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WMA12/01 JANUARY 2023

Question 1 6 marks Integration



WORKED SOLUTION Question 1 · WMA12/01 January 2023

1 Use the trapezium width
The  values run from  to  in steps of , so .

2 Apply the trapezium rule

.

3 Evaluate the estimate
This gives , so the estimate is  to 2 decimal places.

4 Estimate the shifted-down area

.

5 Subtract the rectangle
The interval has width , so . Hence the estimate is .

6 Use a substitution

For , let . When , , and when , .

7 Recognise the same integral

So , which has the same estimate .

✓ FINAL ANSWER

 .

\quad .
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Question 2 9 marks Applications of Differentiation



WORKED SOLUTION Question 2 · WMA12/01 January 2023

1 Use the volume
The cuboid has dimensions ,  and , so its volume is .

2 Write h in terms of x

Hence .

3 Build the surface area
The surface area is .

4 Substitute h

.

5 Differentiate

, so .

6 Set the derivative to zero

For a stationary value, .

7 Solve for x
Multiplying by  gives , so  and .

8 Use the second derivative

.

9 Show it is a minimum

At , , so the stationary value is a minimum.

10 Find the minimum surface area

, so the minimum surface area is .



✓ FINAL ANSWER

 .

.

.

 Minimum shown.

.
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Question 3 7 marks Binomial Expansion

WORKED SOLUTION Question 3 · WMA12/01 January 2023

1 Start the binomial expansion

 begins with .

2 Simplify the terms

This gives .

3 Use the arithmetic progression condition

The coefficients of ,  and  are ,  and .

4 Set middle twice
For three terms in an arithmetic progression, twice the middle term equals the sum of the outer

terms: .

5 Use k non-zero
Since , divide by  and multiply by : .

6 Solve the quadratic
So . The discriminant is .



7 Find the possible values

, giving  or .

✓ FINAL ANSWER

 .

  or .
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Question 4 6 marks Laws of Logarithms

WORKED SOLUTION Question 4 · WMA12/01 January 2023

1 Rewrite the constant
Since , the equation becomes .

2 Combine the logarithms
.

3 Solve for x

Therefore , so  and .

4 Introduce L
Let . Then .

5 Evaluate the left sum

.

6 Evaluate the right sum

.



7 Solve for L
So , which gives  and .

8 Use the restrictions
Since  and , , so . Hence  and .

✓ FINAL ANSWER

 .

 .
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Question 5 9 marks Polynomials

WORKED SOLUTION Question 5 · WMA12/01 January 2023

1 Use the factor theorem
Since  is a factor, .

2 Substitute x equals three
, so .

3 Show the first relation
Therefore .

4 Use the remainder theorem
Dividing by  means substituting . The remainder is .

5 Substitute x equals negative p
.



6 Show the second relation
The remainder is , so , hence .

7 Eliminate q
From , . Substitute into .

8 Solve for p

, so . This gives  or .

9 Use p greater than zero
Since , . Then .

10 Form f with p and q
.

11 Divide by x minus three
, so .

✓ FINAL ANSWER

 Proven.

 Proven.

 .

 .
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Question 6 10 marks Circles

WORKED SOLUTION Question 6 · WMA12/01 January 2023

1 Complete the square
 becomes .

2 Write the circle form
So .

3 Read the centre and radius
The centre is  and the radius is .

4 Use the tangent gradient

The tangent  has gradient .

5 Find the radius gradient
The radius to the point of contact is perpendicular to the tangent, so its gradient is .



6 Write the normal through the centre
The radius line through the centre  is , so .

7 Intersect with the tangent
Substitute  into : .

8 Find P
, so . Then , hence .

9 State the normal
The normal at  is the radius line already found, so its equation is .

✓ FINAL ANSWER

 .

 .

 .

 .
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Question 7 7 marks Geometric Sequences

WORKED SOLUTION Question 7 · WMA12/01 January 2023

1 Write the given terms
For a geometric sequence, the third term is  and the fifth term is .

2 Divide the equations

, so .

3 Use r positive
Since , .

4 Find a

Using , , so .

5 Write the sum formula

.



6 Set up the inequality
We need .

7 Isolate the power

, so .

8 Use logarithms

. Since , dividing reverses the inequality:

.

9 Choose the smallest integer
The smallest possible integer value is therefore .

✓ FINAL ANSWER

 .

 .

 .
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Question 8 9 marks Trigonometric Equations

WORKED SOLUTION Question 8 · WMA12/01 January 2023

1 Isolate the sine term
 gives .

2 Find the angle interval

Since , multiplying by 3 and adding  gives .

3 Solve for the inner angle
In this interval, .

4 Find x values
Subtract  and divide by : .

5 Round the radian answers
To 2 decimal places, .



6 Rewrite the second equation

. Using  gives .

7 Use sine squared
Multiplying by  gives . Substitute .

8 Solve for cos theta
, so .

9 Factor and reject impossible value

. Since  is impossible, .

10 Find theta

For ,  gives  or  to one decimal place.

✓ FINAL ANSWER

 .

 .
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Question 9 8 marks Integration



WORKED SOLUTION Question 9 · WMA12/01 January 2023

1 Find D
At the -axis, . On , , so .

2 Find intersections with the line
The line is , so solve .

3 Solve the quadratic
, so . Hence  and .

4 Area of R1
 lies between the curve and the line  from  to .

5 Integrate R1

.

6 Evaluate R1

.

7 Find the line DF
The line through  and  has gradient , so its equation is .

8 Split R2
For ,  is between  and the curve. For , it is between  and

.

9 Integrate R2

.

10 Evaluate R2

.

11 Find the ratio

.



✓ FINAL ANSWER

 .

 .

 .
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Question 10 4 marks Proof

WORKED SOLUTION Question 10 · WMA12/01 January 2023

1 Use the three possible forms
Every integer is exactly one of the forms ,  or , where  is an integer.

2 First case already given
For , the expression becomes , so it leaves remainder  when divided by .

3 Try n equals 3k plus 1
If , then .

4 Simplify the second case
, which is not divisible by .

5 Try n equals 3k plus 2
If , then .

6 Simplify the third case
, which is not divisible by

.



7 Complete the exhaustion
All possible integer forms have been checked, and none gives a multiple of . Therefore 
is not divisible by .

✓ FINAL ANSWER

For ,  and , the expression has remainders ,  and  respectively
when divided by . Therefore  is never divisible by .
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