUTION Question 9 - WMA12/01 May/June 2025

o Find the triangular end area

Each end is a right-angled triangle with perpendicular sides 3x and 2z, so its area is

1 2
5(3:0)(23:) = 3z°.

0 Use the capacity

. . . 4
The volume is cross-section area times length, so 3z2L = 12 and L = —
x

Write the metal area

There are two triangular ends with total area 62, and two rectangular sides with total area
3zL + 2zL = 5z L.

Substitute for L
N 4 5 . 20
S=6x°+5zx | — ) =6z —I—?.HenceP=6andQ=20.

$2
Differentiate
2
a8 =12z — 20z 2 = 12z — —0.
dz 2

Find the stationary value of x

20 5
SetZ—S =0:120 = =, soz® = 3

z 2

Evaluate S

/5 20
Atz =4 3 S = 6x2 + - = 25.3029. . ., so the minimum value is 25.3 to one decimal place.

Differentiate again
d*s _3 40

Justify the minimum
40

Sincex > 0,12+ —5 > 0, so the stationary value found is a minimum.
x

@ rinaL ANswER

2
(a)S=6w2+70,soP=6andQ=2O.
(5) 25.3.

(¢) Minimum justified.
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Qu estIO n 8 Main topic: Geometric Sequences

8. (i) A geometric series has first term @ and common ratio r.

Prove that the sum of the first n terms of this series S is given by

a(l-r")
1—r

S

n

3
(11) A liquid is to be stored in a barrel.

Due to evaporation, the volume of the liquid in the barrel at the end of each year is
8% less than the volume of the liquid in the barrel at the start of the year.

At the start of the first year, the barrel is filled with 150 litres of the liquid.

(a) Show that the amount of the liquid in the barrel at the end of 6 years is
approximately 91 litres.

2

At the start of each year a new barrel is filled with 150 litres of the liquid so that, at
the end of 40 years, there are 40 barrels containing the liquid.

(b) Calculate the total amount of the liquid, to the nearest litre, in the 40 barrels at
the end of 40 years.

3)

WORKED SOLUTION Question 8 - WMA12/01 October 2025

o Write S n

Sp=a+ar+ar?+---+ar"L

0 Multiply by r
rS, =ar+ar’+ard+---+ar™

° Subtract

Sp—1rSp=a—ar" =a(l —r").

° Rearrange

(1— )8, = a(l — ) s0 5, = L=

1—7r



Use the yearly multiplier

An 8% decrease each year means the multiplier is 0.92.

Show the amount after six years
After 6 years, the amount is 150(0.92)® = 90.953.. . ., which is approximately 91 litres.

At the end of 40 years, the amounts are 150(0.92), 150(0.92)2, . ..,150(0.92).

Sum the geometric sequence

1—0.9240
The total is 150(0.92)% = 1663.581. ...

©
©
° Set up the forty barrel total
o
o

Round the total

To the nearest litre, the total amount is 1664 litres.

@ FiNAL ANSWER

(
(¢2)(a) Approximately 91 litres.
(

i1)(b) 1664 litres.




Laws of Logarithms
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Qu estio n 7 Laws of Logarithms

7. Given logub = k, find, in simplest form in terms of &,

(i) logﬂ[ﬁ]
b 2)

(ii) log_ a‘f)

log b )

50
(iii) Y (k +log_b")

n=1 (3)

WORKED SOLUTION Question 7 - WMA12/01 October 2019

0 Use the given logarithm

Since log, b = k, we can replace every log, b by k.

° Simplify part (i)
log, (%) = log,(a/?) —log, b= % —k

Simplify the numerator and denominator
log,(a2b) = log, a® + log, b = 2 + k, and log, (b®) = 3log, b = 3k.

Write part (i)
log,(a®b) k+2
log, (%) 3k

Therefore

Simplify the summand
log,(b™) = nlog, b= nk, so k+log,(b") = k+ nk = (n + 1)k.

Sum the series
TR (n+1k=k (zf[’:l n+ 50) = k(1275 + 50) = 1325k.



@ rinaL ANswER

! o k+2
(2) E_k' (i2) TR (¢42) 1325k.
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Question 9

Laws of Logarithms

9. (a) Sketch the curve with equation
y=3x4

showing the coordinates of any points of intersection with the coordinate axes.

(2)

. . I-x . . x
The curve with equation y = 6  meets the curve with equation y = 3 X 4 at the
point P.

log,, 2

(b) Show that the x coordinate of P is
log, 24 (5)

WORKED SOLUTION Question 9 - WMA12/01 January 2020

o Describe the sketch
y = 3 X 4% is an increasing exponential curve. At £ = 0, y = 3, so the curve crosses the y-axis at

(0, 3) and has no z-axis intersection.

Equate the two curves
At P, 6172 = 3 x 4%,

Take logarithms
(1 —z)logyy6 =logyy3 + zlogyp 4



o Collect the x terms
log, 6 — log;; 3 = z(logo 4 + logy, 6).

° Simplify the logarithms
loglo 6 — loglo 3= ]'OglO 2 and ].Oglo 4 + ].Oglo 6 = loglo 24.

o State the x coordinate
log, 2

Therefore z = 10g10 o1

@ rFinAL ANSWER
(@) Increasing exponential curve through (0, 3), with no z-axis intersection.

logo 2
(b)z = log24
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Question 7 EED ( avs of Logarithms

7. (a) Given that
3log,(2x — 1) = 2 + log,(14x — 25)

show that

20 —3x*=30x+56=0

4)
(b) Show that —4 is a root of this cubic equation.
(2)
(c) Hence, using algebra and showing each step of your working, solve
3log,(2x — 1) = 2 + log,(14x — 25)
4)
WORKED SOLUTION Question 7 - WMA12/01 May/June 2021

0 Use the power law
3logs(2z — 1) = logg(2z — 1)3.

° Rewrite two as a logarithm
Since 2 = logs 9, the right side is logs 9 + logs (14 — 25) = logs{9(14x — 25)}.

Equate the arguments
So (2z — 1)3 = 9(14z — 25).

Expand and simplify
8x3 — 1222 4+ 6z — 1 = 126 — 225, which simplifies to 2z3 — 322 — 30z + 56 = 0.

Check the given root
Substituting € = —4 gives 2(—64) — 3(16) — 30(—4) + 56 = 0, so —4 is a root.

Factorise the cubic
Dividing by (z + 4) gives 2z2 — 11z + 14 = (2z — 7)(z — 2).



° Apply the logarithm domain

7
The possible roots are —4, 2, and 7 The original logarithms require 2z — 1 > 0 and 14z — 25 > 0,

soxr > 25
14°

° State the valid solutions

7
Therefore the solutions arex = 2 and & = 5

@ FinaL ANswER

(a) Proven.

(b) —4 is a root of the cubic.
7

(c) z =2, 5
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Qu estion 1 0 Laws of Logarithms

10. Given a = log,3

(i) write, in simplest form, in terms of «,

(a) log,9
3
b) log,
(b) log, ( T
3)
(11) Solve
3 x27=6
giving your answer, in simplest form, in terms of a.
“4)
WORKED SOLUTION Question 10 - WMA12/01 October 2022

Use the power rule for log 2 of 9
log, 9 = log,(32%) = 2log, 3 = 2a.

° Split the second logarithm

V3
log, (E = log(3'/%) — log;(16).

Simplify in terms of a

1
log,(3%/2) = Elogz 3= % and log,(16) = 4, so the expression is % -4

Take log base 2 of both sides
For 3% x 22+% — 6, take log, of both sides: log,(3%) + log,(2%4) = log, 6.

Rewrite each term
log,(3%) = za, log,(2*™) = z + 4, and log, 6 = log,(2-3) =1 +a.

Solve for x

-3
Soxa+z+4=a+1 Hencez(a+1)=a—3,givingm=aﬁ.
a



0 FINAL ANSWER

(¢)(a) 2a.\quad (7)(b) % _ 4)\quad (i) z = a—3

a+1
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Question 6 @D (1o of Logarithms

6. (a) Given that

2log, (x +3) + log, x = log, (4x + 2) + %

show that

A6 +x—4=0

“4)
(b) Given also that —1 is a root of the equation
Xt+ox’+x—4=0
(i) use algebra to find the other two roots of the equation.
3)
(i1)) Hence solve
1
2log, (x +3) + log, x = log, (4x +2) + 3
(1)
WORKED SOLUTION Question 6 - WMA12/01 January 2024

Combine the logarithms
2log,(z + 3) = log,((z + 3)?), so the left side is log, (z(z + 3)?).

Rewrite one half
1

5 = log, 2, so the right side is logy (4 + 2) + log, 2 = log,(8z + 4).
Equate arguments

Therefore z(z + 3)? = 8z + 4.

Expand
z(z2 +6z+9) =8z +4s0oz®+62>+9z =8z +4



Show the cubic

Rearranging gives z% + 622 + z — 4 = 0.

Use the given root
Since —1is a root, (z + 1) is a factor of 3 + 62% + = — 4.

Factor the cubic
3+ 622+ —4=(z+1)(z2+ 5z — 4).

Solve the quadratic

z? + 5z —4 = 0givesz =

—5++v25+16 —5++/41
2 B 2

Apply the logarithm domain

—5+ /41

The original log equation requires > 0. The only positive root is & = >

@ FiNAL ANSWER

—5++/41 —5—+/41
— - v=

(a,) Proven.
dzx =
and

5)(i) = =
B 5= —5+T\/ﬁ
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Question 9 @D (1o of Logarithms

9. Given that
3log,(t+4)—2log,(t—-2)=7

(a) verify that 1 =4 is a solution of the above equation,

(2)

(b) show that

* 116> + 5601 — 448 = 0

3)

(c) Hence, using algebra and showing your working, solve

3log,(t+4)—2log,(t-2)=7
giving each answer in simplest form.
(Solutions based entirely on calculator technology are not acceptable.)
4)
WORKED SOLUTION Question 9 - WMA12/01 May/June R 2024

0 Verify t equals four
Substitute ¢ = 4: 31log,(8) — 21og,(2) =3(3) —2(1) =T.

o Combine the logarithms

3
3log, (¢ + 4) — 2log,(t — 2) = log, (%)

Use seven as a logarithm
(t+4)3

7 =log,(128), so

(t +4)3 = 128(t — 2)2.

o
° Clear the denominator
(s )

Expand
t3 + 12t% + 48t + 64 = 128t2 — 512t + 512.



o Show the cubic
Rearranging gives t3 — 116t2 + 560t — 448 = 0.

° Use the known root

Since t = 4is aroot, (t — 4) is a factor.

° Factor the cubic
t3 — 1162 + 560t — 448 = (t — 4)(¢% — 112t + 112).

e Solve the quadratic

112 + 4/112” — 4(112)

t2 — 112t + 112 =0 gives t = 5

— 56 + 124/21.

0 Use the log domain
The original equation requires t > 2. The value 56 — 124/21 is less than 2, so it is rejected. Hence
t=4ort=>56+12v21

@ FiNAL ANSWER

(a) Verified.

(b) Proven.

()t =4ort=>56+12v21.
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Question 6 @D (1o of Logarithms

6. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
Using the laws of logarithms, solve

log, (12 —2x) =2 + 2log, (x + 1)
(3)

WORKED SOLUTION Question 6 - WMA12/01 October 2024

State the domain
The logarithms require 12 — 2z > 0andz+1 > 0,50 -1 < z < 6.

Combine the right hand side
2 =log,(16), so 2 + 2log,(z + 1) = log, (16(z + 1)?).

Equate the arguments
logy(12 — 2z) = log, (16(z + 1)?) gives 12 — 2z = 16(z + 1)%.

Form the quadratic
12 — 22 = 1622 + 322 + 16,s0 8z2 + 1Tz +2 = 0.

Factor and solve

2 _ _ _ L
8z°+ 17z +2= 8z +1)(x+2) =050z g o'z = 2.

Check the domain

The value = —2 is outside —1 < < 6, so the solutionis £ = -3

@ riNAL ANSWER

1

===

3
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Question 7 @D ( ows of Logarithms

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(i) The table below shows values of x and y, where y = log, (x + 5), for x values
between —1 and 4

X -1 0 1 2 3 4

y=log, (x+5) | log, 4 | log, S | log,6 | log,7 | log 8 | log 9

10

Using the trapezium rule with all the y values in the given table, show that
4
I log,,(x +5)dx = log,, k
-1

where £ is an integer to be found.

3)
(i) Find the value of @ such that
2logs (5 — a) — logs(a + 25) =1
(5)
WORKED SOLUTION Question 7 - WMA12/01 January 2025

0 Use the trapezium rule
The width is 1, so

4
1
/ logyg(z + 5) dz =~ 5{10810 4 +1logy9 9 + 2(logyy 5 + logy 6 +logy, 7+ logy, 8) }
-1

o Combine the logarithms
This is logyq (\/4 X9 XHX6XTx 8).

Find k
V4iXx9Ix5Ex6xTx8=6x 1680 = 10080, so k = 10080.



State the domain
The logarithms require 5 —a > 0anda 4+ 25 > 0,s0 —25 < a < 5.

Combine the logarithms

5—a)?
2logs(5 — a) — logs(a + 25) = logy ((a—l——2;)

Use one as a logarithm

(5—a)?

a5 2

1 =logs 5, so

Form the quadratic
(5 —a)? = 5(a + 25), so a? — 10a + 25 = 5a + 125. Hence a? — 15a — 100 = 0.

Solve and check
(a —20)(a+5) =0s0a =200ra= —5.0nlya = —5is in the domain, so a = —5.

@ rinAL ANSWER
(3) k = 10080.
(i) a = —5.
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Qu estio n 6 m Laws of Logarithms

6: In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

(i) Solve

x+11
2log, (4-x) =3+ logz( > J

(3)
(i) The curves C, and C, with equations
y=3""" and y=6x3"

meet at the point P.

Find the exact coordinates of P, writing your answer in the form (log,a, b)

where a and b are integers.
()

WORKED SOLUTION Question 6 - WMA12/01 May/June 2025

State the domain

11
T+ >0,s0—-11 <z < 4.

The logarithms require 4 — z > 0 and

11 11
2log,(4 — z) = logy((4 — z)?) and 3 + log, (z —; ) = log, (8 VX -; )

Equate the arguments
Thus (4 — z)2 = 4(z + 11).

Solve the quadratic
z? — 8z + 16 = 4z + 44, so 22 — 12z — 28 = 0. Hence (z — 14)(z + 2) = 0.

Check the domain

The root 14 is outside the domain, so £ = —2.

Equate the curves
At P, 3%2+1 = 6 x 3°.



° Let u equal 3 to the x
Let u = 3%. Then 3%22*1 = 3u?, so 3u? = 6uw.

° Find u

Since u > 0, divide by 3u to get u = 2. Hence 3* = 2 and ¢ = logg 2.

o Findy

y=6x3%=6x2=12so P = (logz2,12).

@ FiNAL ANSWER
(i) z = -2
(i3) P = (logz 2,12).
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Qu estio n 9 m Laws of Logarithms

9. In this question you must show detailed reasoning.
Solutions relying on calculator technology are not acceptable.

(i) Solve

2log(4x +5) —log,(x +3) =2

(3)
(i) Given that @ > 0, b > 0 and
log,,a+log  b=log (a+b)
b
(a) prove that a= 1
- 3
(b) Hence write down the full restriction on the value of b, giving a reason for
your answer.
(2)
WORKED SOLUTION Question 9 - WMA12/01 October 2025

o State the domain

5
The logarithms require4z +5 > 0andz+3 > 0,s0z > T

0 Combine the logarithms

4 5)2
2logs (4 + 5) — logs(z + 3) = logs (M)

z+3

Use two as a logarithm
(4z+5)*

9.
+3

2 =logz 9, so

(4z + 5)% = 9(z + 3), so 16x2 + 40z + 25 = 9z + 27. Hence 1622 + 31z — 2 = 0.

Solve the quadratic

o
° Form the quadratic
©

1
16w2—|—31:1:—2=(16:1:—1)(:v—|—2):0,so:1:=Eorw=—2.



o Check the domain

1
= —2is outside the domain, so x = 1_6

° Use the logarithm equation
log;p a + logy b = logyo(a + b) gives log;y(ab) = log;(a + b).

Equate the arguments

Since the logarithm function is one-to-one, ab = a + b.

ab —a = b,s0 a(b— 1) = band therefore a = =1

Restrict b

o
o Rearrange for a
o

Givena > 0 and b > 0, the fraction

b . . . .
— must be positive. Since the numerator is positive, the
denominator must also be positive, so b > 1.

@ FiNAL ANSWER

(i)w:1—16.

(i)
(i)

a) Proven.

(
(b)b> 1.
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Question 7 @) ( ows of Logarithms

7. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(i) Find the exact solution of the equation
8% =20

giving the answer in the form a + blog,5 where @ and b are rational constants.

4)
(i) Using the laws of logarithms, solve the equation
log, (13 +2y) + 3 =2log, (4 —y)
(3
WORKED SOLUTION Question 7 - WMA12/01 January 2026

Take logarithms base 2
From 82%~5 = 20, take log, of both sides to get (2z — 5) log, 8 = log, 20.

Simplify the logarithms
Since log, 8 = 3 and log, 20 = log,(4 - 5) = 2 + log, 5, we get 3(2z — 5) = 2 + log, 5.

Solve for x

17 1
6z — 15 =2+ logy 5, so 6z =17+ log, 5 and x = ?—i—glogz&

Use log laws
3 =logz 27 and 2log;(4 — y) = logs(4 — y)2.

Remove the logarithms
logs(13 + 2y) + logs 27 = logs(4 — y)2, so 27(13 + 2y) = (4 — y)2.

Solve the quadratic
351 + 54y = y?> — 8y + 16, hence y?> — 62y — 335 = 0 = (y — 67)(y + 5).

Check the logarithm domains
We need 13 4+ 2y > 0 and 4 — y > 0. Therefore y = 67 is not valid, and the solution is y = —5.



@ rinAL ANsWER

1 1
(i)z = ?7 + Slogy5. (i6)y=—5



WMA12/01 MAY/JUNE 2022 m Laws of Logarithms

Qu estIOI‘I 9 Main topic: Modelling with Sequences & Series

9. A scientist is using carbon-14 dating to determine the age of some wooden items.
The equation for carbon-14 dating an item is given by

N= k&'

where

* N grams is the amount of carbon-14 currently present in the item
*  k grams was the initial amount of carbon-14 present in the item

* ¢ is the number of years since the item was made
 Jisaconstant, with 0 < A < 1

(a) Sketch the graph of N against ¢ for k= 1
(2)

Given that it takes 5700 years for the amount of carbon-14 to reduce to half its initial value,

(b) show that the value of the constant A is 0.999878 to 6 decimal places.
(2)

Given that Item 4

* is known to have had 15 grams of carbon-14 present initially
* is thought to be 3250 years old

(c) calculate, to 3 significant figures, how much carbon-14 the equation predicts is
currently in Ttem A.

(2)

Item B is known to have initially had 25 grams of carbon-14 present, but only 18 grams
now remain.

(d) Use algebra to calculate the age of Item B to the nearest 100 years.

3)



WORKED SOLUTION Question 9 - WMA12/01 May/June 2022

Sketch the model for k equals one
Fork=1, N = A* with 0 < X < 1. The graph starts at (0, 1), decreases as ¢ increases, and tends
towards 0.

1‘/\(

N=M\,0<A<1

Use the half-life information

After 5700 years, N = g s0 kX700 — g

Find lambda

oo 1 1) 1/5700 .
A =3 hence A = 0 = 0.999878 ... so A = 0.999878 to 6 decimal places.

Model item A
Foritem A, k = 15 and £ = 3250, so N = 153250,

Calculate item A

N = 15(0.9998784026 . . .)3250 = 10.103. .. ., so the current amount is 10.1 g to 3 significant
figures.

Set up item B

For item B, 18 = 25!, so A\t = %

Take logarithms

B 18 _ log(18/25)
t].OgA = ].Og (%), sot = W

Round the age
Using A = (1/2)1/57%0 gives ¢ = 2701.. ., so the age is 2700 years to the nearest 100 years.



@ rinaL ANswER

(a) Decreasing exponential through (0, 1).
(5) A = 0.999878.

() 10.1g. (d) 2700 years.
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Qu estIOI‘I 1 0 Main topic: Modelling with Sequences & Series

10. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The number of dormice and the number of voles on an island are being monitored.
Initially there are 2000 dormice on the island.

A model predicts that the number of dormice will increase by 3% each year, so that the
numbers of dormice on the island at the end of each year form a geometric sequence.

(a) Find, according to the model, the number of dormice on the island 6 years after
monitoring began. Give your answer to 3 significant figures.

2
The number of voles on the island is being monitored over the same period of time.

Given that

* 4 years after monitoring began there were 3690 voles on the island

» 7 years after monitoring began there were 3470 voles on the island

* the number of voles on the island at the end of each year is modelled as a
geometric sequence

(b) find the equation of this model in the form
N = ab'

where N is the number of voles, ¢ years after monitoring began and a and b are
constants. Give the value of a and the value of b to 2 significant figures.

3

When ¢ = T, the number of dormice on the island is equal to the number of voles on
the island.

(c) Find, according to the models, the value of 7, giving your answer to
one decimal place.

3

WORKED SOLUTION Question 10 - WMA12/01 May/June 2024

Model the dormice
The dormice model is D = 2000(1.03)".

Find the dormice after six years
D = 2000(1.03)% = 2388.10. . ., so there are 2390 dormice to 3 significant figures.



Set up the vole model
Let the vole model be N = abt.

Use the two data points
Att =4, ab* = 3690. At t = 7, ab” = 3470.

Find b

- . 5 3470 L . ,
Dividing gives b° = 3690 ° b=0.9797.. ., which is 0.98 to 2 significant figures.
Find a
a= 3?)490 =4005.18.. . ., which is 4000 to 2 significant figures.

Write the vole model
So the model is approximately N' = 4000(0.98)®.

Set the two models equal
Use 2000(1.03)T = abT with the unrounded constants from the vole model.

Solve using logarithms
( 1.03 ) T @ o log(a/2000)

b ) ~ 2000°°" T Tog(1.03/b)
Calculate T
Substituting @ = 4005.18...and b = 0.9797... gives T = 13.875...,so T = 13.9 to one decimal
place.

@ rinAL ANSWER
(a) 2390 dormice.

(b) N = 4000(0.98)" to 2 s.f. constants.
(¢) T =13.9.
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Qu estio n 9 m Trigonometric Equations

9. Solutions based entirely on graphical or numerical methods are not acceptable in
this question.

(1) Solve, for 0 < 6 < 180°, the equation
3sin(260 — 10°) = 1

giving your answers to one decimal place.

4)
(i) The first three terms of an arithmetic sequence are
sina, and 2sina
tana
where a is a constant.
(a) Show that 2cosa = 3sin“«a
3)
Given that © < a < 2m,
(b) find, showing all working, the value of « to 3 decimal places.
(3)
WORKED SOLUTION Question 9 - WMA12/01 October 2019

0 Solve the sine equation

1
Let u = 20 — 10°. Then sinu = 3

° Find the valid angle values
Since 0 < 0 < 180° —10° < u < 350°. In this interval, v = 19.471...° oru = 160.529.. .°.

° Return to theta

10°
0= %, giving @ = 14.7° and 85.3° to one decimal place.



° Use the arithmetic sequence condition

For three consecutive terms of an arithmetic sequence, second minus first equals third minus second.

—sina =2sina —

Hence .
tan o tan o

o Prove the required identity

. ) 1 Cos ¢ 2cosa
= 3 sin «. Since = — , We get —;
tan o tan o sin sin o

2cosa = 3sin? a.

This gives = 3sinq, so

° Form a quadratic in cos alpha

2

Using sin®a = 1 — cos? @, 2cosa = 3(1 — cos? @), so 3cos? a + 2cosa — 3 = 0.

Q Solve in the given interval

cosa = 3 ; the other root is less than —1. Since T < @ < 2w and cosine is positive, ¢ is in

the fourth quadrant.

e State alpha

o= 2ﬂ- — COS_I (M

3 ) = 5.517 radians to 3 decimal places.

@ rinAL ANSWER
(6) 6 =14.7°, 85.3°. (ii)(a) Proven.
(#4)(b) o = 5.517 radians.



WMA12/01 JANUARY 2020

. Trigonometric Equations
Question 7

7. (a) Show that the equation
8tan = 3 cosl
may be rewritten in the form

3sin?f + 8sinfd -3 =0

3)
(b) Hence solve, for 0 < x < 90°, the equation
8tan2x = 3cos2x
giving your answers to 2 decimal places.
4)
WORKED SOLUTION Question 7 - WMA12/01 January 2020

Rewrite tan theta

8tanf = 3 cos @ becomes 8& = 3 cosé.
cos @

Clear the denominator
Multiplying by cos @ gives 8 sin @ = 3 cos? 6.

Use the identity
Since cos?f = 1 — sin @, 8sin@ = 3(1 — sin? ), so 3sin? @ + 8sinf — 3 = 0.

Apply the result to 2x
For 8 tan 2z = 3 cos 2z, we get 3 sin?(2z) + 8sin(2z) — 3 = 0.

Solve for sin 2x

1
(3sin2z — 1)(sin 2z + 3) = 0. Since sin 2z cannot be —3, sin 2z = 3

Find x
For0 <z <90°0 <2x <180° Thus 2z = 19.471...° or 160.529...° so z = 9.74° or 80.26°.



@ rinaL ANswWER

(a) Proven.

(b) = 9.74°, 80.26°.



WMA12/01 JANUARY 2021

Qu estio n 6 m Trigonometric Equations

6. (a) Show that the equation

3sinfcosd

- = Stané sinf # l
2sinf —1 2

can be written in the form

3sin’f+ 10sin” @ — 8sinf =0

4)
(b) Hence solve, for -z <x < z
4 4
3sin2xcos2x Stan?
2sin2x — 1 ansx
giving your answers to 3 decimal places where appropriate.
4)
WORKED SOLUTION Question 6 - WMA12/01 January 2021

o Clear the fraction
3sinfcos @

Startin ith
NgWI o sne—1

= 5tan 6, multiply by (2sin — 1) cos 6.

Use tan theta
This gives 3sinfcos? 6 = 5sinf(2sin 6 — 1).

Use cos squared
Substitute cos? @ = 1 — sin? @: 3sin §(1 — sin? §) = 10sin® @ — 5sin 6.

Collect terms
Rearranging gives 3sin® 6 + 10sin? 0 — 8sin @ = 0.

Factor the sine equation
353 + 10s% — 85 = 0 gives s(3s — 2)(s + 4) = 0, where s = sin 2z.



o Use the valid sine values

2
Since —% <2z < %, the valid values are sin 2z = 0 and sin 2z = 3

° Find x

2z = 0 gives ¢ = 0. Also 2z = sin~! (%), soz = 0.364863 ... = 0.365 to 3 decimal places.

@ FINAL ANSWER

(a) Proven.

(b) z = 0, 0.365.
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Qu estio n 8 m Trigonometric Equations

8. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(i) Solve, for 0 < & < 360°, the equation
3sin(f# + 30°) = Tcos (6 + 30°)

giving your answers to one decimal place.

4)
(i1) (a) Show that the equation
3sin'x = 5sinx — 7sinxcosx
can be written in the form
sinx(acos‘x + bcosx +¢) =0
where a, b and ¢ are constants to be found.
N T T .
(b) Hence solve for Y <x< 5 the equation
3sin’x = 5sinx — 7sinxcosx
(6)
WORKED SOLUTION Question 8 - WMA12/01 May/June 2021

o Solve for theta plus thirty

Letu = 0 + 30°. Then 3sinu = 7cosu, so tanu =

3
Find u in the interval
Since 0 < 8 < 360°, 30° < u < 390°. Thus u = 66.801...° or 246.801...°.

0 = u — 30°, giving @ = 36.8° and 216.8° to one decimal place.

(2]
Q Return to theta
o

Rearrange the second equation

3sin®z = Bsinz — 7sinz cos z gives 3sin®z — 5sinz + Tsinz cosz = 0.



o Factor out sine

sinz(3sin’z — 5+ Tcosz) = 0.

o Use sin squared

2

Since sin? 2 = 1 — cos? z, this becomes sin z(—3 cos? z + 7cosz — 2) = 0, or

sinz(3cos’z — 7Tcosz + 2) = 0.

0 Solve in the interval

T ™
For—E <z< 3 sinz = 0 gives = 0. Also 3cos?2 2 — Tcosz + 2 = 0 gives

(3cosz — 1)(cosz —2) = 0.
° State the solutions

1 1 1
cosx = 2 is impossible, so cosx = E The solutions are £ = — cos ™! (g) 0, and cos1 <§)

@ rinaL ANswER

(i) 0 = 36.8°, 216.8°. (ii)(a)a=3,b=—T,c=2. (ii)(b)z = —cos! (%) , 0, cos™! (%)



WMA12/01 OCTOBER 2021

Qu estio n 1 0 m Trigonometric Equations

10. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

T T
i) Solve, for —— <x < —
(1) > 2

tan? (Z.x + E] =3
4
&)

(i1) Solve, for 0 < 8 < 360°

(2sinf — cosf)’ = 1

giving your answers, as appropriate, to one decimal place.

&)
(Total 10 marks)

WORKED SOLUTION Question 10 - WMA12/01 October 2021

o Take the square root
Letu = 2z + % From tan?u = 3, tanu = ++/3.

° Write the angle families

T 9 . .
Thusu = 3 +nmworu= 3 + nm, where n is an integer.

Return to x

117 @ mw™ bw

For—g <z < % the solutions are & = T o4 94’94’94

Expand the squared equation

o
o Use the interval
0

(2sin @ — cos 0)2 = 1 gives 4sin? @ — 4sinfcos + cos2 6 = 1.



Use the identity

Since 1 = sin? 6 + cos? 6, this simplifies to 3sin?# — 4sinf cos = 0.

Factor
sin@(3sinf — 4 cosf) = 0.

Solve the two cases

4
sin @ = 0 gives @ = 180° in the interval. Also 3 sin @ = 4 cos 6 gives tanf = 3

State theta
4
For0 < 6 < 360°, tan§ = 3 gives @ = 53.1° and 233.1°. Therefore 8 = 53.1°,180°, 233.1°.

0 FINAL ANSWER
(i)m——llﬂ- m ® bm

ST = oo o o (42) 6 = 53.1°, 180°, 233.1°.



WMA12/01 JANUARY 2022

Qu estio n 7 m Trigonometric Equations

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(i) Solve, for —90° < x < 90°, the equation
3sin(2x — 15°) = cos(2x — 15°)

giving your answers to one decimal place.

4)
(i1) Solve, for 0 < @ < 2z, the equation
4sin” @+ 8cosf =3
giving your answers to 3 significant figures.
“4)
WORKED SOLUTION Question 7 - WMA12/01 January 2022

Solve the first tangent equation

1
Letu = 2z — 15°. Then 3sinu = cosu, so tanu = 3

Use the interval for u
Since —90° < 2 < 90°, —195° < u < 165°.

Find x
u=18.434...°oru = —161.565...°, sox = 16.7° or x = —73.3°.

Rewrite the second equation
4sin%0 4 8cosf = 3.

Use sin squared
Substitute sin? @ = 1 — cos? @ to get 4(1 — cos? ) + 8 cos § = 3.

Solve for cos theta

This gives 4cos?f — 8cosf —1 =0,socosf =1+ ?



° Choose the valid cosine

5
Only cosf =1 — y lies between —1 and 1.

° State theta
For0 < 6 < 27, 8 = 1.69 or 4.59 to 3 significant figures.

@ FiNAL ANSWER
() z = —73.3°, 16.7°. (ii) = 1.69, 4.59.
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Qu estio n 8 m Trigonometric Equations

8. In this question you must show all stages of your working.
Solutions based entirely on calculator technology are not acceptable.
(1) Solve, for —g < x < m, the equation
Ssin(3x+0.1)+2=0

giving your answers, in radians, to 2 decimal places.

4)
(i1) Solve, for 0 < # < 360°, the equation
2tanfsin @ =5 + cosd
giving your answers, in degrees, to one decimal place.
()
WORKED SOLUTION Question 8 - WMA12/01 January 2023

0 Isolate the sine term
5sin(3z + 0.1) + 2 = 0 gives sin(3z + 0.1) = —0.4.

Find the angle interval

3
Since —% < x < 7 multiplying by 3 and adding 0.1 gives —TF +01<3z+0.1<37+0.1

Solve for the inner angle
In this interval, 32 4+ 0.1 = —2.7301...,—0.4115...,3.5531...,5.8717.. ..

Find x values
Subtract 0.1 and divide by 3: x = —0.9433...,—0.1705...,1.1510...,1.9239....

Round the radian answers
To 2 decimal places, = —0.94, —0.17,1.15,1.92.



© 0 0 0 o

Rewrite the second equation
sinf _ 2sin%6
cos 6 J cos 6

2tanfsinf = 5 + cos 6. Using tan 6 =

Use sine squared
Multiplying by cos 8 gives 2sin? @ = 5 cos 6 + cos? . Substitute sin? @ = 1 — cos? 6.

Solve for cos theta
2(1 — cos? ) = 5cos @ + cos? 6, so 3cos? 0+ 5cosf — 2 = 0.

Factor and reject impossible value

1
(3cos@ — 1)(cosf + 2) = 0. Since cos § = —2 is impossible, cos § = 3

Find theta
For0 < 0 < 360°, cos0 = % gives 6 = 70.5° or 289.5° to one decimal place.

@ rinAL ANsSWER
(¢) z = —0.94,—-0.17,1.15,1.92.
(i2) @ = 70.5°,289.5°.
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. Trigonometric Equations
Question 9

9. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that
3cosf(tanf sinf+ 3) =11 — Scos
may be written as

3cos” @ — 14cosf +8=0

3)
(b) Hence solve, for 0 < x < 360°
3cos2x(tan2x sin2x + 3) = 11 — 5cos2x
giving your answers to one decimal place.
(4)
WORKED SOLUTION Question 9 - WMA12/01 May/June 2023

Rewrite tan theta sin theta
sin? 0

tan@sinf = )
cos @

Simplify the left side
3cosf (tanfsin + 3) = 3sin® 4 + 9 cos .

Use sine squared
The equation becomes 3(1 — cos?6) + 9cosf = 11 — 5 cos 6.

Rearrange
3—3cos20+9cosf =11 —5cosh, so3cos20— 14cosf+ 8 = 0.

Apply the result to 2x
For the equation in part (b), take § = 2z. Then 3 cos?(2z) — 14 cos(2z) + 8 = 0.

Solve the quadratic
Let u = cos(2z). Then 3u? — 14u + 8 = 0, so (3u — 2)(u — 4) = 0.



° Reject the impossible value

2
u = 4 is impossible for cosine, so cos(2z) = —.

3

° Use the interval
Since 0 < 2 < 360°, we have 0 < 2z < 720°.

o Find x

In this interval, 2z = 48.189...°,311.810...°,408.189...°,671.810
x = 24.1°,155.9°,204.1°, 335.9° to one decimal place.

@ FiNAL ANSWER
(a) Proven.
(b) = = 24.1°,155.9°, 204.1°, 335.9°.

...°. Dividing by 2 gives



WMA12/01 JANUARY 2024

Qu estio n 9 m Trigonometric Equations

9. In this question you must show detailed reasoning.
Solutions relying entirely on calculator technology are not acceptable.
(i) Solve, for 0 < x < 360°, the equation
sinx tanx = 5

giving your answers to one decimal place.

(6)
(ii)

AN
VARV

Figure 1 shows a sketch of part of the curve with equation

y = Asin(%’ —%T) +2

<V

Q
Figure 1

where A is a constant and # is measured in radians.
The points P, O and R lie on the curve and are shown in Figure 1.
Given that the y coordinate of P is 7

(a) state the value of A4,

(D

(b) find the exact coordinates of O,

R)

(c) find the value of @ at R, giving your answer to 3 significant figures.

C))



WORKED SOLUTION Question 9 - WMA12/01 January 2024

0 Rewrite the equation
.2
sin“ z
sin z tan z = 5 becomes =b.
cos T

Use sine squared

2 2 2

Multiplying by cos z gives sin® ¢ = 5 cos z. Since sinz = 1 — cos?z, 1 — cos?z = 5cos .

Solve for cos x

-5+ 29

cos?2z+5cosz—1=0socosz =

2
Choose the possible cosine value
—5— /2 —5+ /2
% < —1, so the valid value is cos & = #

Find x
For0 < x < 360°, this gives ¢ = 78.9° or 281.1° to one decimal place.

Find A from P

The point P is a maximum point on the sine curve. Its y coordinate is 7,s0 A+ 2 =T7and A = 5.

Locate Q

3
Point @ is the next minimum after P, so sin (20 — ?ﬂ.) = -1

Find theta at Q

37 3 157 157
For this mini 20 — — = — 20= — and 0 = —.
or this minimum, 26 g 5 ,so 20 3 and 6 16
FindyatQ

. 157
At the minimum, y=2—-5=—-3,s0Q = W’_g )
SetupR
. 37

AtR,y=0,soSsm<20—?>—|—2=0.

Choose the shown crossing

3 2
Thus sin (20 — —ﬂ.) =5 The crossing R shown after the second maximum has

8
2
20 — 3% =3m+sin! <g)



Find theta atR
6= —

L (37r +sin~! (

2

N
8

2
5) ) = 5.507

@ rinAL ANSWER
(5) = = 78.9°,281.1°.

(i4)(a) A = 5.
@)1 Q= (5~
(i4)(c) § = 5.51.

3).

... 500 = 5.51 to 3 significant figures.



WMA12/01 MAY/JUNE 2024

Qu estio n 8 m Trigonometric Equations

8. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(i) Solve, for 0 < x < &, the equation
Ssinxtanx + 13 = cosx

giving your answer in radians to 3 significant figures.

(3
(ii) The temperature inside a greenhouse is monitored on one particular day.

The temperature, H°C, inside the greenhouse, 7 hours after midnight, is modelled by
the equation

H=10+ 12sin(kt + 18)° 0<r<24
where £ is a constant.
Use the equation of the model to answer parts (a) to (c).
Given that
» the temperature inside the greenhouse was 20°C at 6am
« 0<hk<20

(a) find all possible values for &, giving each answer to 2 decimal places.

4)
Given further that 0 < &k < 10

(b) find the maximum temperature inside the greenhouse,

(1)
(c) find the time of day at which this maximum temperature occurs.

Give your answer to the nearest minute.

2)

WORKED SOLUTION Question 8 - WMA12/01 May/June 2024

0 Rewrite the trig equation

. 2
5sinztanz + 13 = cos = becomes M + 13 =cosz.

COosS T



° Multiply by cos x
2

5sin®z + 13 cosz = cos? z.

° Use sine squared

5(1 — cos? z) + 13 cos ¢ = cos?

x,s06cos?2x —13cosz — 5 =0.

° Solve for cos x

5 1
(2cosz —5)(3cosz+1) =0,s0cosx = 5 Orcosz = —o.
° Choose the valid root
1
cosT = g is impossible, so cosx = 3 ForO0<z<maz=1.9106... soz = 1.91 radians to 3

significant figures.

Use the temperature at 6 am

Att =6, 20 = 10 + 12sin(6k + 18)°, so sin(6k + 18)° = %

Solve for k

sin~? (%) = 56.442...°.Since 0 < k < 20, 18 < 6k + 18 < 138, so 6k + 18 = 56.442... or

123.557.. ..

Find possible k values
This gives k = 6.407... ork =17.592..., s0 k = 6.41 or 17.59 to 2 decimal places.

Use the tighter condition
Given further that 0 < k£ < 10, use k = 6.407... ..

Find the maximum temperature

The maximum value of sin is 1, so the maximum temperature is 10 4+ 12 = 22°C.

Find the time of maximum

2
The maximum occurs when kt + 18 = 90, sot = # = 11.2375. .. hours after midnight.

Convert to time of day

0.2375... hours is 14.25 ... minutes, so the maximum occurs at about 11:14 am.



@ rinaL ANswER
1) £ = 1.91 radians.

i
(i4)(a) k = 6.41 or 17.59.
(44)(b) 22°C.

(44) () 11:14 am.



WMA12/01 MAY/JUNE R 2024

. Trigonometric Equations
Question 7

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(i) Solve, for 0 < x < 2, the equation
3sinxtanx = 11 + cosx

giving the answers in radians to 3 decimal places.

)
(i1) Given that
« 0<8<90°
+ cosf= 3
find, in simplest form, the exact value of tan#
(2)
WORKED SOLUTION Question 7 - WMA12/01 May/June R 2024

Rewrite tan x

] 3sin? z
3sinztanx = 11 + cos  becomes ——— =11 4+ cos z.
cos T

Multiply by cos x

3sin?z = 11 cosz + cos? z.

Use sine squared

3(1 — cos?z) = 11cosx + cos® z, so 4cos?z + 11cosz — 3 = 0.

Solve for cosine

1
(4cosz —1)(cosz +3) =0,socosz = 4 orcosz = -3

Reject impossible value
1
cosx = —3is impossible, socosT = —

Find x values
For0 < z < 2, thisgivesx = 1.318...orx =4.965.. ., sox = 1.318,4.965 radians.



° Use the right triangle identity

Given 0 < @ < 90° and cos @ = %,sinHz ‘/1—%

e Find tan theta
sinf  2v/2/3
~cosf  1/3 =2v2

@ rFiNAL ANSWER
(6) = = 1.318, 4.965.

(i1) 2¢/2.



WMA12/01 OCTOBER 2024

. Trigonometric Equations
Question 9

9. In this question you must show detailed reasoning.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that the equation
2tan = 3cosf
can be written as

3sin"0+2sinf-3=0

(3)
(b) Hence solve, for —z < x <z, the equation
2tan 2.r+£)= 3cos(2x+£)
3 3
giving your answers to 3 significant figures.
4)
WORKED SOLUTION Question 9 - WMA12/01 October 2024

0 Write tan in terms of sin and cos
sin @

2tan @ = 3 cos @ gives 2 = 3cos®.

cos
Multiply by cos theta

Since tan @ is defined, cos @ # 0. Hence 2sin @ = 3 cos? 6.

Use the identity
2sinf = 3(1 — sin® ), so 3sin? 0 + 2sinf — 3 = 0.

Substitute the new angle
Let @ = 2z + g Then 3sin? 0 + 2sinf — 3 = 0.

Solve for sin theta

—2+v40 _ -1+v10 —1-V10

oot ———— is less than —1, so reject it.
6 3 3 )

sinf =



Find the angle range
Tm

) 5
Slnce—7r<a:<7r,—?<9< 3

Find the theta values

-1++v10

3 in this range, 8 ~ —3.94649, 0.804897, 2.33670, and 7.08808.

Forsinf =

Convert back to x
6—7/3

Using z = gives ¢ ~ —2.49684, —0.121150, 0.644749, and 3.02044.

Round the answers
To 3 significant figures, z = —2.50, —0.121, 0.645, and 3.02.

@ FiNAL ANSWER
(a) Proven.
(b) & = —2.50, —0.121, 0.645, 3.02.



WMA12/01 JANUARY 2025

Qu estio n 1 0 m Trigonometric Equations

10. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that

COS(}(StanO-i- ]Esin()+ ‘ ()iE
tan sin & 2
4)
(b) Hence solve, for 0 < x < 2, the equation
cosx{Staner ] =4sinx —5
tan x
giving your answers to 3 significant figures.
4)
WORKED SOLUTION Question 10 - WMA12/01 January 2025

o Expand the left side

cos @ (3tan0—|— L) = 3sinf +
tan @

2cosf
tan

° Rewrite the second term
_ sinf 2cosf® 2cos?6
Since tanf = , = —
cosf tanf sin 6
e Use the identity
2cos? 0 2(1 —sin% 4
3sinf + C.L = 3sinf + w
sin 6 sin 6
° Simplify
3sinf + — — 2sinf = sinf + ——, as required.
sin 6 sin 6
o Use parta
The equation becomes sin ¢ + —; =4sinx — 5.

sinxr



Form a quadratic in sin x

Multiplying by sin z gives sin? z + 2 = 4sin? z — 5sinz, so 3sin?z — 5sinz — 2 = 0.

Solve for sin x

1
(3sinz 4+ 1)(sinz — 2) = 0. Since sinx = 2 is impossible, sinz = ——.

3

Find x in the interval

1 1 1
ForO0 < ¢ < 27, sinx = —3 gives ¢ = 7 + sin ™} (5) orx = 2 —sin~! <§>

Round the answers
Thusz =3.481...orz = 5.943.. ., so to 3 significant figures ¢ = 3.48 or z = 5.94.

@ FINAL ANSWER

(a) Proven.
(b) & = 3.48 5.94



WMA12/01 MAY/JUNE 2025

Qu estio n 8 m Trigonometric Equations

8: In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(i) Solve, for 0 < x < m, the equation
3tan {2:{ + %] =3

giving the answers in radians in the form kmz, where k is a rational constant

to be found.
3)
(i1) Solve, for 0 < @ < 360°, the equation
5sinftanf = cosf + 4
giving your answers, in degrees, to one decimal place.
()
WORKED SOLUTION Question 8 - WMA12/01 May/June 2025

0 Solve the tangent equation

3tan (293 + %) = \/ggives tan (2:1: + %) =

|-

Write the general angle

Therefore 2z + % = % + nm.

Find x
nmw

2z il + nm so il +
[ T —_ —
30 SOT=760 T 2

Use the interval

297 597
ForO <z < th ibl | = ——andex = —.
or0 < x < m, the possible values are x 60 and T 60

Rewrite the second equation
sin 6 5sin®6

5sinftan @ = cos 0 + 4 becomes

cosf’ cos @

=cosf + 4.

Using tan =



o Form an equation in cos theta
Multiplying by cos 0 gives 5sin? @ = cos? 6 + 4 cos 8. Using sin? = 1 — cos? 6 gives
6cos?0+4cosf—5=0.

° Solve for cos theta

—2+v34
cosf = T?) The negative option is less than —1, so reject it.
° Find theta
—-2++v34
cos = +T3 gives 6 = 50.320. . .° or 309.679. ..

° Round the answers
To one decimal place, 8 = 50.3° or 309.7°.

@ FiNAL ANSWER
i) 29T 97

~ 60 60
(44) 0 = 50.3°, 309.7°.



WMA12/01 JANUARY 2026

Qu estio n 8 m Trigonometric Equations

8. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(i) Solve, for 0 < 6 < 180

4tan* (20 -30)°+1 =49

giving the answers to one decimal place.

(5)
(ii) Solve, for 0 < x < 27
2tanxsinx+3 =0
giving the answers, in radians, in the form kz where £ is a rational constant.
(5)
WORKED SOLUTION Question 8 - WMA12/01 January 2026

Make the tangent expression the subject
4tan?(20 — 30°) + 1 = 49 gives tan?(26 — 30°) = 12.

Find the possible angle values

Leta = 260 — 30°. Since 0 < 0 < 180°, —30° < a < 330°. The solutions of tan @ = +4/12 in this
range are approximately 73.9°,106.1°,253.9°, 286.1°.

Return to theta
a+ 30°

0= — giving § = 51.9°,68.1°,141.9°,158.1° to one decimal place.

Rewrite tan x
sinz

2tanzsinz + 3 = 0 becomes 2 (
cos T

)sinm—|—3=0.

Form a quadratic in cos x

Multiplying by cos z gives 2sin? 4+ 3 cosz = 0. Using sin? x = 1 — cos? z,

2(1 — cos®?z) +3cosz =0,s02cos>xz —3cosz — 2 =0.



o Solve for x

1 2
(2cosz + 1)(cosz — 2) = 0. Since cos x = 2 is impossible, cos z = —3 In0<z<2mz= ?ﬂ
ore = in
=3

@ FiNAL ANSWER

(1) 6 = 51.9°, 68.1°, 141.9°, 158.1°. (i) &z = —, —.
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QI.I EStiOI‘I 1 0 Main topic: Binomial Expansion

10. (i) (a) Find, in ascending powers of x, the 2nd, 3rd and 5th terms of the binomial
expansion of

(3 + 2x)°
3)
For a particular value of x, these three terms form consecutive terms in a
geometric series.
(b) Find this value of x.
3)
(i1) In a different geometric series,
* the first term is sin’ @
« the common ratio is 2cos#
* the sum to infinity is 3
(a) Show that
5cos’6—16cosh+3=0
3)
(b) Hence find the exact value of the 2nd term in the series.
3)
WORKED SOLUTION Question 10 - WMA12/01 October 2023

o Find the second term
The 2nd term of (3 + 2z)% is (§)3%(22) = 6 - 243 - 22 = 2916z.

° Find the third term
The 3rd term is (5)3%(2z)? = 15 - 81 - 422 = 486022,

° Find the fifth term
The 5th term is (5)32(2z)* = 159 - 162 = 2160z,

° Use the geometric condition
For three consecutive terms in a geometric series, the middle term squared equals the product of the

two outer terms.



Set up the equation
(4860z%)2 = (2916x)(2160z*).

Solve for x
48602 15

For th - tri . divide by z4: 48602 = 2916 - 2160 = = =
or e non zerogeome ric case viae y:n X, SO 2916'2160 4

Use the sum to infinity
8

In the different geometric series, first term = sin? , common ratio = 2 cos 6, and So = —

Form the equation
sin®d 8
1—2cosf 5

Use sine squared
5sin? @ = 8(1 — 2 cos #). With sin? = 1 — cos? 6, this becomes 5(1 — cos? §) = 8 — 16 cos 6.

Show the required equation
Rearranging gives 5cos? @ — 16 cos 0 + 3 = 0.

Solve for cosine

1 1
5cos2 0 — 16 cos@ + 3 = 0 gives cos@ = 3 or cosf = 5 The possible value is cos § = 5

Find the second term

1 2 24 2 48
5 25 5 125

The 2nd term is first term times common ratio: sin? (2 cos §) = (1 3

@ rinaL ANswWER

a) 2916z, 486022, 2160z*.
15
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WMA12/01 OCTOBER 2019

. Applications of Differentiation
Question 10

10. The curve C has equation
y=ax' —3x+3x+b
where a and b are constants.
Given that
* the point (2, 5) lies on C
* the gradient of the curve at (2,5) is 7

(a) find the value of a and the value of b.

4)
(b) Prove that C has no turning points.
3)
WORKED SOLUTION Question 10 - WMA12/01 October 2019

0 Use the point on the curve
Substitute (2,5) intoy = az® — 322 + 3z +b:5=8a — 12+ 6+ b, s08a + b = 11.

° Differentiate
d
%Y _ 3022 — 6z +3.
dx

Use the given gradient

4
At z = 2, the gradientis 7,s0 12a — 1243 = 7. Hence 12a = 16 and a = 3

o
° Find b
0

4 1
Usi =11,6=11-8( = ) = —.
sing 8a + b (3) 3

Check for turning points
4 dy

Withazg,%:4x2—6w+3.



e Use the discriminant
For 422 — 6z + 3 = 0, the discriminant is (—6)2 — 4(4)(3) = 36 — 48 = —12 < 0.

° Conclude

The derivative is never zero, so the curve has no turning points.

@ FinaL ANswER

4 1
(@) a= 3 b= 3" (b) Proven: C has no turning points.



WMA12/01 JANUARY 2020

Qu estion 1 0 m Applications of Differentiation

10. A curve C has equation
s k
y=4x —9x + — x>0
X
where k is a constant.
. . . 1 .
The point P with x coordinate — lies on C.

Given that P is a stationary point of C,

3
(a) show that k = )

“4)
(b) Determine the nature of the stationary point at P, justifying your answer.

(03
The curve C has a second stationary point.
(c) Using algebra, find the x coordinate of this second stationary point.

“)

(Total 10 marks)

WORKED SOLUTION Question 10 - WMA12/01 January 2020

0 Differentiate the curve
d
Write y = 422 — 9z + kx L. Then d—z =12z%2 -9 — kz 2.

° Use the stationary point
1\° 1)7?
At.qlr;:l dy=0,500=12<§) —9—k(§) =3—9—4k.

2' dz
Q Find k

—6 —4k =0, hence k = —g.

° Use the second derivative

) 3 dy 9 3 d?y _3



Determine the nature of P
1 d%y . .
Atz = —, — =12 —-24 = —12 < 0, so Pis a local maximum.
2" dx?
Find the other stationary point
Set 12z% — 9 + % = 0. Multiplying by 222 gives 24z* — 1822 +3 =0, or 8z* — 622 +1 = 0.
x
Solve the quadratic in x squared

5 5 1\ _ : : _1 : . g _ 1
(4z* —1)(2z° — 1) = 0. The given point has 2 5 O the second stationary point has 5"

State the positive x coordinate

1
Since > 0, the second stationary point has x = —.
V2

@ rinAL ANsWER

(a) k= —%. () local maximum.

1
(¢)x = E
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Qu estio n 9 m Applications of Differentiation

9.
|
: hcm
|
|
|
|
S SR
.—”"" A‘
lcm
Figure 3
Figure 3 shows a sketch of a square based, open top box.
The height of the box is #cm, and the base edges each have length / cm.
Given that the volume of the box is 250000 cm?
(a) show that the external surface area, Scm?, of the box is given by
g 250000 + 200047
3)
(b) Use algebraic differentiation to show that S has a stationary point when & = 250"
where £ is a rational constant to be found.
()
(c) Justify by further differentiation that this value of 4 gives the minimum external
surface area of the box.
(2)
(Total 10 marks)
WORKED SOLUTION Question 9 - WMA12/01 May/June 2021

o Use the volume

2
The volume is I2h = 250000, so I2 = 50000

h

° Write the surface area
The open box has one square base and four side faces, so S = 2 + 4lh.



Substitute |

Since 1 = 4/ 220000 _ 500, ah=14.29 5= 2000v/h.
h Vh vh

Show S

Therefore S = 250000 + 2000V/A.

Differentiate S

Set the derivative to zero
Solve for h

Find k
Since h = 250%, we have k = %

Use the second derivative

d*s
-2 h3 — h_3/2.
a2 500000 500

Check the sign
Ath = 2502/3, h3/2 = 250, so the second derivative is

O 0 06 0 0 6 o6 o

Conclude

The stationary point is therefore a minimum.

@ rinaL ANswER
250000

(a) Proven: S = + 2000v/h.
(b) h = 250%3, 50 k = %

(¢) Minimum.

—250000h 2 + 1000h~1/2 = 0, so 1000h /2 = 250000h 2.

500000

S = 250000~ + 2000h/2, so % = —250000h 2 + 1000h~1/2.

500

2502

250

Multiplying by k2 gives 1000h3/2 = 250000, so h%/2 = 250 and h = 2502/3,

=8-2=6>0.



WMA12/01 OCTOBER 2021

Qu estio n 8 m Applications of Differentiation

8. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

VA
C
M
[
R
0 >
Figure 2
Figure 2 shows a sketch of part of the curve C with equation
4 3 2 .
p= E_r = 1x* + kx where £k is a constant

The point M is the maximum turning point of C and is shown in Figure 2.
Given that the x coordinate of M is 2

(a) show that k=28
3)

(b) Determine the range of values of x for which y is increasing.

2
The line / passes through M and is parallel to the x-axis.

The region R, shown shaded in Figure 2, is bounded by the curve C, the line / and
the y-axis.

(¢) Find, by algebraic integration, the exact area of R.

©))



WORKED SOLUTION Question 8 - WMA12/01 October 2021

o Differentiate the curve
4
Fory= —x% — 112% + kz, % =422 — 2z + k.
3 dx

0 Use the turning point

d
At the turning point M, £ = 2 and d—y =0.
x

Show k
4(2)2 —22(2)+k=0,5016 —44+ k=0and k = 28.

Factor the derivative

With k = 28, j—y = 4z% — 222 + 28 = 2(2z — 7)(z — 2).
x

Find where y is increasing

The derivative is positive outside its roots, so y is increasing for x < 2 orx > 2

Find the height of the line
4 68 : : 68
Atz =2y= 5(8) —11(4) +28(2) = 3 Hence line I has equation y = 3

Set up the shaded area

The region is between the line and the curve fromz =0toz = 2, so

4
A= [? (% - (§w3 — 112% + 28w))dw.

e Integrate
68 1 11 2
A=|—z— =2 8 _1422| .
[3:1: 3:1: + 3:1: :1:]0

e Evaluate exactly

N . 136 16 88 40
Substituting £ = 2 gives 5 ~ 3 + 3 56 = 3
@ FiNAL ANSWER
(a) Proven: k = 28,
40

(b)w<2orw>;. (¢) —.
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Qu estio n 8 m Applications of Differentiation

8. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

A curve has equation

27
y=256x"—304x — 35 + ) x#0

dv
(a) Find &
dx
3
(b) Hence find the coordinates of the stationary points of the curve.
(3)
WORKED SOLUTION Question 8 - WMA12/01 May/June 2022

Rewrite with powers
y = 2562* — 304z — 35 + 272 2.

Differentiate

dy 3 _3 3 54
— =1024z° — 304 — 54z° = 1024z° — 304 — —.
dx x3

Set the derivative to zero

102423 — 304 — 5—3 =0.
T

Use a substitution
Multiplying by 23 gives 1024z% — 304x3 — 54 = 0. Let u = 3.

Solve for u
1024u2 — 304u — 54 = 0, or 512u2 — 152u — 27 =0 = (8u + 1)(64u — 27).

Thus x —lor:1r:3—2—7 ivin a:———ora:—é
-8 T g 9VNITE T orE=



° Find the y values

2 1
Substitution into y = 256z* — 304z — 35 + —Z givesy =241 atzx = -3 andy = —134 at
x
3

£r = —.

4

° State the stationary points
1
The stationary points are (—5, 241) and (%, —134).

@ rinaL ANswER

dy 3 54 1 3
(a %—102433 304 —h (b)( 2,241), (4, 134).
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Qu estio n 7 m Applications of Differentiation

7. The curve C has equation

122 (x = 7) + 14x(13x — 15)

21x

x>0

})

(a) Write the equation of C in the form

7 5 3 1
2 2 2 2
y=ax® +bx" +cx® +dx

where a, b, ¢ and d are fully simplified constants.

(3
The curve C has three turning points.
Using calculus,
(b) show that the x coordinates of the three turning points satisfy the equation
2x’ = 10x*+ 13x - 5=0
3)
Given that the x coordinate of one of the turning points is 1
(c) find, using algebra, the exact x coordinates of the other two turning points.
(Solutions based entirely on calculator technology are not acceptable.)
3)
WORKED SOLUTION Question 7 - WMA12/01 October 2022

o Expand the numerator
1223(z — 7) + 14z(13z — 15) = 12z* — 842° + 18222 — 210z.

° Divide by 21 root x
Since v/ = /2, divide each term by 21z1/2.

° Write in the required form

y= %:37/2 _ Z_‘;$5/2 + %sz _ %3{21/2 — ;$7/2 _ 4$5/2 + 2_:36$3/2 _ 10$1/2‘



° Differentiate

Z—y = 22%2 — 10232 + 13212 — 52~ 1/2,
i

o Factor the derivative

d
% = z72(223 — 1022 + 13z — 5).

° Use the turning point condition

d:
At a turning point, d—y = 0.Sincez > 0, z~1/2 # 0, so the & coordinates satisfy
T

223 — 1022+ 13z — 5 = 0.

° Use the known root
One root is = 1, so divide 223 — 1022 + 13z — 5 by (z — 1).

o Factor the cubic
223 — 1022 + 13z — 5 = (¢ — 1)(222 — 8z + 5).

e Solve the quadratic

2z%2 — 8z +5=0givesz =

8+v64-40 _ 8+2v6 _, 6
4 T4 T2

@ rinaL ANswER
4 7/ 5/2, 26 35 1/2
(a) y= e = 4x°/% + 5 - 10z /4.

(b) Proven.

(c)w=2—?andw=2+?.



WMA12/01 MAY/JUNE 2023

Qu estio n 7 m Applications of Differentiation

7. The height of a river above a fixed point on the riverbed was monitored over a
7-day period.

The height of the river, H metres, ¢ days after monitoring began, was given by

‘ :
H=£(20+6r—r)+1? 0
20

/&)
/AN
-

Given that H has a stationary value at ¢ = o

(a) use calculus to show that a satisfies the equation

50°—18a—20=0

()
(b) Hence find the value of a, giving your answer to 3 decimal places.
1)
(¢) Use further calculus to prove that / is a maximum at this value of a.
(2)
WORKED SOLUTION Question 7 - WMA12/01 May/June 2023

0 Rewrite H with powers
1
H= %tl/z(zo + 6t — %) + 17.

Expand before differentiating
H= %(201:1/2 + 6t3/2 — £5/2) 4 17.

Differentiate

dH 1 5
92— = (10tY/2 4 get/2 — 2432
dt 20 ( 0t % 2t

Put over a common factor
dH  —5t? 418t + 20

dt 40/t
Use the stationary condition
H
Att = q, d— = 0. Since a > 0, the denominator is not zero, so —5a? + 18a + 20 = 0.

dt



Show the required equation
Multiplying by —1 gives 5a? — 18« — 20 = 0.

Find alpha

18 + 4/18 + 4(5)(20) 94 iST
10 N 5

o=

Use the time interval

9+ 4181
Only the positive value liesin 0 <t < 7, soa = +T = 4.491 to 3 decimal places.
Differentiate again
d’H B —15t% + 18t — 20
a2 80t3/2
Use the stationary equation
d2

Att = a, 5a? = 18a + 20. Therefore the numerator of is

dt?
—15a% + 18a — 20 = —3(18¢c + 20) + 18a — 20 = —36a — 80.

Show it is negative
2

dt?

Since @ > 0, —36a — 80 < 0, and the denominator 80a:3/2 is positive. Thus <0,soHisa

maximum.

@ FINAL ANSWER

(a) Proven.
(b) o = 4.491.

(¢) H is a maximum at this value.
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Qu estio n 9 m Applications of Differentiation

YV A

P(9, 40)

Figure 3
In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 3 shows a sketch of part of the curve C with equation

y=§x2—9\/;+13 x>0

(a) Find, using calculus, the range of values of x for which y is increasing.

4)
The point P lies on C and has coordinates (9, 40).
The line / is the tangent to C at the point P.

The finite region R, shown shaded in Figure 3, is bounded by the curve C, the line /,
the x-axis and the y-axis.

(b) Find, using calculus, the exact area of R.

®)



WORKED SOLUTION Question 9 - WMA12/01 October 2023

0 Differentiate
2 d
F _ 2 _
ory =z -9z + 13, 2 = 3%~

° Set up increasing condition

dy
is i ing when —= > 0.
yIS mcreasmg when dil:

Multiply by a positive quantity
For z > 0, multiply by 6+/z: 84/ — 27 > 0.

Solve the inequality

z3/2 > %7 = (%)3,50\/E> % and z > %
Find the tangent gradient

At P(9,40), Z—z - %(9) -~ =n-2=2
Write the tangent line

y—40 = %(w—Q),soyz %w— g

Find where the tangent meets the x-axis

coty_g 2L 109 o 109
y=0 =2 g —Osoz=—r
Split the area

109 109
Fromxz =0toz = TR the lower boundary is the z-axis. From ¢ = TR tox =9, the lower

boundary is the tangent.
Set up the integral

109/21 2 9 2 21 1
R:/ Za?—9yx+13 dw—l—/ Za? -9z + 13— 219V e
0 3 109/21 \ 3 2 2

Use antiderivatives

2 2 21 1 21 1
/ (—wz -9z + 13) dz = Z 23 — 62%2 + 13z, and / (—:1: - E)d:c = z?— ﬂm

o

3 9 2 2

0 Evaluate
857

Substituting the limits and simplifying gives R = 51



@ rinaL ANswWER

9
(a) yis increasing forx > —.

4
857
Area = ——.
(b) Area 51
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Qu estion 1 0 m Applications of Differentiation

10. In this question you must show detailed reasoning.

Solutions relying entirely on calculator technology are not acceptable.

Va

Figure 2

Figure 2 shows a sketch of the curve with equation

y:lx2+1458 — 74 x>0
AN

The point P is the only stationary point on the curve.

(a) Use calculus to show that the x coordinate of P is 9

4
The line / passes through the point P and is parallel to the x-axis.
The region R, shown shaded in Figure 2, is bounded by the curve, the line / and the
line with equation x = 4
(b) Use algebraic integration to find the exact area of R.
(6)
WORKED SOLUTION Question 10 - WMA12/01 January 2024

° Rewrite the curve
1
y= 5932 + 1458273/ — 74.



Differentiate

By _ x + 1458 _3 x75%/2 — 3 — 2187x75/2,
dx 2

Use the stationary condition
At a stationary point, ¢ — 2187z ~%/2 = (.

Solve for x
= 21872752 s0 27/2 = 2187 = 3.

Show x coordinate

2
Raising both sides to the power 7 gives £ = 32 = 9. Since £ > 0, this is the only stationary point.

Find the horizontal line

1, ., 1458 81 41
Atm—g,y—E(Q) +ﬁ_74_7+54_74_7

Set up the area

41
The region lies from & = 4 to x = 9 between the curve and the horizontal line y = 5

Integrate the difference

9
R= / (lﬁ + 14582 73/2 74 — ﬂ)dw.
. \ 2 2

Find an antiderivative

1, 3y 189 _ _1p 189
/(250 + 1458« 2 dzr = 5 2916z 2 T.

© o0 o0 0 6 6 606 0 o

Evaluate exactly

3 9
R= [% — 2916z /2 — ?w] 373

@ FiNAL ANSWER

(a) Proven.

) 2.
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Qu estio n 9 m Applications of Differentiation

9.
J) ¥ 3
P
C
R,
k
0 X
R,
Figure 1
Figure 1 is a sketch of the curve C with equation
p=2x2 (4 -x) x>0

The point P is the stationary point of C.

(a) Find, using calculus, the x coordinate of P.

“4)
The region R, shown shaded in Figure 1, is bounded by C and the x-axis.

The region R,, also shown shaded in Figure 1, is bounded by C, the x-axis and the line
with equation x = k, where k is a constant.

Given that the area of R, is equal to the area of R,

(b) find, using calculus, the exact value of £.

4



WORKED SOLUTION

Question 9 - WMA12/01 May/June 2024

Rewrite the curve
y = 2¢%2(4 — ) = 82%% — 2252,

Differentiate
gﬁzuym_mw:¢am—m)
L

Find the stationary point

For the interior stationary point P, 12 — 5z = 0,s0 ¢ = 5

Set up the area condition

R is the area from £ = 0 to £ = 4 above the x-axis. Ry is the area from £ = 4 to x = k below the

T-axis.

Use equal areas

4 k k
Equal areas mean / ydx = —/ ydzx, so / ydz = 0.
0 4 0

Integrate y

/2:03/2(4 —z)dr = /(Sw?’/2 — 2252 dx = Ew5/2 -

5

Solve for k

52 _ Lpiz_g

5 7

Factor

4 k
w22 _Z) =0
K (5 7) 0

Choose the value beyond four

4 k 28
Si - — — =0, =
|ncek>45 0, sok 5

@ rinaL ANswER

(a) 2 =

12
2
28

B k==

5

4
— 272

7
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Qu estio n 6 m Applications of Differentiation

6. f(x)=4x +px’+8x+gq
where p and ¢ are constants.
Given that
* (2x +3) is a factor of f(x)
* f(x) has a remainder of —5 when divided by (x + 2)
(a) (i) show that p =10

(i1) find the value of g.

(3
(b) Hence find the range of values of x for which f(x) is decreasing.
(Solutions based entirely on calculator technology are not acceptable.)
4)
WORKED SOLUTION Question 6 - WMA12/01 May/June R 2024

0 Use the factor theorem

3
Since (2z + 3) is a factor, z = 3 is a root.

o Substitute x equals negative three halves
a2 3+ 3 2+8 ~3)4q=0
2) TP\ "2 2) 47"

c Simplify the first condition

A Y 124 g=0s02ptg= 2
9 TP I=00yPTa= 5~

° Use the remainder theorem
The remainder on division by (z + 2) is f(—2).

° Substitute x equals negative two
f(=2)=4(-8)+4p-16+g=4p+qg—48



Use the given remainder
4p+q—48 = —5,s04p + g =43.

Solve for p and q

9 51 7 35
Subtract 2P +q= - from 4p + q = 43: aP= 5 sop= 10. Then 4(10) + ¢ = 43, so g = 3.
Differentiate

With p = 10, f(z) = 423 + 1022 + 8z + 3, so f'(z) = 12z2 + 20z + 8.

Factor the derivative
f'(z) =4(3z + 2)(z + 1).

Find where decreasing

The quadratic derivative is negative between its roots, so f(z) is decreasing for -1 < & < ——.

3

@ FiNAL ANSWER
(@)(i)p=10
(a)(3t) ¢ = 3.
) -l<z< —%.
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Qu estion 1 0 m Applications of Differentiation

10.

Va

ol 1 \i

Figure 1

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 1 shows a sketch of part of the curve C with equation

9x — x* =0
y= X
T 2dx

The point P is the stationary point on C.

(a) Find, using calculus, the x coordinate of P.

C))
The finite region R, shown shaded in Figure 1, is bounded by the curve C, the x-axis
and the line with equation x = |
(b) Using calculus, calculate the exact area of R.
(3)
WORKED SOLUTION Question 10 - WMA12/01 May/June R 2024

Rewrite the curve

2
dz—2 = 1(9$1/2 — 503/2).

o0z 2

y:



Differentiate
dy _1(9 _yp_ 3 1p) _ 3B-=z)
dr ~ 2\ 2 2 4z

Use the stationary condition

d
Forx > 0, the denominator is not zero. So d—y =0when3—2=0.
T

Find P

Therefore the 2 coordinate of P is 3.

Find where the curve meets the x-axis

y = 0when 9z — 2 = 0, so = 9 for the positive intercept.

Set up the area
9z — x

2Vz

9
The region is under the curve fromaxz =1tox =9,s0o R = /
1

Integrate

91 1 ’
R =/1 5(9:31/2 — 23/ dx = [3:103/2 — E$5/2] :

1

Evaluate

R= (3(27) - %(243)) - (3 - %) _ ?

@ FiINAL ANSWER
(a) =3

) 5

2

dzx.
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Qu estio n 9 m Applications of Differentiation

Figure 2
Figure 2 shows a sketch of an open container.
The sides CDEF and ABFE are rectangles.
The ends ADE and BCF are congruent (identical) right-angled triangles.
The container is made from metal of negligible thickness.
Given that
« AE = BF = 3x metres
* DE = CF = 2x metres
* AB=DC=EF =L metres
and the capacity of the container is 12m’

(a) show that the area of metal used to make the container, Sm’, is given by

§=Px’+ Q
x

where P and Q are positive integers to be found.

C))
Given that x can vary,
(b) use algebraic calculus to find the minimum value of S, giving your answer to
one decimal place.
E)]

(c) Justify that the value of S found in part (b) is a minimum.

(2)



WORKED SOLUTION Question 9 - WMA12/01 May/June 2025

o Find the triangular end area

Each end is a right-angled triangle with perpendicular sides 3x and 2z, so its area is

1 2
5(3:0)(23:) = 3z°.

0 Use the capacity

. . . 4
The volume is cross-section area times length, so 3z2L = 12 and L = —
x

Write the metal area

There are two triangular ends with total area 62, and two rectangular sides with total area
3zL + 2zL = 5z L.

Substitute for L
N 4 5 . 20
S=6x°+5zx | — ) =6z —I—?.HenceP=6andQ=20.

$2
Differentiate
2
a8 =12z — 20z 2 = 12z — —0.
dz 2

Find the stationary value of x

20 5
SetZ—S =0:120 = =, soz® = 3

z 2

Evaluate S

/5 20
Atz =4 3 S = 6x2 + - = 25.3029. . ., so the minimum value is 25.3 to one decimal place.

Differentiate again
d*s _3 40

Justify the minimum
40

Sincex > 0,12+ —5 > 0, so the stationary value found is a minimum.
x

@ rinaL ANswER

2
(a)S=6w2+70,soP=6andQ=2O.
(5) 25.3.

(¢) Minimum justified.
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Qu estion 1 0 m Applications of Differentiation

10.

Va
P
R k R
0o X
RZ
C
\
Figure 2

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 2 shows a sketch of the curve C with equation

The point P is a stationary point on C.

(a) Use algebraic differentiation to find the exact x coordinate of P.

C))
The region R, shown shaded in Figure 2, is bounded by C and the x-axis.

The region R, also shown shaded in Figure 2, is bounded by C, the x-axis and the line
with equation x = k, where k is a constant.

Given that the area of R, is equal to the area of R,

(b) use algebraic integration to find the exact value of 4.

C))



WORKED SOLUTION Question 10 - WMA12/01 January 2026

o Rewrite the curve
V(100 — z?) Exl/z 1 5/2

40 2 40

c Differentiate
dy _ 5 g 1 3p

dx 4 B Ex

Use the stationary point

5 1
At P, Z—z = 0. Thus Zw_l/z = Ew:”ﬂ. Multiplying by 16z/2 gives 20 = z2.

Find the x-coordinate
Sincex >0, z=+v20= 24/5.

Integrate the curve
[ydz = [ S L sy S 1 _ape
2 40 3 140

Use equal areas

The signed area from 0 to k is zero because the positive area Ry equals the negative area Ry in

magnitude.
° Solve for k
2
gk?’/z — %kﬂﬂ = 0. Since k > 0, divide by k3/2 to get g — 111—0 =0,50k? = 70—0

° Write the exact value

_  [700 _ 10v21
V3 3

@ FiNAL ANSWER

(@)z=2v5. (b)k= 10*3@.
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. m Applications of Differentiation Main topic: Circles
Question 6

6. The circle C has equation
Xty +ex—4y—-14=0

(a) Find
(i) the coordinates of the centre of C,

(i1) the exact radius of C.

3)
The line with equation y = k, where & is a constant, is a tangent to C.
(b) Find the possible values of £.
(2)
The line with equation y = p, where p is a negative constant, is a chord of C.
Given that the length of this chord is 4 units,
(c) find the value of p.
3)
WORKED SOLUTION Question 6 - WMA12/01 January 2020

0 Complete the square
24+ 6z=(z+3)2—-9andy? —dy=(y—2)2 -4

° Find the centre and radius
The circle becomes (z + 3)2 + (y — 2)2 = 27. Hence the centre is (—3,2) and the radius is

V27 =33

° Use horizontal tangents
A horizontal tangent has equation y = k. The possible tangent levels are one radius above and
below the centre, so k = 2 + 34/3.

o Use half the chord length

The chord has length 4, so half the chord is 2. If the chord is y = p, its perpendicular distance from
the centre is |p — 2.



o Apply Pythagoras
(p—2)%+22=(3v3)2 =27,50 (p— 2)® = 23.

e Choose the negative value
Since p is negative, p = 2 — v/ 23.

@ rinAL ANswWER

(a)(i) (—3,2). (a)(#)3v3. (B)k=2+3V3. (c)p=2—+23
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. m Applications of Differentiation Main topic: Circles
Question 9

9. A circle C has equation
(x—kY+(y—2kY=k+7
where £ is a positive constant.
(a) Write down, in terms of £,
(1) the coordinates of the centre of C,

(i1) the radius of C.

(2)
Given that the point P(2,3) lies on C
(b) (i) show that 5k — 17k +6 =0
(ii) hence find the possible values of k.
3)
The tangent to the circle at P intersects the x-axis at point 7.
Given that k£ < 2
(c) calculate the exact area of triangle OPT.
3)
WORKED SOLUTION Question 9 - WMA12/01 January 2021

Read the centre and radius
From (z — k)2 + (y — 2k)2 = k + 7, the centre is (k, 2k) and the radius is vk + 7.

Substitute point P
Since P(2, 3) lies on the circle, (2 — k)2 + (3 —2k) 2 =k + 7.

° Show the quadratic
Expanding gives k2 — 4k + 4 + 4k?> — 12k +9 = k + 7, hence 5k%> — 17k + 6 = 0.



Solve for k

2
5k? — 17k +6 = (5k — 2)(k —3) sok= Z ork=3

Use the condition k less than two

. . 2 4
For the tangent calculation, k < 2, so the centre is g, E .

Find the tangent gradient

3—-4/5 11
/ = —, so the tangent gradient is BETE

The radius from the centre to P has gradient
2-2/5 8

Find the x intercept

4
The tangentisy — 3 = —18—1(93 — 2). Setting y = 0 gives & = 4?9 soT = (?9,0).

Calculate the area

49 49 147
Triangle OPT has base 5 on the g-axis and height 3, so its area is 3 8 3= 16

@ rinaL ANswER

2 147

(@) (k,2K). (@) VEFT. B)G)k=80r=. (o) 7

5
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. Applications of Differentiation Main topic: Circles
Question 6

6. A circle has equation
X —6x+y +8+k=0
where £ is a positive constant.

Given that the x-axis is a tangent to this circle,

(a) find the value of £.

3)
The circle meets the coordinate axes at the points R, S and T.
(b) Find the exact area of the triangle RST.
4)
WORKED SOLUTION Question 6 - WMA12/01 May/June 2021

Complete the square
22 — 6z = (x—3)2—9and y® + 8y = (y+4)2 — 16.

Write centre-radius form
The circle becomes (z — 3)2 + (y +4)2 =25 — k.

Use the tangent condition
The centre is (3, —4). Since the z-axis is tangent, the radius is the distance from the centre to the z-

axis, which is 4.

Find k
Thus 25 — k=42 =16,s0k = 9.

Find the intercepts
With k = 9, the circle is (z — 3)2 + (y+ 4)2 = 16. On the z-axis, y = 0, giving = 3.

Find the y-axis points
On the y-axis, £ = 0,50 9 + (y + 4)% = 16. Hencey = —4 + V7.



Calculate the triangle area
The vertical base on the y-axis has length 24/7, and its perpendicular distance to (3, 0) is 3. The area

s %(2\/7)(3) _ 3%

@ FiNAL ANSWER

(@) k=9. (b)3V7.
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. m Applications of Differentiation Main topic: Circles
Question 6

/F\mzs_ 14)
0 %

R(-7,-26)

0(15, -30)

Figure 1

The points P(23, 14), O(15, -30) and R(-7, —26) lie on the circle C, as shown in Figure 1.

(a) Show that angle POR = 90°

(2)
(b) Hence, or otherwise, find
(1) the centre of C,
(i1) the radius of C.
3)

Given that the point § lies on C such that the distance OS is greatest,

(c) find an equation of the tangent to C at S, giving your answer in the form ax + by +¢=0,
where a, b and c¢ are integers to be found.

3)

WORKED SOLUTION Question 6 - WMA12/01 January 2022

o Find the gradient QP

14 — (—30 44 11
The gradient of QP is ﬁ = ? = 7

o Find the gradient QR
-26—-(-30) 4 2

The gradient of QR is

—7—-15 —22 11



Show the right angle
The product of the two gradients is —1, so QP is perpendicular to QR and ZPQR = 90°.

Use the diameter
Since the angle at @ is a right angle, PR is a diameter of the circle.

Find the centre
The centre is the midpoint of P(23,14) and R(—7,—26), so it is (8, —6).

Find the radius
PR = 1/30?% + 40% = 50, so the radius is 25.

Find the farthest point from Q
The greatest distance from @ occurs at the point opposite ) on the diameter through the centre.
Thus S = 2(8,—6) — (15, —30) = (1,18).

Find the tangent gradient

18 — (—6) 24 o
= ——, so the tangent gradient is —.

The radius f th treto S h dient ————= =
e radius rrom e centre 1o asgra 1en 1—8 7 24

Write the tangent equation

y—18 = %(w — 1), which rearranges to 7z — 24y + 425 = 0.

@ rinaL ANswWER

(a) Proven: ZPQR = 90°.
(b)(2) (8,—6). (b)(i2) 25. (c) Tz — 24y + 425 = 0.
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Qu estiOI‘l 9 Main topic: Integration

9, VA

=V

Figure 2

Figure 2 shows
+ the curve C with equation y = x — x°

+ the line / with equation y = mx, where m is a constant and 0 <m < |
The line and the curve intersect at the origin O and at the point P.

(a) Find, in terms of m, the coordinates of P.

(2)
The region R , shown shaded in Figure 2, is bounded by C and /.
(b) Show that the area of R, is
(1 —m)’
6
&)

The region R,, also shown shaded in Figure 2, is bounded by C, the x-axis and /.
Given that the area of R, is equal to the area of R,

(¢) find the exact value of m.

3



WORKED SOLUTION Question 9 - WMA12/01 January 2022

o Find the second intersection

2

At an intersection, ¢ — z* = max, soz(1 —m — ) = 0.

State P

The non-zero intersection has £ = 1 — m, and theny = m(1 — m), so P = (1 — m,m(1 — m)).

Set up area R one

Region R is between the curve and the line fromz =0tox =1 —m.

Integrate the difference
Apg = Ol_m{(w —z%) —mz}dz = 01—m{(1 —m)z — 2%} dz.

Evaluate

Ar = |

1—mm2
0 2 3 6

1m3]1""_ (1-m) (@-m)P® _(1-m)®
2 3

Use the total curve area

1
The total area undery = ¢ — 2 fromz =0toz = 1is fol(a; — z?)dz = e

Use equal regions

1
Since R; and Ry are equal and together make this total area, each has area 17

Solve for m

(1- m)3 1 g B 1
Tzﬁ,so(l m) Eandm— —\3/5.
@ FiNAL ANSWER
(1-m)?

(@) P=(1—m, m(1—m)). (b)Proven:

(cgm=1-— ! :

V2
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Qu estiOI‘l 6 Main topic: Integration

6. The curve C, has equation y = f(x).

A table of values of x and v for y = f(x) is shown below, with the y values rounded to
4 decimal places where appropriate.

X 0 0.5 1 1.5 2

y 3 2.6833 24 2.1466 1.92

(a) Use the trapezium rule with all the values of y in the table to find an
approximation for

'[‘ f(x) dx
0
giving your answer to 3 decimal places.
3)
X = 2 A
R
] C
c, 3
\
> 4
(0] X “«— 22—
Figure 1 Figure 2

The region R, shown shaded in Figure 1, is bounded by

» the curve C,

« the curve C, with equation y =2 — %xz

+ the line with equation x =2

¢ the y-axis

The region R forms part of the design for a logo shown in Figure 2.

The design consists of the shaded region R inside a rectangle of width 2 and height 3
Using calculus and the answer to part (a),

(b) calculate an estimate for the percentage of the logo which is shaded.

)



WORKED SOLUTION Question 6 - WMA12/01 October 2022

Identify the strip width

The z values increase by 0.5, so the trapezium-rule width is h = 0.5.

Apply the trapezium rule
2
/ f(z)dz ~ % [34+1.92 + 2(2.6833 + 2.4 + 2.1466)].
0

Evaluate the estimate
This gives 4.84495, so the approximation is 4.845 to 3 decimal places.

Find the area under C2
2 372
1 5 T 2 10
/0 (2 4w)dm [21: 12]0 3 3

Estimate the shaded area

10
The shaded region lies between C7 and CY, so its estimated area is 4.845 — 3 =1.5116....

Compare with the rectangle
The rectangle has area 2 X 3 = 6.

Convert to a percentage

1.5116...
Percentage shaded = % x 100 = 25.19... %, so the estimate is 25.2%.

@ FiNAL ANSWER

(a) 4.845.
(b) 25.2%.
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. m Applications of Differentiation Main topic: Circles
Question 9

9. In this question you must show detailed reasoning.

Solutions relying entirely on calculator technology are not acceptable.

VA

Figure 3

Figure 3 shows

+ the curve C, with equation y = x° — 5x° + 3x + 14
« the circle C, with centre T

The point 7' is the minimum turning point of C,
Using Figure 3 and calculus,

(a) find the coordinates of T

3
The curve C, intersects the circle C, at the point A with x coordinate 2
(b) Find an equation of the circle C,
3
The line / shown in Figure 3, is the tangent to circle C, at 4
(c) Show that an equation of/ is
J’} = l X + 2
373
3)

The region R, shown shaded in Figure 3, is bounded by C), [ and the y-axis.

(d) Find the exact area of R.

(€))



WORKED SOLUTION Question 9 - WMA12/01 October 2022

o Differentiate the cubic
dy

Fory:w3—5w2+3x+14,%:3:1:2—10:1:+3.

0 Find stationary x values
1
3z% — 10z + 3 = O factorsas (3z — 1)(z —3) = 0,50z = 3ore =3.

Identify the minimum
2

d

_d g = 6z — 10. At & = 3, this is positive, so the minimum turning point has & = 3.
T

FindT

Substitute = 3: y = 27 — 45 + 9 + 14 = 5. Hence T' = (3, 5).

Find A
Atz =20onC1,y=8-20+6+14=28s0 A= (2,8).

Find the circle radius
The centre of Cy is T' = (3,5) and it passes through A = (2, 8). Thus
r?=(2-3)%+ (8—5)% =10.

Write the circle equation
Therefore Cy has equation (z — 3)% + (y — 5)2 = 10.

Find the tangent gradient

8 1
The radius T'A has gradient 2_3 = —3, so the tangent at A has gradient 3

Write the tangent equation

1 1 22
Using A =(2,8), y—8 = §($_2)’ soy = §w+?

Set up the area

From z = 0 to & = 2, the cubic is above the line. The required area is
2
1 22
/ [:1:3 — 522 43z +14 — (—:l:—l— —)]d:z:
0 3 3

Simplify the integrand
: . 3 9 8 20
The integrand is ° — bx* + gw + 3



Q Integrate

z?  Bzd N 42 N 20z 12
4 3 3 3

@ FiNAL ANSWER

(a) T = (3,5).

(0) (z —3)* + (y— 5)* = 10.
1 22

(C)y——:zz—l—?

(d)
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. m Applications of Differentiation Main topic: Circles
Question 6

6. The circle C has equation
X +y +8x—4y=0
(a) Find
(i) the coordinates of the centre of C,

(i1) the exact radius of C.

(&)
The point P lies on C.
Given that the tangent to C at P has equation x + 2y + 10 =0
(b) find the coordinates of P
4)
(c) Find the equation of the normal to C at P, giving your answer in the form
v = mx + ¢ where m and c are integers to be found.
3)
WORKED SOLUTION Question 6 - WMA12/01 January 2023

o Complete the square
z? + 92 + 8z — 4y = 0 becomes (z +4)2 — 16 + (y — 2)2 —4 = 0.

Write the circle form
So (z +4)? + (y — 2)% = 20.

Read the centre and radius
The centre is (—4,2) and the radius is v/20 = 2+v/5.

Use the tangent gradient
1
The tangent z + 2y + 10 = 0 has gradient 3

Find the radius gradient

The radius to the point of contact is perpendicular to the tangent, so its gradient is 2.



Write the normal through the centre
The radius line through the centre (—4,2) is y — 2 = 2(z + 4), so y = 2z + 10.

Intersect with the tangent
Substitute y = 2z + 10 into ¢ + 2y + 10 = 0: = + 2(2z + 10) + 10 = 0.

Find P
52 +30 =0,s0x = —6. Then y = 2(—6) + 10 = —2, hence P = (—6,—2).

State the normal

The normal at P is the radius line already found, so its equation is y = 2z + 10.

@ FiNAL ANSWER

(

(
(b
(

a)(é) (—4,2).
a)(ii) 2/5.

) P =(-6,-2).
¢) y = 2z + 10.
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Qu estiOI‘l 1 0 Main topic: Integration

10. The curve C has equation

where k is a positive constant.

(a) Show that

16 2
- 5 2046
k) dx=ak™ + bk+ ——

o Vx .

where a and b are integers to be found.

()
v 4
0
Figure 1
Figure 1 shows a sketch of the curve C and the line /.
Given that / intersects C at the point 4(1, 9) and at the point B(16, ¢) where g is
a constant,
(b) show that k=4
(2)

The region R, shown shaded in Figure 1, is bounded by C and /
Using the answers to parts (a) and (b),

(¢) find the area of region R

3)



WORKED SOLUTION Question 10 - WMA12/01 May/June 2023

Expand the integrand

(z — k)? _ a? — 2kz + K — 23/2 _ 9kgl/2 4 K2471/2

Nz 21/2
Integrate
/ (w3/2 — 2kz'/? + kzw_1/2>da: = §m5/2 — 4—;:m3/2 + 2Kz /2.

Substitute the limits

From 1 to 16, this gives (20548 — 2536k + 8k2) — (% — %k + 2k2).

Simplify the integral

The result is 6k% — 84k + 2046

,soa=06and b= —84.

Use point A
(1-k)*

Since A(1,9) lieson C, 9 =
(1,9) i

= (1-k)2

Find k
Thus1l — k= 43,s0 k=4 ork = —2.Since ks positive, k = 4.

Find point B

(16 —4)2 144
V16 &

Whenk=4andz =16,q = = 36, so B = (16, 36).

Find the line

The line through A(1,9) and B(16, 36) has gradient

¥=3 5

= g so [ has equation
6—-1 5 a

Area under the line

/16 9 36 9 , 36 1% 675
—z+ —|de=|—Fz"+ —z| =—.
. \5 5

Area under the curve

16 -4 2
From part (a), with k = 4, / ud;,; = 6(4)2 — 84(4) + %46 — %
1 x

Subtract curve from line
675 B 846 1683

The shaded area is .
! 5 10




@ rinaL ANswER
(a) a =6, b= —84

(b) k =4.

(c) Area = 1683
10
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. m Applications of Differentiation Main topic: Circles
Question 7

Figure 2

Figure 2 shows a sketch of

« the circle C with centre X(4, —3)

+ the line / with equation y = —x — 5

Given that / is the tangent to C at the point N,
(a) show that an equation for the straight line passing through X and N is
2x+5y+7=0
3)
(b) Hence find
(i) the coordinates of N,

(ii) an equation for C.

(3)



WORKED SOLUTION Question 7 - WMA12/01 October 2023

o Use perpendicular gradients

5 2
The tangent [ has gradient 7 so the radius XN is perpendicular to it and has gradient 5

o Use the centre

2 2
The line through X (4, —3) with gradient oy isy+3= —g(w —4).

Show the required line
Multiplying by 5 gives by + 15 = —2z + 8, so 2z + 5y + 7 = 0.

Usey=§z—%in2m+5y+7=0.

Find x coordinate

o Intersect the radius and tangent

5 55
2z 4+ 5 (5:1: — 7) + 7 = 0. Multiplying by 2 gives 4z + 25x — 275 + 14 = 0, so 292 = 261
andz = 9.

Find y coordinate
5 ., 55 _45-55

y=501-3 )

= —5,s0 N =(9,-5).

a Find the radius squared
XN2=(9—-4)2+(-5+3)2=5%+(—2)2=29.

° Write the circle equation
With centre (4, —3) and radius squared 29, the circle is (z — 4)? + (y + 3)% = 29.

@ FiNAL ANSWER

(a) Proven.
(b)(é) N = (9,-5).
(b)(3) (z — 4)* + (y + 3)% = 29.
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. m Applications of Differentiation Main topic: Circles
Question 10

10. The circle C has equation
x4y 4+ 4x - 30y +209=0
(a) Find
(i) the coordinates of the centre of C,

(i1) the exact value of the radius of C.

3)
The line L has equation y = mx + 1, where m is a constant.
Given that L is the tangent to C at the point P,
(b) show that
2m’ —Tm—22=0
3)
(c) Hence find the possible pairs of coordinates of P.
4)
WORKED SOLUTION Question 10 - WMA12/01 October 2024

Complete the square
z? + y? + 4z — 30y + 209 = 0 becomes (z + 2)2 + (y — 15)2 = 20.

Read the centre and radius
The centre is (—2,15) and the radius is v/20 = 2+/5.

Use the tangent distance
The line y = ma 4 1 can be written as ma — y + 1 = 0. Its distance from (—2, 15) must be 24/5.

Set up the equation for m
—-2)—15+1 —2m — 14
m(-2)-15+1] _, o |-2m-14] _

24/5.
vVm?2 +1 m2+1

Show the quadratic
Squaring gives 4(m + 7)% = 20(m? + 1). Hence (m + 7)% = 5(m? + 1), so 2m? — Tm — 22 = 0.



e Find the possible gradients

2m2—7m—22=Ogivesm=—2orm=7.

° Use perpendicular radii

A tangent is perpendicular to the radius at the point of contact.

o Find the first point

1 1
Form = —2, the radius gradient is 3 The radius through the centre is y — 15 = 5(:1: + 2). Solving
withy = —22 + 1 gives x = —6 and y = 13.

° Find the second point
11 2 2
Form = - the radius gradient is ——-. The radius through the centre is y — 15 = —ﬁ(w + 2).
71
Solving withy = 7:1: + 1 gives ¢ = 5 andy = 5

@ FiNAL ANSWER
(a)(4) (—2,15).

(a)(i1) 2v/5.
(b) Proven.
(c

) (=6, 13) and (% %)



WMA12/01 JANUARY 2025 m Applications of Differentiation
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M

-

Figure 3

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 3 shows a sketch of part of the curve with equation

The curve has a turning point at the point M, as shown in Figure 3.

(a) Using calculus, find the coordinates of M.

)
The curve crosses the x-axis at the point P, as shown in Figure 3.

(b) Use algebra to find the x coordinate of P.

)

The finite region R, shown shaded in Figure 3, is bounded by the curve, the line
through M parallel to the x-axis and the line through P parallel to the y-axis.

(c) Use algebraic integration to find the area of R, giving your answer
to one decimal place.

)



WORKED SOLUTION Question 9 - WMA12/01 January 2025

0 Rewrite the curve

y= 9z (5_\/_) 29332—2:13

5/2
5

a Differentiate

dy 9 9
=1 32 = —p(4 — V).
™ 8z — 5 2w( V)

Find the turning point x coordinate
For the turning point shown away from the origin, set 4 — 4/ = 0. Hence z = 16.

Find the y coordinate
9(16)%(5 —4) _ 2304

Atz =16,y = =

v y 5 5
State M
Therefore M (16 i;)‘l)

Find the positive x intercept
92(5 — v/z)

- = 0gives5 — /2 =0,s0x = 25.

For the positive intercept,

Set up the area

and the curve is below it from £ = 16 to = 25. So

2304
The top boundary is y =

25 79304 59
R = / ( —9z2 + gwm) dz.
o Integrate

25
R= 2304w—3w3+ Em7/2 .
5 357 |,

Evaluate

R = 91789 = 1312.714.. ., so the area is 1312.7 to one decimal place.

@ FiNAL ANSWER

(a) M (16 %04)

(b) Tp = 25.
(c) 1312.7.
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Qu estiOI‘l 7 Main topic: Integration

7.
Va
C
0 X
R
N T

Figure 3

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 3 shows a sketch of part of the curve C with equation

5 1

y=x3—4x2—foc2+28x—44 x=0
where £ is a positive constant.

(a) Find b in simplest form.
dx

2)
The point 7, shown in Figure 3, is a minimum stationary point on C.
Given that the x coordinate of Tis 9
(b) show thatk =6

)

The line through 7 parallel to the x-axis meets the y-axis at the point N.

The finite region R, shown shaded in Figure 3, is bounded by C, the y-axis and the line
segment NT.

(c¢) Use algebraic integration to find the area of R, giving the answer to 3
significant figures.

(6)



WORKED SOLUTION Question 7 - WMA12/01 October 2025

0 Differentiate
dy

Fory = % — 4z%2 — kzl/2 + 282 — 44, o= 3z2 — 1023/2 — gw—l/z +28.
XL

o Write in simplest form
Y gy 1032 - _*_ + 28,

dz 2z
Use the stationary point
AtT,  =9and L =0.

dz

Substitute x equals nine

k k
0=3(9)2—10(9)%2 — —— 428 =243 — 270 — — + 28.
(9)2 ~1009)"" ~ 7 :

Find k
This simplifiesto0 =1 — % sok =6.

Find the horizontal line
With k = 6, the y coordinate of T'is 9% — 4(9)%/2 — 64/9 + 28(9) — 44 = —53.

Set up the area

The line NT is y = —53. The region is between the curve and this line fromax =0 tox = 9.

Write the integral
9
R = / (:133 — 452 _ 612 1 282 — 44 + 53)dw.
0

Integrate
9

zt 8 7/2 3/2 2
R = ——7:1:/ — 4232 4 1422 + 9z| .

4 0
Q Evaluate
6939 . N ,
R=——=247.821.. . so the area is 248 to 3 significant figures.

28



@ rinAL ANsWER

(a) 3x2 — 1023/% — L + 28.
2\/x

(b) Proven.
(c) 248.
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. m Applications of Differentiation Main topic: Proof
Question 6

6. (i) Given that p and ¢ are consecutive odd numbers, where p > ¢ > 0, prove that

P -q

is a multiple of 8

4)
(i) The curve C has equation
y=x"+12x"+49x + 2

Prove that C has no stationary points.

(4)
WORKED SOLUTION Question 6 - WMA12/01 January 2026

0 Represent the consecutive odd numbers
Letq =2n — 1 and p = 2n + 1, where n is a positive integer. Then p > q > 0 and the numbers are

consecutive odd numbers.

Subtract the squares
P’ —q¢?=(2n+1)2-(2n-1)2

Simplify the expression
p?—qg*=(n’>+4n+1)— (4n? —4n+1) =8n.

Conclude the proof

Since n is an integer, 8n is a multiple of 8, so p? — g2 is a multiple of 8.

Differentiate the curve

d
Fory = &3 + 1222 + 49z + 2, % — 322 + 24z + 49.

Show the gradient is never zero
322 + 24z + 49 = 3(z + 4)2 + 1. This is always positive for real z.

State the conclusion

_ d . .
Since %Y is never (, the curve has no stationary points.

dz



@ rinaL ANswER

(2) Proven.

(¢2) C has no stationary points.

TOPIC

Integration

Every past-paper question on this topic, October 2019 to January 2026.
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. Integration
Question 8 @D (g

8. Solutions relying on calculator technology are not acceptable in this question.

(1)

Figure 2

Figure 2 shows a sketch of part of a curve with equation

8Vx -5

y = ———— x>0
’ 2x?

The region R, shown shaded in Figure 2, is bounded by the curve, the line with
equation x = 2, the x-axis and the line with equation x = 4

Find the exact area of R.

(3)
(i1) Find the value of the constant k£ such that
[ 1
(—xz + k] dx = 55
—3 2
4)
WORKED SOLUTION Question 8 - WMA12/01 October 2019

0 Rewrite the curve

8z -5 32 9 o
y= 572 =4z 5%



Integrate the curve

5 5
—3/2_ 92 —2 o em—1/2
f(4w 5% )da:— 8z~ 12 + 5

Apply the limits for the area
51" 5 Va5
— _1/2 E— = —4 —_— —_— —4 2 e B
[ s 2z ] 2 ( N 8) ( " 4)

Simplify the exact area

This gives 4v/2 — %7

Integrate the second expression

3
[ (%wz —|—k)d:c = % + k.

° Use the limits

3 6 9 81
2 k] - (-2 w) - Lo

Q Solve for k
81 29

29
7+9k—55,509k—7andk—1—8.

@ FiNAL ANSWER
) 37 .. 29
(i) 4V2 — < (ii) k= 18"
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. Integration
Question 7 QD) (g

P (kW)4

3

O“/‘|1[|[|||||\';
7 8 9 10 11 12 13 14 15 16 17 ¢ (hours)

Figure 1
Solar panels are installed on the roof of a building.
The power, P, produced on a particular day, in kW, can be modelled by the equation

"

P=095+2""+2""—@-12) 8.5< 1< 152
where 7 is the time in hours after midnight. The graph of P against 7 is shown in Figure 1.

A table of values of ¢t and P is shown below, with the values of P given to 4 significant
figures where appropriate.

Time, ¢

(hours) 10 10.5 11 11.5 12
Power, P
(kW) 1.882 2.45 2.95

(a) Use the given equation to complete the table, giving the values of P to 4 significant
figures where appropriate.

2

The amount of energy, in kWh, produced between 10:00 and 12:00 can be found by
calculating the area of region R, shown shaded in Figure 1.

(b) Use the trapezium rule, with all the values of P in the completed table, to find an
estimate for the amount of energy produced between 10:00 and 12:00. Give your
answer to 2 decimal places.

(C))



WORKED SOLUTION Question 7 - WMA12/01 January 2021

0 Use the model at t equals ten
P(10) =0.95+272 +2% — (10 — 12)2 = 0.95 +0.25 + 4 — 4 = 1.20.

Use the model at t equals eleven point five
P(11.5) = 0.95 4+ 2795 1+ 205 _ (11.5 — 12)2 = 2.821....

Identify the trapezium width

The time values increase by 0.5, so h = 0.5.

Apply the trapezium rule
The estimate is %{1.20 +2.95 +2(1.882 +2.45+2.821...)}.

Calculate the energy

This gives 4.614. . ., so the estimated energy is 4.61 kWh to 2 decimal places.

@ FiNAL ANSWER
(a) P(10) = 1.20, P(11.5) = 2.821. (b) 4.61 kWh.
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. Integration
Question 9 EIED (reegone

9. VA

=8 4

Figure 2

Figure 2 shows
+ the curve C with equation y = x — x”

+ the line [/ with equation y = mx, where m is a constant and 0 <m < 1
The line and the curve intersect at the origin O and at the point P.

(a) Find, in terms of m, the coordinates of P.

2
The region R, shown shaded in Figure 2, is bounded by C and /.
(b) Show that the area of R, is
(1 - m)’
6
3

The region R,, also shown shaded in Figure 2, is bounded by C, the x-axis and /.
Given that the area of R, is equal to the area of R,

(c) find the exact value of m.

3)



WORKED SOLUTION Question 9 - WMA12/01 January 2022

0 Find the second intersection

2

At an intersection, ¢ — z* = max, soz(1 —m — ) = 0.

State P

The non-zero intersection has £ = 1 — m, and theny = m(1 — m), so P = (1 — m,m(1 — m)).

Set up area R one

Region R is between the curve and the line fromz =0tox =1 —m.

Integrate the difference
Apg = Ol_m{(w —z%) —mz}dz = 01—m{(1 —m)z — 2%} dz.

Evaluate

Ar = |

1—mm2
0 2 3 6

1m3]1""_ (1-m) (@-m)P® _(1-m)®
2 3

Use the total curve area

1
The total area undery = ¢ — 2 fromz =0toz = 1is fol(a; — z?)dz = e

Use equal regions

1
Since R; and Ry are equal and together make this total area, each has area 17

Solve for m

(1- m)3 1 g B 1
Tzﬁ,so(l m) Eandm— —\3/5.
@ FiNAL ANSWER
(1-m)?

(@) P=(1—m, m(1—m)). (b)Proven:

(cgm=1-— ! :

V2
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QU eStion 7 Integration

7. f(x)=Ax* +6x*—4x+ B
where 4 and B are constants.
Given that

* (x+2) is a factor of f(x)

. -[ f(x)dx = 176

3

find the value of 4 and the value of B.

(7

WORKED SOLUTION Question 7 - WMA12/01 May/June 2022

0 Use the factor condition
Since (z + 2) is a factor, f(—2) = 0.

° Form the first equation
A(—2)%+6(—2)2—4(-2)+B=0550-84+32+B=0and B=84 — 32.

Q Set up the integral
J2(Az? + 622 — 4z + B) dz = 176.

° Integrate
5

A
[Zx‘l + 223 — 222 + Bx| = 176.
3

° Simplify the second equation
This gives 136 A + 164 + 2B = 176, so 68A + B = 6.

o Solve simultaneously
1
Using B=8A — 32 in 68A + B = 6 gives T6A = 38,50 A = 3



0 Find B

1
B—8<5)—32——28.

@ rinAL ANSWER

1
A=—, B=-28
2’
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QU eStion 6 Integration

6. The curve C, has equation y = f(x).

A table of values of x and y for y = f(x) is shown below, with the y values rounded to
4 decimal places where appropriate.

X 0 0.5 1 1.5 2

y 3 2.6833 24 2.1466 1.92

(a) Use the trapezium rule with all the values of y in the table to find an
approximation for

J‘ f(x) dx
0
giving your answer to 3 decimal places.
3
x=2 A
R
— C,
C, ]
™~
o A4
@] X < 2 B>
Figure 1 Figure 2

The region R, shown shaded in Figure 1, is bounded by

* the curve C,

¢ the curve C, with equation y =2 — ixz

« the line with equation x = 2

« the y-axis

The region R forms part of the design for a logo shown in Figure 2.

The design consists of the shaded region R inside a rectangle of width 2 and height 3
Using calculus and the answer to part (a),

(b) calculate an estimate for the percentage of the logo which is shaded.

“



WORKED SOLUTION Question 6 - WMA12/01 October 2022

Identify the strip width

The z values increase by 0.5, so the trapezium-rule width is h = 0.5.

Apply the trapezium rule
2
/ f(z)dz ~ % [34+1.92 + 2(2.6833 + 2.4 + 2.1466)].
0

Evaluate the estimate
This gives 4.84495, so the approximation is 4.845 to 3 decimal places.

Find the area under C2
2 372
1 5 T 2 10
/0 (2 4w)dm [21: 12]0 3 3

Estimate the shaded area

10
The shaded region lies between C7 and CY, so its estimated area is 4.845 — 3 =1.5116....

Compare with the rectangle
The rectangle has area 2 X 3 = 6.

Convert to a percentage

1.5116...
Percentage shaded = % x 100 = 25.19... %, so the estimate is 25.2%.

@ FiNAL ANSWER

(a) 4.845.
(b) 25.2%.
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. Integration
Question 9 QD) (g

9. In this question you must show all stages of your working.

Solutions based entirely on calculator technology are not acceptable.

YVa C
D
R\ & f
E\/F
(0] X

Figure 3

Figure 3 shows

+ the curve C with equation y = x> — 4x + 5

« the line / with equation y =2

The curve C intersects the y-axis at the point D.

(a) Write down the coordinates of D.

(1)
The curve C intersects the line / at the points E and F, as shown in Figure 3.

(b) Find the x coordinate of £ and the x coordinate of F.

(2)
Shown shaded in Figure 3 is
¢ the region R, which is bounded by C, / and the y-axis
¢ the region R, which is bounded by C and the line segments £EF and DF

. area of R, .
Given that ———— =k, where % is a constant,
arca of R,

(c) use algebraic integration to find the exact value of &, giving your answer as a
simplified fraction.

6



WORKED SOLUTION Question 9 - WMA12/01 January 2023

Find D
At the y-axis, z = 0.On C,y = 02 — 4(0) + 5 = 5,s0 D = (0, 5).

Find intersections with the line

The line is y = 2, so solve 2 —4x+5=2

Solve the quadratic
:1:2—4m—l-3=0,so(m—1)(:c—3) =0.Hencezg =1landzr = 3.

Area of R1

R, lies between the curve and the liney =2 fromz =0toz = 1.

Integrate R1
1 1
R, =/ (a:2—4:1:—|—5—2)d.7:=/ (z® — 4z + 3)dz.
0 0

Evaluate R1

3 1o 4
Ri=|——22+3z| == —-24+3=—.
1 [3 :12+:L':|0 3 + 3

Find the line DF
The line through D = (0,5) and F = (3,2) has gradient —1, so its equation is y = 5 — .

Split R2
ForO0 < a <1, Ryis betweeny =5 — x and the curve. For 1 < & < 3, it is between y = 5 — z and
y=2

Integrate R2

1 3
R2=/0 [(5—w)—(m2—4m+5)]dw+/1 (5 — z) — 2]dz.

Evaluate R2

1 3
R2=/(—:c2—|—3:1:)da:—|—/(3—w)d:1:=%+2=—.
0 1

Find the ratio
__areaof R;  4/3 _ 8

~ areaof Ry, 19/6 19




0 FINAL ANSWER
(a) D = (0,5).

(b)zg=1, zr=3.
8
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. Integration
Question 10 EIED (eegone

10. The curve C has equation

where £ is a positive constant.

(a) Show that

16 7
- ; 2046
=k dx=ak™ + bk + —
1 v >

where a and b are integers to be found.

)
v 4
0
Figure 1
Figure 1 shows a sketch of the curve C and the line /.
Given that / intersects C at the point 4(1, 9) and at the point B(16, ¢) where g is
a constant,
(b) show that k=4
(2)

The region R, shown shaded in Figure 1, is bounded by C and /
Using the answers to parts (a) and (b),

(c) find the area of region R

3)



WORKED SOLUTION Question 10 - WMA12/01 May/June 2023

Expand the integrand

(z — k)? _ a? — 2kz + K — 23/2 _ 9kgl/2 4 K2471/2

Nz 21/2
Integrate
/ (w3/2 — 2kz'/? + kzw_1/2>da: = §m5/2 — 4—;:m3/2 + 2Kz /2.

Substitute the limits

From 1 to 16, this gives (20548 — 2536k + 8k2) — (% — %k + 2k2).

Simplify the integral

The result is 6k% — 84k + 2046

,soa=06and b= —84.

Use point A
(1-k)*

Since A(1,9) lieson C, 9 =
(1,9) i

= (1-k)2

Find k
Thus1l — k= 43,s0 k=4 ork = —2.Since ks positive, k = 4.

Find point B

(16 —4)2 144
V16 &

Whenk=4andz =16,q = = 36, so B = (16, 36).

Find the line

The line through A(1,9) and B(16, 36) has gradient

¥=3 5

= g so [ has equation
6—-1 5 a

Area under the line

/16 9 36 9 , 36 1% 675
—z+ —|de=|—Fz"+ —z| =—.
. \5 5

Area under the curve

16 -4 2
From part (a), with k = 4, / ud;,; = 6(4)2 — 84(4) + %46 — %
1 x

Subtract curve from line
675 B 846 1683

The shaded area is .
! 5 10




@ rinaL ANswER
(a) a =6, b= —84

(b) k =4.

(c) Area = 1683
10
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. Integration
Question 6 Q@D (g

(0, 0) (15, 0)
I | I I ’
I | | I X
I | I I
I | I I
I I | I
| I I
| I :
(3, 1.52) | : i
1
| I
(6,2.74)
(9, 3.12) (12, 3.08)
yy
Figure 1

A river is being studied.

At one particular place, the river is 15m wide.

The depth, y metres, of the river is measured at a point x metres from one side of

the river.

Figure 1 shows a plot of the cross-section of the river and the coordinate values (x, )

(a) Use the trapezium rule with all the y values given in Figure 1 to estimate the
cross-sectional area of the river.

3)

The water in the river is modelled as flowing at a constant speed of 1.5ms ' across the

whole of the cross-section.

(b) Use the model and the answer to part (a) to estimate the volume of water flowing
through this section of the river each minute, giving your answer in m" to
2 significant figures.

2)

Assuming the model,

(c) state, giving a reason for your answer, whether your answer for part (b) is an
overestimate or an underestimate of the true volume of water flowing through this
section of the river each minute.

(1)
WORKED SOLUTION Question 6 - WMA12/01 October 2023

Read the strip width
The x values are 0, 3, 6,9, 12, 15, so the trapezium width is h = 3.



° Apply the trapezium rule
Area ~ %[0 + 0+ 2(1.52 + 2.74 + 3.12 + 3.08)].

° Find the cross-sectional area
This gives 31.38 m?2.

Convert flow speed to one minute

The speed is 1.5 m 871, so in one minute the water travels 1.5 x 60 = 90 m.

Estimate volume
Volume per minute ~ 31.38 x 90 = 2824.2 m?.

Round the volume
To 2 significant figures, this is 2.8 x 103 m3.

State over or under

It is an underestimate, because the curve between the plotted points lies below the straight-line
trapezium chords in the diagram, so the true cross-sectional area is larger.

0 FINAL ANSWER
(a) 31.38 m?.
(b) 2.8 x 10° m3.

(¢) Underestimate.
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. Integration
Question 6 @D (g

6. (a) Sketch the curve with equation
y=a +4
where « is a positive constant greater than 1
On your sketch, show
+ the coordinates of the point of intersection of the curve with the y-axis

+ the equation of the asymptote of the curve

3)
X 2 2.3 2.6 29 3.2 3.5
y 0 0.3246 | 0.8629 | 1.6643 | 2.7896 | 4.3137
The table shows corresponding values of x and y for
y=2"-2x
with the values of y given to 4 decimal places as appropriate.
Using the trapezium rule with all the values of y in the given table,
3.5
(b) obtain an estimate for I (2"' - Zx) dx, giving your answer to 2 decimal places.
3)
(¢) Using your answer to part (b) and making your method clear, estimate
3.5
@D | (27 +2x)dx
o2
@35
(ii) (2-"*' ~ 4x) dx
o2

3)



WORKED SOLUTION Question 6 - WMA12/01 May/June 2024

Sketch key features

Fory = a® 4+ 4 with @ > 1, the curve is increasing.

Find the y-intercept
Atz =0,y = a’ + 4 = 5, so the y-intercept is (0, 5).

Find the asymptote
As z — —o0o, a® — 0, so the horizontal asymptote is y = 4.

Use the trapezium width

The & values increase by 0.3, so h = 0.3.

Apply the trapezium rule
3.5
/ (2% — 2z)dz ~ 0—23 [0+ 4.3137 + 2(0.3246 + 0.8629 + 1.6643 + 2.7896)].
2

Round part b
This gives 2.339475, so the estimate is 2.34 to 2 decimal places.

Estimate partci

3.5 3.5
2% 4+ 2z = (2% — 2z) + 4, so / (2% + 2z)dz ~ 2.34 + / 4z dx.
2 2

Add the extra integral
3.5
/ 4z dx = [22%]3° = 16.5, so the estimate is 2.34 + 16.5 = 18.84.
2



Estimate part c ii

271 — 43 = 2(2% — 2z), so the estimate is 2(2.34) = 4.68.

@ rinaL ANswER

(@) y-intercept (0, 5) and asymptote y = 4.
(b) 2.34.

(c)(3) 18.84.

(c)(31) 4.68.
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. Integration
Question 8 QD) (g

8. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

F 9
y ¢

Figure 1

Figure 1 shows a sketch of part of the curve C| with equation
y=x+3 x>0
and part of the curve C, with equation

9
y=13-— x>0
X
The curves C| and C, intersect at the points P and Q as shown in Figure 1.

(a) Use algebra to find the x coordinate of P and the x coordinate of Q.

C))
The finite region R, shown shaded in Figure 1, is bounded by C, and C,

(b) Use algebraic integration to find the exact area of R.

)



WORKED SOLUTION

Question 8 - WMA12/01 October 2024

Equate the curves

:1:2—|—3:13—%.
€

Clear the denominator

Multiplying by 22 gives z* + 322 = 1322 — 9, so z* — 1022 + 9 = 0.

Factor

letu =22 Thenu? —10u+9=(u—1)(u—9)=0,s0z> =1lorz?=09.

Use x greater than zero

Since > 0, the intersections havex =1 andz = 3. Thuszp = 1 and zg = 3.

Set up the area

3
Between £ = 1 and ¢ = 3, curve Cj is above curve Cy, so R = / (13 - % —(z® + 3)) dz.
1 T

Simplify the integrand
3
R= / (10 — z* — 9272) dz.
1

Integrate
3 3
R= [10z—w—+2] .
3 T,
Evaluate
1
R=(30—9+3)— (10—§+9) —24— % _ 16

@ rinAL ANsWER

) 5

(@) zp=12z9 =3

16

16
3
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Question 9

m Integration

Va

M

=V

Figure 3

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 3 shows a sketch of part of the curve with equation

The curve has a turning point at the point M, as shown in Figure 3.

(a) Using calculus, find the coordinates of M.

)
The curve crosses the x-axis at the point P, as shown in Figure 3.

(b) Use algebra to find the x coordinate of P.
2)

The finite region R, shown shaded in Figure 3, is bounded by the curve, the line
through M parallel to the x-axis and the line through P parallel to the y-axis.

(¢) Use algebraic integration to find the area of R, giving your answer
to one decimal place.

(C)



WORKED SOLUTION Question 9 - WMA12/01 January 2025

0 Rewrite the curve

y= 9z (5_\/_) 29332—2:13

5/2
5

a Differentiate

dy 9 9
=1 32 = —p(4 — V).
™ 8z — 5 2w( V)

Find the turning point x coordinate
For the turning point shown away from the origin, set 4 — 4/ = 0. Hence z = 16.

Find the y coordinate
9(16)%(5 —4) _ 2304

Atz =16,y = =

v y 5 5
State M
Therefore M (16 i;)‘l)

Find the positive x intercept
92(5 — v/z)

- = 0gives5 — /2 =0,s0x = 25.

For the positive intercept,

Set up the area

and the curve is below it from £ = 16 to = 25. So

2304
The top boundary is y =

25 79304 59
R = / ( —9z2 + gwm) dz.
o Integrate

25
R= 2304w—3w3+ Em7/2 .
5 357 |,

Evaluate

R = 91789 = 1312.714.. ., so the area is 1312.7 to one decimal place.

@ FiNAL ANSWER

(a) M (16 %04)

(b) Tp = 25.
(c) 1312.7.
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° Integration
Question 7 EIED (eegone

7.
Va
C
0 X
R
N T

Figure 3

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 3 shows a sketch of part of the curve C with equation

5 1

y=x —4x" —kx’ +28x—44 x=0
where £ is a positive constant.

(a) Find L in simplest form.
dx

(2)
The point T, shown in Figure 3, is a minimum stationary point on C.
Given that the x coordinate of 7"is 9
(b) show that k=6

()

The line through T parallel to the x-axis meets the y-axis at the point M.

The finite region R, shown shaded in Figure 3, is bounded by C, the y-axis and the line
segment NT.

(¢) Use algebraic integration to find the area of R, giving the answer to 3
significant figures.

(6)



WORKED SOLUTION Question 7 - WMA12/01 October 2025

o Differentiate
dy

Fory = % — 4z%2 — kzl/2 + 282 — 44, o= 3z2 — 1023/2 — gw—l/z +28.
XL

o Write in simplest form
Y gy 1032 - _*_ + 28,

dz 2z
Use the stationary point
AtT,  =9and L =0.

dz

Substitute x equals nine

k k
0=3(9)2—10(9)%2 — —— 428 =243 — 270 — — + 28.
(9)2 ~1009)"" ~ 7 :

Find k
This simplifiesto0 =1 — % sok =6.

Find the horizontal line
With k = 6, the y coordinate of T'is 9% — 4(9)%/2 — 64/9 + 28(9) — 44 = —53.

Set up the area

The line NT is y = —53. The region is between the curve and this line fromax =0 tox = 9.

Write the integral
9
R = / (:133 — 452 _ 612 1 282 — 44 + 53)dw.
0

Integrate
9

zt 8 7/2 3/2 2
R = ——7:1:/ — 4232 4 1422 + 9z| .

4 0
Q Evaluate
6939 . N ,
R=——=247.821.. . so the area is 248 to 3 significant figures.

28



@ rinaL ANswWER

(a) 3x2 — 1023/% — L + 28.
2\/x

(b) Proven.
(c) 248.
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Qu estion 9 m Integration Main topic: Circles

9. A circle C has equation
(x—kY+(y—2kY=k+7
where £ is a positive constant.
(a) Write down, in terms of £,
(1) the coordinates of the centre of C,

(i1) the radius of C.

(2)
Given that the point P(2,3) lies on C
(b) (i) show that 5k — 17k +6 =0
(ii) hence find the possible values of k.
3)
The tangent to the circle at P intersects the x-axis at point 7.
Given that k£ < 2
(c) calculate the exact area of triangle OPT.
3)
WORKED SOLUTION Question 9 - WMA12/01 January 2021

Read the centre and radius
From (z — k)2 + (y — 2k)2 = k + 7, the centre is (k, 2k) and the radius is vk + 7.

Substitute point P
Since P(2, 3) lies on the circle, (2 — k)2 + (3 —2k) 2 =k + 7.

° Show the quadratic
Expanding gives k2 — 4k + 4 + 4k?> — 12k +9 = k + 7, hence 5k%> — 17k + 6 = 0.



Solve for k

2
5k? — 17k +6 = (5k — 2)(k —3) sok= Z ork=3

Use the condition k less than two

. . 2 4
For the tangent calculation, k < 2, so the centre is g, E .

Find the tangent gradient

3—-4/5 11
/ = —, so the tangent gradient is BETE

The radius from the centre to P has gradient
2-2/5 8

Find the x intercept

4
The tangentisy — 3 = —18—1(93 — 2). Setting y = 0 gives & = 4?9 soT = (?9,0).

Calculate the area

49 49 147
Triangle OPT has base 5 on the g-axis and height 3, so its area is 3 8 3= 16

@ rinaL ANswER

2 147

(@) (k,2K). (@) VEFT. B)G)k=80r=. (o) 7

5
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° Integration Main topic: Circles
Question 6

6. A circle has equation
X —6x+y +8+k=0
where £ is a positive constant.

Given that the x-axis is a tangent to this circle,

(a) find the value of £.

3)
The circle meets the coordinate axes at the points R, S and T.
(b) Find the exact area of the triangle RST.
4)
WORKED SOLUTION Question 6 - WMA12/01 May/June 2021

Complete the square
22 — 6z = (x—3)2—9and y® + 8y = (y+4)2 — 16.

Write centre-radius form
The circle becomes (z — 3)2 + (y +4)2 =25 — k.

Use the tangent condition
The centre is (3, —4). Since the z-axis is tangent, the radius is the distance from the centre to the z-

axis, which is 4.

Find k
Thus 25 — k=42 =16,s0k = 9.

Find the intercepts
With k = 9, the circle is (z — 3)2 + (y+ 4)2 = 16. On the z-axis, y = 0, giving = 3.

Find the y-axis points
On the y-axis, £ = 0,50 9 + (y + 4)% = 16. Hencey = —4 + V7.



Calculate the triangle area
The vertical base on the y-axis has length 24/7, and its perpendicular distance to (3, 0) is 3. The area

s %(2\/7)(3) _ 3%

@ FiNAL ANSWER

(@) k=9. (b)3V7.
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Qu estIOI‘I 9 Main topic: Applications of Differentiation

9.
|
: hcm
|
|
|
|
S P
.—””’ A‘
lcm
Figure 3
Figure 3 shows a sketch of a square based, open top box.
The height of the box is /cm, and the base edges each have length / cm.
Given that the volume of the box is 250000 cm?
(a) show that the external surface area, Scm?, of the box is given by
250000
S = +2000v/h
3)
(b) Use algebraic differentiation to show that S has a stationary point when & = 250"
where k is a rational constant to be found.
€))
(c) Justify by further differentiation that this value of 4 gives the minimum external
surface area of the box.
(2)
(Total 10 marks)
WORKED SOLUTION Question 9 - WMA12/01 May/June 2021

o Use the volume

The volume is 12k = 250000, so I2 = M

h

Write the surface area

The open box has one square base and four side faces, so S = [2 + 4lh.



Substitute |

Since [ = 250000 _ 500, Alh =4 . 500 h = 2000v/h.
h Vh Vh

Show S

Therefore S = 250000 +2000v/A.

Differentiate S

Set the derivative to zero
Solve for h

Find k
Since h = 250%, we have k = %

Use the second derivative

d*s
-2 h3 — h_3/2.
a2 500000 500

Check the sign
At b = 250%/3, h3/2 = 250, so the second derivative is

O 0 606 0 0 6 o6 o

Conclude

The stationary point is therefore a minimum.

@ rinaL ANswER
250000

(a) Proven: S = + 2000v/h.
(b) h = 250%3, 50 k = %

(¢) Minimum.

—250000h 2 + 1000h~1/2 = 0, so 1000h /2 = 250000h 2.

500000

S = 250000~ + 2000h/2, so % = —250000h 2 + 1000h~1/2.

500

2502

250

Multiplying by k2 gives 1000h3/2 = 250000, so h%/2 = 250 and h = 2502/3,

=8-2=6>0.
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Qu estIOI‘I 8 Main topic: Applications of Differentiation

8. In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

VA
C
M
[
R
0 e
Figure 2
Figure 2 shows a sketch of part of the curve C with equation
4 3 2 .
p= gx = 1x" + kx where £ is a constant

The point M is the maximum turning point of C and is shown in Figure 2.
Given that the x coordinate of M is 2

(a) show that k=28
3)

(b) Determine the range of values of x for which y is increasing.

()
The line / passes through M and is parallel to the x-axis.

The region R, shown shaded in Figure 2, is bounded by the curve C, the line / and
the y-axis.

(c) Find, by algebraic integration, the exact area of R.

6))
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o Differentiate the curve
4
Fory= —x3 — 1122 + kz, % =422 — 2z + k.
3 dx

o Use the turning point

d
At the turning point M, £ = 2 and d—y =0.
x

Show k
4(2)2 —22(2)+k=0,5016 —44+ k=0and k = 28.

Factor the derivative

With k = 28, j—y = 4z% — 222 + 28 = 2(2z — 7)(z — 2).
x

Find where y is increasing

The derivative is positive outside its roots, so y is increasing for x < 2 orx > 2

Find the height of the line
4 68 : : 68
Atz =2y= 5(8) —11(4) +28(2) = 5 Hence line I has equation y = 3

Set up the shaded area

The region is between the line and the curve fromx =0toz = 2, so

4
A= [? (% - (§w3 — 112% + 28w))da:.

o Integrate
68 1 11 2
A=|—z— =2 8 _1422| .
[3:1: 3:1: + 3:1: :1:]0

° Evaluate exactly

N . 136 16 88 40
Substituting £ = 2 gives 5 ~ 3 + 3 56 = 3
@ FINAL ANSWER
(a) Proven: k = 28.
40

(b)w<2orw>;. (¢) —.
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Question 9 m Integration Main topic: Circles

9. In this question you must show detailed reasoning.

Solutions relying entirely on calculator technology are not acceptable.

VA

Figure 3

Figure 3 shows

+ the curve C, with equation y = x° — 5x° + 3x + 14
« the circle C, with centre T

The point 7' is the minimum turning point of C,
Using Figure 3 and calculus,

(a) find the coordinates of T

3
The curve C, intersects the circle C, at the point A with x coordinate 2
(b) Find an equation of the circle C,
3
The line / shown in Figure 3, is the tangent to circle C, at 4
(c) Show that an equation of/ is
J’} = l X + 2
373
3)

The region R, shown shaded in Figure 3, is bounded by C), [ and the y-axis.

(d) Find the exact area of R.

(€))



WORKED SOLUTION Question 9 - WMA12/01 October 2022

o Differentiate the cubic
dy

Fory:w3—5w2+3x+14,%:3:1:2—10:1:+3.

o Find stationary x values
1
3z — 10z + 3 = O factors as (3z — 1)(z —3) = 0,50z = 3 ore =3.

Identify the minimum
2

d

_d g = 6z — 10. At & = 3, this is positive, so the minimum turning point has & = 3.
T

FindT

Substitute z = 3: y = 27 — 45 + 9 + 14 = 5. Hence T' = (3, 5).

Find A
Atz =20onC1,y=8-20+6+14=28s0 A= (2,8).

Find the circle radius
The centre of Cy is T' = (3,5) and it passes through A = (2, 8). Thus
r?=(2-3)%+ (8—5)% = 10.

Write the circle equation
Therefore Cy has equation (z — 3)% + (y — 5)2 = 10.

Find the tangent gradient

8 1
The radius T'A has gradient 2_3 = —3, so the tangent at A has gradient 3

Write the tangent equation

1 1 22
Using A =(2,8), y—8 = §($_2)’ soy = §w+?

Set up the area

From z = 0 to & = 2, the cubic is above the line. The required area is
2
1 22
/ [:1:3 — 522 43z +14 — (—:l:—l— —)]d:z:
0 3 3

Simplify the integrand
: . 3 9 8 20
The integrand is ° — bx* + gw + 3



Q Integrate

z?  Bzd N 42 N 20z 12
4 3 3 3

@ FiNAL ANSWER

(a) T = (3,5).

(0) (z —3)% + (y— 5)* = 10.
1 22

(C)y——:zz—l—?

(d)
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QU estIOI‘I 9 Main topic: Applications of Differentiation

P(9, 40)

Figure 3
In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 3 shows a sketch of part of the curve C with equation

y=§x2—9\/;+13 x>0

(a) Find, using calculus, the range of values of x for which y is increasing.

4)
The point P lies on C and has coordinates (9, 40).
The line / is the tangent to C at the point P.

The finite region R, shown shaded in Figure 3, is bounded by the curve C, the line /,
the x-axis and the y-axis.

(b) Find, using calculus, the exact area of R.

®
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o Differentiate
2 d
F _ 2 _
ory =z -9z + 13, 2 = 3%~

° Set up increasing condition

dy
is i ing when —= > 0.
yIS mcreasmg when dil:

Multiply by a positive quantity
For z > 0, multiply by 6+/z: 84/ — 27 > 0.

Solve the inequality

z3/2 > %7 = (%)3,30\/E> % and z > %
Find the tangent gradient

At P(9,40), Z—z - %(9) ~sm=n-2=2
Write the tangent line

y—40 = %(w—Q),soyz %w— g

Find where the tangent meets the x-axis

coty_g 2L 109 o 109
y=0 =2 g =Osoz=—r
Split the area

109 109
Fromxz=0toz = 51 the lower boundary is the z-axis. From ¢ = TR tox =9, the lower

boundary is the tangent.
Set up the integral

109/21 2 9 2 21 1
R:/ Za?—9yx+13 dw—l—/ Za? -9z + 13— 219V e
0 3 109/21 \ 3 2 2

Use antiderivatives

2 2 21 1 21 1
/ (—wz -9z + 13) dz = Z 23 — 62%2 + 13z, and / (—:1: - E)d:c = z?— ﬂm

3 9 2 2

° Evaluate
857

Substituting the limits and simplifying gives R = 21



@ rinaL ANswWER

9
(a) yis increasing forx > —.

4
857
Area = ——.
(b) Area 51
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QU EStIOI‘I 1 0 Main topic: Applications of Differentiation

10. In this question you must show detailed reasoning.
Solutions relying entirely on calculator technology are not acceptable.

Va

Figure 2

Figure 2 shows a sketch of the curve with equation

1, 1458

y=—-x +
Je

The point P is the only stationary point on the curve.

- T4 x>0

(a) Use calculus to show that the x coordinate of P is 9

4)
The line / passes through the point P and is parallel to the x-axis.
The region R, shown shaded in Figure 2, is bounded by the curve, the line / and the
line with equation x = 4
(b) Use algebraic integration to find the exact area of R.
)
WORKED SOLUTION Question 10 - WMA12/01 January 2024

o Rewrite the curve
1
y= 5.1:2 + 1458273/ — 74



Differentiate

By _ x + 1458 _3 x75%/2 — 3 — 2187x75/2,
dx 2

Use the stationary condition
At a stationary point, ¢ — 2187z ~%/2 = 0.

Solve for x
= 21872752 s0 27/2 = 2187 = 3.

Show x coordinate

2
Raising both sides to the power 7 gives £ = 32 = 9. Since £ > 0, this is the only stationary point.

Find the horizontal line

1, ., 1458 81 41
Atm—g,y—E(Q) +ﬁ_74_7+54_74_7

Set up the area

41
The region lies from & = 4 to x = 9 between the curve and the horizontal line y = 5

Integrate the difference

9
R= / (lﬁ + 14582 73/2 74 — ﬂ)dw.
. \ 2 2

Find an antiderivative

1, 3y 189 _ _1p 189
/(250 + 1458« 2 dzr = 5 2916z 2 T.

© 06 o0 0 6 6 60 0 o

Evaluate exactly

3 9
R= [% — 2916z /2 — ?w] 373

@ FiINAL ANSWER

(a) Proven.

) 2.
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9.
J) ¥ 3
P
C
Rl
k
0 X
RZ
Figure 1
Figure 1 is a sketch of the curve C with equation
y=2x>(4-x) x>0

The point P is the stationary point of C.

(a) Find, using calculus, the x coordinate of P.

“4)
The region R, shown shaded in Figure 1, is bounded by C and the x-axis.

The region R,, also shown shaded in Figure 1, is bounded by C, the x-axis and the line
with equation x = k, where £ is a constant.

Given that the area of R, is equal to the area of R,

(b) find, using calculus, the exact value of £.

C))



WORKED SOLUTION

Question 9 - WMA12/01 May/June 2024

Rewrite the curve
y = 2¢%2(4 — z) = 82%% — 2252,

Differentiate
gﬁzuym_mw:¢am—m)
L

Find the stationary point

For the interior stationary point P, 12 — 5z = 0,so ¢ = 5

Set up the area condition

R is the area from £ = 0 to £ = 4 above the x-axis. Ry is the area from £ = 4 to x = k below the

T-axis.

Use equal areas

4 k k
Equal areas mean / ydx = —/ ydzx, so / ydz = 0.
0 4 0

Integrate y

/2:03/2(4 —z)dr = /(Sw?’/2 — 2252 dx = Ew5/2 -

5

Solve for k

52 _ Lpiz_g

5 7

Factor

4 k
w2 (2 _Z) =0
K (5 7) 0

Choose the value beyond four

4 k 28
Si — — — =0, =
|ncek>45 0, sok 5

@ rinaL ANswER

(a) 2 =

12
2
28

B k==

5

4
— 272

7
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10.

Va

ol 1 \_'{:

Figure 1

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 1 shows a sketch of part of the curve C with equation

Ox — x°
y= 2\/— X>0
X

The point P is the stationary point on C.

(a) Find, using calculus, the x coordinate of P.

)
The finite region R, shown shaded in Figure 1, is bounded by the curve C, the x-axis
and the line with equation x = 1
(b) Using calculus, calculate the exact area of R.
)
WORKED SOLUTION Question 10 - WMA12/01 May/June R 2024

Rewrite the curve
9z —2® 1 1/2 _ .3/2
y= = —(9z'/% — x°/%).

o0z 2



Differentiate
dy _1(9 _yp_ 3 1p) _ 3B-=z)
dr ~ 2\ 2 2 4z

Use the stationary condition

d
Forx > 0, the denominator is not zero. So d—y =0when3—2=0.
T

Find P

Therefore the 2 coordinate of P is 3.

Find where the curve meets the x-axis

y = 0when 9z — % = 0, so = 9 for the positive intercept.

Set up the area
9z — x

2Vz

9
The region is under the curve fromaxz =1tox =9,s0o R = /
1

Integrate

9 1 1 9
R =/1 5(9:31/2 — 23/ dx = [3:103/2 — E$5/2] :

1

Evaluate

R= (3(27) - %(243)) - (3 - %) _ ?

@ FINAL ANSWER
(a) =3

) 5

2

dzx.



WMA12/01 JANUARY 2025

. m Integration Main topic: Laws of Logarithms
Question 7

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(i) The table below shows values of x and y, where y = log, (x + 5), for x values
between —1 and 4

X -1 0 1 2 3 4

y=log, (x+5) | log, 4 | log, S | log,6 | log,7 | log 8 | log 9

10

Using the trapezium rule with all the y values in the given table, show that
4
I log,,(x +5)dx = log,, k
-1

where £ is an integer to be found.

3)
(i) Find the value of @ such that
2logs (5 — a) — logs(a + 25) =1
(5)
WORKED SOLUTION Question 7 - WMA12/01 January 2025

0 Use the trapezium rule
The width is 1, so

4
1
/ logyg(z + 5) dz =~ 5{10810 4 +1logy9 9 + 2(logyy 5 + logy 6 +logy, 7+ logy, 8) }-
-1

° Combine the logarithms
This is logyq (\/4 X9 XHX6XTx 8).

Find k
V4ixXx9Ix5Ex6xTx8=6x 1680 = 10080, so k = 10080.



State the domain
The logarithms require 5 —a > 0anda 4+ 25 > 0,s0 —25 < a < 5.

Combine the logarithms

5—a)?
2logs(5 — a) — logs(a + 25) = logy ((a—l——2;)

Use one as a logarithm

(5—a)?

a5 2

1 =logs 5, so

Form the quadratic
(5 —a)? = 5(a+ 25), so a> — 10a + 25 = 5a + 125. Hence a? — 15a — 100 = 0.

Solve and check
(a —20)(a+5) =0s0a =200ra= —5.0nlya = —5is in the domain, so a = —5.

@ rinAL ANSWER
(3) k = 10080.
(i) a = —5.
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10.

Va
P
R, k R
0 X
RZ
C
\
Figure 2

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 2 shows a sketch of the curve C with equation

\/E(loo-f)
y=o-o>r "1 x>0
40

The point P is a stationary point on C.

(a) Use algebraic differentiation to find the exact x coordinate of P.

4
The region R, shown shaded in Figure 2, is bounded by C and the x-axis.

The region R,, also shown shaded in Figure 2, is bounded by C, the x-axis and the line
with equation x = k, where k is a constant.

Given that the area of R, is equal to the area of R,

(b) use algebraic integration to find the exact value of £.

C))



WORKED SOLUTION Question 10 - WMA12/01 January 2026

o Rewrite the curve
V(100 — z?) Exl/z 1 5/2

40 2 40

° Differentiate
dy _ 5 i 1 3p

dx 4 B Ex

Use the stationary point

5 1
At P, Z—Z = 0. Thus Zw_l/z = Ewg’ﬂ. Multiplying by 16z/2 gives 20 = z2.

Find the x-coordinate
Sincexz >0, x=v20= 2\/5.

Integrate the curve
[ydz = [ S L sy S 1 _ape
2 40 3 140

Use equal areas

The signed area from 0 to k is zero because the positive area R; equals the negative area Ry in

magnitude.
0 Solve for k
2
gk?’/z — %Wﬂ = 0. Since k > 0, divide by k32 to get g — 1’1—0 =0,s0k?= 70—0

o Write the exact value

_  [700 _ 10v21
V3 3

@ FiNAL ANSWER

(@)z=2v5. (b)k= 10*3@.




