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WMA11/01 MAY/JUNE 2023 7 marks

QUESthn 6 Indices & Surds

6. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

(a) Expand and simplify

(2)
1
(b) Express ——= in the form p + q\/E where p and ¢ are integers.
3+ 2\/5 (2)
(c) Use the results of parts (a) and (b), or otherwise, to show that
1
Giiah- L
3+ 242
3)

(Total for Question 6 is 7 marks)




WMA11/01 MAY/JUNE 2023 Indices & Surds

Worked Solution - Question 6

Topic group

1. Expand the square
1)? 1
(7‘——) =r2—2—|——2.
r r

2. Rationalise the denominator
1 3—-2v2  3-22

X = =3 —2v2.
3+2v2 3-2v2 9-8

3. Let r be the square root

1
Letr = v/ 3 4+ 24/2. Then 2 = 3 + 24/2 and — —3—2v2.
r

4. Use part (a)

(7’—%)227"2—24—7%=(3—|—2\/§)—2—|—(3—2\/§)=4.

5. Take the positive square root

1 1
Sincer>1,r—— >0,s0r— — =2.
r P

Final answer
1
(@) r? — 2+ 2

(b) 3 — 2v/2.

(¢) The expression equals 2.
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Quadratics




WMA11/01 OCTOBER 2019 5 marks

Question 8

Quadratics

8. Solve, using algebra, the equation

1
x—6x2+4=0

Fully simplify your answers, writing them in the form a + bJc, where a, b and ¢ are
integers to be found.

)

(Total 5 marks)




WMA11/01 OCTOBER 2019 Quadratics

Worked Solution - Question 8

Topic group

1. Use a substitution

Let u = 4/Z. Then = u?, so the equation becomes u? — 6u + 4 = 0,

2. Solve the quadratic

6+ 36 —16 6 £ 2v5

u

3. Return to x

Sinceu = v/, z =u? = (3£ v5)2=9+5+ 645 =14+ 6+5.

Final answer
z =14+ 6v5orz = 14 — 64/5.




WMA11/01 MAY/JUNE 2022 7 marks

Question 6

Quadratics

6. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

(a) Given that
2xy — 3x* =50
and
y—x'+6x=0
show that

2x' = 15x" = 50=0

(2)
(b) Hence solve the simultancous equations
2xy —3x*=50
y—x +6x=0
Give your answers in fully simplified surd form.
3)

(Total 7 marks)




WMA11/01 MAY/JUNE 2022 Quadratics

Worked Solution - Question 6 L

1. Rearrange the second equation

Fromy—w3—|—6:c=O,wegety=a:3—6:c.

2. Substitute into the first equation

2z (23 — 6x) — 322 = 50, so 2z* — 1522 — 50 = 0.

3. Solve the quadratic in x squared

5
Let u = z2. Then 2u®? — 15u — 50 = 0, giving u = 10 or u = 5

4. Reject the negative value

Since 2 cannot be negative, 2 = 10, so ¢ = £++/10.

5.Findy
y=z% — 6z = z(z® — 6) = z(10 — 6) = 4z. Therefore y = 44/10 when
z = +/10 and y = —4v/10 when £ = —+/10.

Final answer

(way) - (\/E’ 4\/E) or (_\/1_07 _4\/E)'




WMA11/01 JANUARY 2023 8 marks

Question 8

Quadratics

8.
YA
C
[
R
0 4 x
—1-12
(7, -18)
Figure 2

Figure 2 shows a sketch of the straight line / and the curve C.
Given that [ cuts the y-axis at —12 and cuts the x-axis at 4, as shown in Figure 2,

(a) find an equation for /, writing your answer in the form y = mx + ¢, where m and ¢
are constants to be found.

(2)
Given that C
* has equation y = f(x) where f(x) is a quadratic expression
* has a minimum point at (7, —18)
¢ cuts the x-axis at 4 and at k, where k 1s a constant
(b) deduce the value of &,

(1)
(c) find f(x).

3)
The region R is shown shaded in Figure 2.
(d) Use inequalities to define R.

(2)

(Total for Question 8 is 8 marks)




WMA11/01 JANUARY 2023 Quadratics

Worked Solution - Question 8

Topic group

1. Find the straight line

The line cuts the y-axis at —12 and the x-axis at 4, so its gradient is
0—(—12

%0) = 3. Hencelisy =3z — 12.
2. Use symmetry of the quadratic

The minimum point has x-coordinate 7. The roots are 4 and k, so their midpoint is
7.

3. Find k

#=7,sok=10.

4. Build the quadratic
Let f(z) = a(z — 4)(z — 10). Since the minimum point is (7, —18),
—18 =a(3)(—3) = —9a,s0a = 2.

5. Write f(x)
f(x) = 2(z — 4)(z — 10) = 222 — 28z + 80.

6. Identify the shaded region

The region lies between the y-axis and £ = 4, above the line and below the curve:
0<z<4and 3z —12 <y < 2% — 28z + 80.



Final answer
(a) y =3z —12.

(b) k = 10.
(¢) f(z) = 2(z — 4)(= — 10).
(d)0<z<4,3c—12<y<2z?— 28z + 80.



WMA11/01 OCTOBER 2023 6 marks

Qu estion 6 Quadratics

6. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

The equation

12 +15p
x+p

4(p—2x) = X#—p

where p is a constant, has two distinct real roots.

(a) Show that

3p° —10p—8>0
(3)

(b) Hence, using algebra, find the range of possible values of p

3

(Total for Question 6 is 6 marks)




WMA11/01 OCTOBER 2023 Quadratics

Worked Solution - Question 6

Topic group

1. Clear the denominator

12 4+ 15p

4(p — 2z) = gives 4(p — 2z)(z + p) = 12 + 15p.

2. Form a quadratic in x
Expanding gives 4p* — 4px — 822 = 12 4 15p, so
8x2 4 4px + 12 + 15p — 4p® = 0.

3. Use the discriminant condition

For two distinct real roots, b2 — 4ac > 0.

4. Simplify the inequality
(4p)? — 4(8)(12 + 15p — 4p?) > 0, so 144p® — 480p — 384 > 0.

5. Divide and factorise

Dividing by 48 gives 3p® — 10p — 8 > 0, and 3p® — 10p — 8 = (3p + 2)(p — 4).

6. State the range

2
The upward-opening quadratic is positive outside its roots, so p < 3 orp > 4.

Final answer

2
p<—§orp>4.



WMA11/01 OCTOBER 2023 10 marks

Question 11

11.

Quadratics

VA
(-1, 28)
C

[
R

0 \\Y/ %

P
Figure 5

Figure 5 shows part of the curve C with equation y = f(x) where
f(x) = 2x* —12x + 14
(a) Write 2x* — 12x + 14 in the form
a(x + b)Y +¢

where a, b and ¢ are constants to be found.

(©))
Given that C has a minimum at the point P
(b) state the coordinates of P

(1)
The line / intersects C at (-1, 28) and at P as shown in Figure 5.
(c¢) Find the equation of / giving your answer in the form y = mx + ¢ where m and c are

constants to be found.

(&)
The finite region R, shown shaded in Figure 5, is bounded by the x-axis, /, the y-axis,
and C.
(d) Use inequalities to define the region R.

(3)

(Total for Question 11 is 10 marks)



WMA11/01 OCTOBER 2023 Quadratics

Worked Solution - Question 11

Topic group

1. Complete the square
202 — 12z + 14 =2(z> —62) + 14 =2 ((z — 3)2 - 9) + 14 =2(z — 3)2 — 4

2. State the minimum point

The minimum of 2(z — 3)2 — 4isat P = (3, —4).

3. Find the gradient of |

The line passes through (—1, 28) and P(3, —4), so

. —4— 928 _—32__8
- 3—(-1) 4 7

4. Find the equation of |
Using P(3,—4), y+4 = —8(z — 3), so y = —8x + 20.

5. Use the axes as boundaries

The region is to the right of the y-axis and above the x-axis, sox > 0 andy > 0.

6. Use the line and curve as boundaries

The region is below the line and above the curve, so y < —8z + 20 and
y > 2x% — 12z + 14.




Final answer

(a) 2(z — 3)2 — 4.

(b) P = (3,—4).

(¢) y = —8z + 20.

(d)z>0,y>0, y<—8z+20, y>2x%— 12z + 14.



WMA11/01 JANUARY 2024 10 marks

Question 9

Quadratics

9. The curve C, has equation y = f(x).
Given that
« f(x) is a quadratic expression
* C, has a maximum turning point at (2, 20)
* C, passes through the origin

(a) sketch a graph of C, showing the coordinates of any points where C, cuts the
coordinate axes,

(2
(b) find an expression for f(x).

3
The curve C, has equation y = x(x* — 4)
Curve C, and C, meet at the origin, and at the points P and O
Given that the x coordinate of the point P is negative,
(c) using algebra and showing all stages of your working, find the coordinates of P

C)

(Total for Question 9 is 10 marks)




WMA11/01 JANUARY 2024 Quadratics

Worked Solution - Question 9

Topic group

1. Use symmetry for the sketch

The maximum is at (2, 20) and the curve passes through (0, 0). Since the axis of

symmetry is £ = 2, the other x-intercept is (4, 0).

2. Use completed-square form

Let f(z) = a(z — 2)% + 20.

3. Use the origin

0=a(0—2)%+20,s04a =—-20anda = —5.

4. Write f(x)
f(x) = —5(z — 2)2 + 20 = —52% + 20z = —bz(z — 4).

5. Equate the two curves

—5z2 + 20z = z(z? — 4) = 23 — 4z.

6. Factorise

x3 + bzx? — 24z = 0, so z(z? + bz — 24) = 0 and z(z + 8)(z — 3) = 0.

7. Use the negative x-coordinate

The negative x-coordinate is x = —8.

8.Findy
y= :I:(:I:2 —4) = (—8)(64 — 4) = —480, so P = (—8, —480).




Final answer
(a) downward parabola through (0, 0) and (4, 0) with maximum (2, 20).

(b) f(z) = —bz(z — 4).
(c) P = (—8, —480).



WMA11/01 MAY/JUNE 2025 7 marks

Question 10

Quadratics

10. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

(k—Dx*+4x> +(k—4)=0 where £ is a constant

(a) Find the exact solutions to the given equation for &k =4.5

3

(b) Find the set of possible values of & for which the given equation has no real roots.

C))

(Total for Question 10 is 7 marks)




WMA11/01 MAY/JUNE 2025 Quadratics

Worked Solution - Question 10

Topic group

1. Substitute k equals 4.5
The equation becomes 3.5z® + 423 + 0.5 = 0.

2. Clear decimals

Multiplying by 2 gives 728 + 823 +1 = 0.

3. Use a quadratic in x cubed

728 + 823 +1= (23 +1)(7z3 +1) =0.

4. Solve for x

1 1
3:__’ ;]3:—1 :—3 —_.
7 SO orx

7

3=—1lorzx

5. View the equation as a quadratic

Let u = 3. Then the equation is (k — 1)u? + 4u + (k — 4) = 0.

6. Use no real roots

Since every real value of u gives a real z, the original equation has no real roots

exactly when this quadratic in u has no real roots.

7. Use the discriminant

Require b? — 4ac < 0: 16 — 4(k — 1)(k — 4) < 0.

8. Simplify
16 — 4(k* — 5k + 4) < 0 gives 20k — 4k? < 0, so 4k(5 — k) < 0.

9. Solve the inequality
4k(5 — k) < 0fork <0ork > 5.




Final answer
3 1

(a)z=-1, — 1

() k<0ork > 5.
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WMA11/01 OCTOBER 2023 7 marks

QUESth“ 8 Simultaneous Equations

8. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.
The curve C| has equation

xy =— —5x x=0

The curve C, has equation

(a) Show that C, and C, meet when

25t =72 —15=0
2

Given that C| and C, meet at points P and O

(b) find, using algebra, the exact distance PQ
(3)

(Total for Question 8 is 7 marks)




WMA11/01 OCTOBER 2023

Worked Solution -

Simultaneous Equations

Topic group

Question 8

1. Write C1in terms of y

15 15
wy=?—5w,soy=%—5.

2. Equate the two curves

15 5

3. Multiply by 2x
15 = 22* — 722, hence 2z* — 722 — 15 = 0.

4. Solve for x
Letw = z2. Then 2u? — Tu — 15 =0 = (2u + 3)(u — 5), so 2 = 5 and

a:::I:\/g.

5. Find the y-coordinates

1
Usingy = % — 5, the points are (\/5, ﬁ — 5) and <_\/3, _3_\/3 _ 5)_

6. Use the distance formula

Az = 2+/5 and Ay = 3v/5, 50 PQ = \/(2\/3)2 + (3v/5)2 = /65.

Final answer
(a) 2z* — 722 — 15 = 0.

(b) PQ = /65.
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Inequalities




WMA11/01 JANUARY 2020 6 marks

Question 8

Inequalities

8. The straight line / has equation y = k(2x — 1), where £ is a constant.
The curve C has equation y = x*> + 2x + 11

Find the set of values of k for which / does not cross or touch C.

(6)

(Total 6 marks)




WMA11/01 JANUARY 2020 Inequalities

Worked Solution - Question 8

Topic group

1. Equate the line and curve

k(2z — 1) = 22+ 2z + 11, so 22 + (2 — 2k)z + (11 + k) = 0.

2. Use the no-intersection condition

For the line not to cross or touch the curve, the quadratic in £ must have no real

roots, so its discriminant is less than zero.

3. Form the inequality in k
(2 — 2k)? — 4(1)(11 + k) < 0. Dividing by 4 gives (1 — k)? — (11 + k) < 0, so
k? — 3k —10 < 0.

4. Solve the quadratic inequality

(k—5)(k+2) <0, so k lies between the two roots: $-2

Final answer

$-2




WMA11/01 MAY/JUNE 2023 6 marks

Question 7

Inequalities

-
\
.
/
“V

y=10-2x
Figure 2
The region R,, shown shaded in Figure 2, is defined by the inequalities
0sy<2 y<10-2x y < hkx

where k is a constant.

The line x = a, where a is a constant, passes through the intersection of the lines y = 2
and y = kx

27
Given that the area of R, is 7 square units,
(a) find
(1) the value of a

(i1) the value of k
4)

(b) Define the region R,, also shown shaded in Figure 2, using inequalities.

(2

(Total for Question 7 is 6 marks)



WMA11/01 MAY/JUNE 2023 Inequalities

Worked Solution - Question 7 Topic group

1. Find the area of R1
The bottom horizontal length is 5, from £ = 0 to the intercept of y = 10 — 2z at

T =25.

2. Use the top length
The top horizontal length is 4 — a, because y = 2 meetsy = 10 — 2z at z = 4.

3. Solve for a

1 27 9
Area Ry = 5(5—|—4—a)(2) =9—a= S see=
4. Find k
The line £ = a passes through the intersection of y = 2 and y = kz, so 2 = ka.
2 8
Hencek = — = —.
9/4 9

5. Define R2
Region Ry is to the right of £ = a, above y = kz, and below y = 10 — 2z.

Final answer




WMA11/01 MAY/JUNE 2024 7 marks

Qu estion 6 Inequalities

- 4

N

Figure 3

In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.
Figure 3 shows
+ the line / with equation y — 5x =75
+ the curve C with equation y =2x" +x — 21
The line / intersects the curve C at the points P and (), as shown in Figure 3.

(a) Find, using algebra, the coordinates of P and the coordinates of Q.

“4)
The region R, shown shaded in Figure 3, is bounded by C, / and the x-axis.
(b) Use inequalities to define the region R.

3)

(Total for Question 6 is 7 marks)



WMA11/01 MAY/JUNE 2024 Inequalities

Worked Solution - Question 6

Topic group

1. Write the line as y equals

Yy— 5 =75, soy =5z + 75.

2. Equate line and curve

52+ 75 =222 +x — 21,50 2x2 — 4z — 96 = 0.

3. Solve the quadratic
2 -2 —48=0=(z—8)(z+6),soz=—6orz =8

4. Find the y-coordinates

Using y = bz + 75, x = —6 gives y = 45 and z = 8 gives y = 115.

5. State P and Q
From the diagram, P = (—6,45) and @ = (8, 115).

6. Use the x-axis and left branch

The shaded region is above the x-axis and on the left part of the diagram, so
y>0andz < 0.

7. Use the line and curve as upper boundaries

The region is below both the line and the curve, so y < 52 + 75 and
y<2z? 4z —21.




Final answer

(a) P = (—6,45), Q = (8,115).
(b)y>0,y<5zx+75, y<22z?+z-21, <0
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WMA11/01 MAY/JUNE 2021 9 marks

Question 8

Polynomials

8. The curve C, has equation

y=3x"+6x+9

(a) Write 3x? + 6x + 9 in the form

alx + b)2 + ¢

where a, b and ¢ are constants to be found.

3
The point P is the minimum point of C,
(b) Deduce the coordinates of P.
(D
A different curve C, has equation
y=Ax'+Bx’+ Cx+ D
where A, B, C and D are constants.
Given that C,
® passes through P
e intersects the x-axis at —4, -2 and 3
(c) find, making your method clear, the values of 4, B, C and D.
C)

(Total 9 marks)




WMA11/01 MAY/JUNE 2021 Polynomials

Worked Solution - Question 8 Topic group

1. Complete the square
322+ 6z +9=3(x*+2z)+9=3(z+1)2—1)+9=3(x+1)>+6.

2. Deduce the minimum point

The minimum occurs when (z 4+ 1)2 =0, so x = —1 and y = 6. Therefore

P =(-1,6).

3. Use the x-intercepts of C2

Since Cy intersects the x-axis at —4, —2 and 3, it has form
y=k(z+4)(z+ 2)(z — 3).

4. Use point P to find k

Substitute P = (—1,6): 6 = k(3)(1)(—4) = —12k, so k = _%_

5. Expand the cubic
(z+4)(z +2)(x —3) = (2®> + 6z + 8)(x — 3) = 3 + 322 — 10z — 24.

6. Read off A, B,Cand D
1

1
Thusy=—§x3—;w2+5x—|—12,soA=—E,B=—%,C’:SandD:H

Final answer
(a) 3(z + 1)2 + 6.
(b) P = (—1,6).
1 3

(C)A:—E,B:—E,C:5,D:12




WMA11/01 JANUARY 2026 9 marks

Qu estion 6 Polynomials




yll.
C
10
2/ 0 5 X

Figure 3

Figure 3 shows a sketch of the curve C with equation y = f(x) where f(x) isa
cubic function in x.

The curve C

» cuts the x-axis at (-2, 0) and cuts the y-axis at (0, 10)
» touches the x-axis at (5, 0)

as shown in Figure 3.

(a) Deduce the roots of the equation

(i) f[%x) =0

(i) f(x—3)=0

(2)
(b) Find an expression for f(x). You should leave your answer in factorised form.
3)
The curve C intersects the straight line y = 10(x + 2) at exactly three points.
(c) Use algebra to find the exact x coordinates of the three points of intersection.
(Solutions based entirely on calculator technology are not acceptable.)
(C))

(Total for Question 6 is 9 marks)



WMA11/01 JANUARY 2026 Polynomials

Worked Solution - Question 6

Topic group

1. Roots of f one third x

The roots of f(z) = 0 are x = —2 and & = 5, with © = 5 repeated. For

1 1
—x ) =0,set —x = —2orH, givingx = —6 or 15.
3 3

2. Roots of f of x minus 3

For f(x —3) =0,setz —3 = —2or 5, givingz = 1 or 8.

3. Use the roots and repeated root
Since the curve cuts at (—2,0) and touches at (5, 0), write

f(z) = k(z +2)(z — 5)*.

4. Use the y-intercept
The curve passes through (0, 10), so 10 = k(2)(25) = 50k.

5. State f(x)

k= % hence f(z) = %(w +2)(z — 5)%

6. Set equal to the line

%(w +2)(z — 5)2 = 10(z + 2).

7. First solution

The factor  + 2 gives one solution & = —2.

8. Find the other solutions

1
For & # —2, divide by & + 2: g(w —5)2 =10, so (z — 5)% = 50.




9. State all intersections
z = 5 4 /50 = 5 &+ 54/2. Therefore the three x-coordinates are —2, 5 — 5v/2
and 5 + 5v/2.

Final answer

(a)(i) —6,15. (a)(%) 1,8.

1
() £(z) = < (2 + (@~ 5"
(c) z=—2, 5+£5v2.



TTTTT

Graphs of Functions




WMA11/01 OCTOBER 2019 8 marks

QUESthn 6 Graphs of Functions

. 4 . ..
6. The curve C has equation y = — + k, where k is a positive constant.
X

(a) Sketch a graph of C, stating the equation of the horizontal asymptote and the
coordinates of the point of intersection with the x-axis.

3)
The line with equation y = 10 — 2x is a tangent to C.

(b) Find the possible values for £.
(5

(Total 8 marks)




WMA11/01 OCTOBER 2019 Graphs of Functions

Worked Solution - Question 6

Topic group

1. Read the graph features

Fory = % + k, the horizontal asymptote is y = k. Setting y = 0 gives
_ 4 - o 4

0 = = + k, so the x-interceptis ¢ = — 2.

2. Set the tangent line equal to the curve

A tangent touches once, so solve 10 — 2z = % + k. Multiplying by « gives
222 + (k—10)z +4 = 0.

3. Use the discriminant condition

For one repeated intersection, discriminant = 0: (k — 10)% — 4(2)(4) = 0. Hence
(k — 10)2 = 32.

4. Find k

k — 10 = +4+/2, so k = 10 % 44/2. Both are positive, so both satisfy the
condition in the question.

Final answer
Asymptote y = k, x-intercept (—%, O), and k= 10 + 4v/2.



WMA11/01 OCTOBER 2019 10 marks

QUEStiOn 10 Graphs of Functions




y =1

]
Q
“y

Figure 6
Figure 6 shows a sketch of part of the curve with equation y = f(x), where
f(x) = (2x + 5)(x — 3)°

(a) Deduce the values of x for which f(x) <0

2)
The curve crosses the y-axis at the point P, as shown.
(b) Expand f(x) to the form
ax* + bx* +ex +d
where a, b, ¢ and d are integers to be found.
€))
(c) Hence, or otherwise, find
(1) the coordinates of P,
(i1) the gradient of the curve at P.
2

The curve with equation y = f(x) is translated two units in the positive x direction to a
curve with equation y = g(x).

(d) (i) Find g(x), giving your answer in a simplified factorised form.

(i1) Hence state the y intercept of the curve with equation y = g(x).

3)

(Total 10 marks)




WMA11/01 OCTOBER 2019
Graphs of Functions

Worked Solution - Question

1 0 Topic group

1. Use the factorised form for the inequality
f(z) = (2z + 5)(x — 3)2. Since (z — 3)2 > 0, the sign is controlled by 2z + 5,
with an extra zero at £ = 3. Hence f(z) < 0forz < —% orx =3

2. Expand the cubic
(x—3)2=2%—6x+9 s0
f(z) = (2z + 5)(z% — 6z + 9) = 223 — Tz? — 12z + 45.

3. Find P and the gradient at P

At the y-axis, = 0, so P = (0,45). Also f'(z) = 622 — 14z — 12, so the
gradientat Pis f'(0) = —12.

4. Translate the graph

A translation 2 units in the positive x direction means g(z) = f(z — 2). Therefore
g(z) = (2(z —2) +5)((z — 2) — 3)? = (22 + 1)(z — 5)%.

5. Find the new y-intercept

Setz = 0: g(0) = (1)(25) = 25, so the y-intercept is 25.

Final answer
f(z) <0forz < —2 orz =3; f(z) = 22% — 72? — 122 + 45;
P = (0,45); gradient = —12; g(z) = (2z + 1)(z — 5)? y-intercept 25.




WMA11/01 JANUARY 2020 8 marks

QUEStiOn 10 Graphs of Functions

10. The curve C| has equation y = f(x), where
£(x) = (4x — 3)(x - 5)°

a) Sketch C showing the coordinates of any point where the curve touches or crosses
I g yp
the coordinate axes.

(€))
(b) Hence or otherwise
(1) find the values of x for which f(%x) =0

(11) find the value of the constant p such that the curve with equation v = f(x) + p
passes through the origin.

2
A second curve C, has equation y = g(x), where g(x) = f(x + 1)
(¢) (1) Find, in simplest form, g(x). You may leave your answer in a factorised form.
(ii) Hence, or otherwise, find the y intercept of curve C,

(€))

(Total 8 marks)




WMA11/01 JANUARY 2020
Graphs of Functions

Worked Solution - Question

1 0 Topic group

1. Use the factorised form for the sketch

f(x) = (4z — 3)(x — 5)2. The curve crosses the x-axis at z = 3 and touches the
x-axis at ¢ = 5. The y-intercept is f(0) = (—3)(25) = —75.

2. Solve f(x/4)=0
For f (%x) = 0, either 4 (%) —3=0o0r 7 —5=0.Thereforez =3 orz = 20

3. Find p

The curve y = f(z) + p passes through the origin, so 0 = f(0) +p = —75 + p.
Hence p = 75.

4. Find g(x)
gz)=f(z+1)=(4(z+1)—3)((z+1) —5)% = (4= + 1)(z — 4)2.

5. Find the y-intercept of C2
Atz =0, g(0) = (1)(16) = 16. So the y-intercept is 16.

Final answer
Sketch: crosses at (3, 0), touches at (5,0), crosses y-axis at (0, —75).
Also z = 3,20, p =75, g(x) = (4 + 1)(z — 4)?2, y-intercept 16.




WMA11/01 JANUARY 2021 10 marks

Question 6

Graphs of Functions

6. (a) Sketch the curve with equation

y=-— k>0 xiO
* (2)

(b) On a separate diagram, sketch the curve with equation

y=—£+k k>0 x#0

X

stating the coordinates of the point of intersection with the x-axis and, in terms of £,
the equation of the horizontal asymptote.

3)
(c) Find the range of possible values of £ for which the curve with equation
k
yv=——+k k>0 x#0
X
does not touch or intersect the line with equation y =3x +4
(5

(Total 10 marks)




WMA11/01 JANUARY 2021 Graphs of Functions

Worked Solution - Question 6

Topic group

1. Sketch y = -k/x

k
Because k > 0, y = —— has one branch in quadrant Il and one branch in
z

quadrant IV, with asymptotes & = 0 and y = 0.

2. Translate the graph upward

k k
y= —— + kisy = —— translated up by k units. The vertical asymptote is still
z T

x = 0, and the horizontal asymptote is y = k.

3. Find the x-intercept

k k
Sety=0:0=—— + k.Since k > 0, — = k, so ¢ = 1. The x-intercept is (1,0).
x z

4. Set up the intersection equation

k

For intersections with y = 3z + 4, solve —— + k = 3x + 4. Multiplying by
x

gives —k + kx = 3z2 + 4z.

5. Use the discriminant

This rearranges to 3z2 + (4 — k) + k = 0. For no touch or intersection, the
discriminant must be negative: (4 — k)2 — 12k < 0.

6. Solve the quadratic inequality in k

k? — 20k + 16 < 0. The roots are k = 10 &= 24/21, so the required range is $10-
2\sqrt{21}




Final answer
(b) (1a0)7 Y= k.
$(c)\ 10-2\sqrt{21}



WMA11/01 JANUARY 2021 9 marks

Question 8

Graphs of Functions

Figure 4
Figure 4 shows a sketch of part of the curve C with equation y = f(x), where
fx)=(B3x-2) (x—4)

(a) Deduce the values of x for which f(x) > 0
(1)

(b) Expand f(x) to the form

ac + bt +ex+d

where a, b, ¢ and d are integers to be found.

3

The line /, also shown in Figure 4, passes through the y intercept of C and is parallel to the
X-axis.

The line / cuts C again at points P and Q, also shown in Figure 4.

(c) Using algebra and showing your working, find the length of line PQ. Write your
answer mn the form k\/g , where k& is a constant to be found.

(Solutions relying entirely on calculator technology are not acceptable.)

€)

(Total 9 marks)




WMA11/01 JANUARY 2021 Graphs of Functions

Worked Solution - Question 8

Topic group

1. Use the factorised form

f(z) = (3 — 2)%(z — 4). The squared factor is never negative, and it is zero at
2

T = 3 Therefore the sign of f(x) away from the repeated root is controlled by

Tz —4.

2. Find where f(x) is positive

For f(z) > 0, weneedz —4 > 0,s0z > 4.

3. Expand f(x)

(8z — 2)? = 922 — 12z + 4. Therefore
f(x) = (922 — 12z + 4)(z — 4) = 923 — 4822 + 52z — 16.

4. Find the line |
The y-intercept of C'is f(0) = —16, so the horizontal line I is y = —16.

5. Find the other intersections with I

Solve f(z) = —16: 923 — 48z2 + 52z — 16 = —16, so (9z% — 48z + 52) = 0.
The root = 0 is the y-intercept, and the two other roots give P and Q.

6. Solve the quadratic
922 — 48z + 52 = 0. Hence

48 + \/ 487 —4(9)(52)  48+12v/3 8+2V3
m — = = .
18 18 3

7. Find PQ

Because P and @ lie on the same horizontal line, PQ is the difference in their x-

8+2vV3 8-2V3 43

coordinates: PQ) = 3 3 3




Final answer

(a) z > 4.
(b) f(z) = 923 — 48z2 + 52z — 16.
() Pg= V3

3



WMA11/01 OCTOBER 2021 10 marks

QUESthn 6 Graphs of Functions

6. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

A curve C has equation y = f(x) where
f(x)=2(x + 1)(x —3)

(a) Sketch a graph of C.

Show on your graph the coordinates of the points where C cuts or meets the
coordinate axes.

(3)
(b) Write f(x) in the form ax’ + bx* + cx + d, where a, b, ¢ and d are constants to be found.
3)

1

(c) Hence, find the equation of the tangent to C at the point where x = 3
4)

(Total 10 marks)




WMA11/01 OCTOBER 2021 Graphs of Functions

Worked Solution - Question 6

Topic group

1. Use the factorised form for the sketch

f(z) = 2(z + 1)(x — 3)2. The curve cuts the x-axis at (—1, 0) and meets the x-
axis at (3,0) because £ = 3 is a repeated root.

2. Find the y-intercept
f(0) = 2(1)(9) = 18, so the y-intercept is (0, 18).

3. Describe the cubic shape

The leading term is positive, so the cubic goes down to the left and up to the

right. It crosses at £ = —1 and touches at * = 3.

4. Expand f(x)
(z+1D)(z—-3)?2=(z+1)(z2—6x+9) =23 522 +3z+9,5s0
f(z) = 2z® — 1022 + 6z + 18.

5. Differentiate
f'(z) = 6x2 — 20z + 6.

6. Find the gradient at x = 1/3

1 1
f! (%) =6 (5) —20 (g) 4+ 6 = 0, so the tangent is horizontal.

7. Find the y-coordinate
2
ALY o (4)(_8) 52
3 3 3 27

8. Write the tangent

512
A horizontal tangent through this point has equation y = 57




Final answer
(a) z-intercepts (—1,0), (3, 0), y-intercept (0, 18).

(b) f(zx) = 223 — 1022 + 62 + 18.

512

(0)922—7-



WMA11/01 JANUARY 2022 9 marks

Question 10

Graphs of Functions

10. The curve C has equation

~

Il
HM‘,_.

S

(a) Sketch the graph of C.

On your sketch
*  show the coordinates of any points of intersection with the coordinate axes

« state clearly the equations of any asymptotes

C)
The curve D has equation y = kx” where & is a constant.
Given that C meets D at 4 distinct points,
(b) find the range of possible values for £.

(3)

(Total 9 marks)




WMA11/01 JANUARY 2022
Graphs of Functions

Worked Solution - Question

1 0 Topic group

1. Find intercepts

1 1 1
For x-intercepts, set —- — 9 = 0. Then z? = 9 sOT = :I:g. There is no y-
x

intercept because £ = 0 is not in the domain.

2. State asymptotes

1
The vertical asymptote is = 0. As || becomes large, — — 0, so the horizontal
T

asymptote isy = —9.

3. Set up intersections with D
1

For intersections with y = kx?, solve — 9 = ka2
T

4. Use u = x squared

Let w = x2, where u > 0. Multiplying by 2 gives 1 — 9u = ku?, so
ku? +9u—1=0.

5. Require two positive u-values

Four distinct x-values require two distinct positive values of u, since each positive
u gives T = +4/u.

6. Find the range of k

. 1 9 .
For two positive roots, the product % and sum % must both be positive, so

81
k < 0. Also the discriminant must be positive: 81 + 4k > 0,so0 k > ——.

4
Therefore $-\dfrac{81}{4}



Final answer
1 1
(a) z-intercepts (—g, O), (g, O); asymptotes z = 0, y = —9.

$(b)\ -\dfrac{81}{4}



WMA11/01 OCTOBER 2022 6 marks

QUESthn 6 Graphs of Functions

6. (a) Given that & is a positive constant such that 0 < k < 4 sketch, on separate axes, the
graphs of

(i) v=02x—k)(x+4)
.k
(11) Y= x2

showing the coordinates of any points where the graphs cross or meet the coordinate
axes, leaving coordinates in terms of k, where appropriate.

©)

(b) State, with a reason, the number of roots of the equation

(2x —k)(x +4) = xil
(1)

(Total for Question 6 is 6 marks)




WMA11/01 OCTOBER 2022 Graphs of Functions

Worked Solution - Question 6

Topic group

1. Key points for y = (2x-k)(x+4)"2
k
The graph has x-intercepts (—4,0) and (5, O) .Therootatz = —4isa

repeated root, so the graph touches the x-axis there.

2.Use0<k<4
Since $0

3. Key features for y = k/x"2

The graph is positive on both sides of the y-axis, with asymptotes £ = 0 and

y = 0. It has no intercepts with the coordinate axes.

4. Compare the two graphs

k
The equation (2z — k)(z + 4)2 = —5 represents intersections between the two
x

graphs.

5. State the number of roots

k

From the sketches, the positive branch of — meets the increasing positive
T

branch of (2z — k)(z + 4)2 once only. Therefore there is one root.

Final answer

The graphs intersect once, so the equation has one root.



WMA11/01 JANUARY 2024 9 marks

Question 7

Graphs of Functions

7. (a) Sketch the graph of the curve C with equation

where k is a positive constant.
Show on your sketch
» the coordinates of any points where C cuts the coordinate axes

* the equation of the vertical asymptote to C

(C))
Given that the straight line with equation y =9 —x does not cross or touch C

(b) find the range of values of k.
(3)

(Total for Question 7 is 9 marks)




WMA11/01 JANUARY 2024 Graphs of Functions

Worked Solution - Question 7

Topic group

1. Identify the asymptote

Fory =

4 , , , ,
X the vertical asymptote is where the denominator is zero, so € = k
m J—

2. Find axis intercepts

4 4
Atz =0y= —% 50 the y-intercept is (0, _E) The graph has no x-intercept

because the numerator is never zero.

3. Set up intersection with the line
4

z—k

If the line y = 9 — & meets the curve, then 9 —x =

4. Form a quadratic

(9 — z)(x — k) = 4, which simplifies to 2 — (9 + k)z + 9%k + 4 = 0.

5. Use no real intersection

For the line not to cross or touch the curve, the discriminant must be negative.

6. Solve the inequality

(9+ k)2 —4(9% +4) <0, s0 k2 — 18k + 65 < 0. Since
k% — 18k + 65 = (k — 5)(k — 13), the range is $5

Final answer

4
(a) y-intercept (0, _E) no x-intercept, vertical asymptote & = k.

$(b)\ 5




WMA11/01 MAY/JUNE 2024 7 marks

QUESthn 8 Graphs of Functions

8. The curve C, has equation
y=x(4-x%)

(a) Sketch the graph of C| showing the coordinates of any points of intersection with
the coordinate axes.

(©)
. A .
The curve C, has equation y = — where A4 is a constant.
- X
(b) Show that the x coordinates of the points of intersection of C and C, satisfy
the equation
x'—4x*+4=0
M
(c) Hence find the range of possible values of 4 for which C| meets C, at
4 distinct points.
3)

(Total for Question 8 is 7 marks)




WMA11/01 MAY/JUNE 2024 Graphs of Functions

Worked Solution - Question 8 Topic group

1. Find the intercepts of C1

y=x(4— ccz), so Yy = 0 when ¢ = 0 or £ = %2. The curve crosses the axes at

(—2,0), (0,0) and (2,0).

2. Use the cubic shape

y = 4z — z3 has negative leading cubic term, so the left tail rises and the right

tail falls.

3. Equate C1 and C2

z(4 —z?) = %

4. Multiply by x
z2(4 — 2?) = A, so 4x® — z* = A and therefore 2 — 422 + A = 0.

5. Let u equal x squared

letu = 2. Thenu? —4u+ A = 0.

6. Require two positive u-values

For 4 distinct x-values, the quadratic in u must have two distinct positive roots.

7. Find the range of A

The discriminant gives 16 — 44 > 0, so A < 4. The product of the two roots is A4,
so A > 0. Therefore $0




Final answer

(a) x-intercepts (—2,0), (0,0), (2,0).
(b) 2t — 422+ A= 0.
$(0\ O



WMA11/01 OCTOBER 2024 9 marks

QUESthn 6 Graphs of Functions

6. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

(a) Sketch the curve C with equation

State on your sketch
» the equation of the vertical asymptote

* the coordinates of the intersection of C with the y-axis

(©))
The straight line / has equation y = kx — 4, where £ is a constant.
Given that / cuts C at least once,
(b) (i) show that
kK —5k+4>0
(i1) find the range of possible values for £.
(6)

(Total for Question 6 is 9 marks)




WMA11/01 OCTOBER 2024 Graphs of Functions

Worked Solution - Question 6

Topic group

1. Identify the graph features

Y= has vertical asymptote £ = 2 and horizontal asymptote y = 0.
-z

2. Find the y-intercept

1 1
Atx=0y= 50 the y-intercept is (0, 5)

3. Set up the intersection with the line
1

Ify=Fkx —4cutsC, thenkz — 4 = :
2—z

4. Form the quadratic

(kz —4)(2—2)=1,s0kz? — (2k+4)z+9 = 0.

5. Use the discriminant

For at least one intersection, the discriminant is non-negative.

6. Derive the given inequality

(2k + 4)2 — 4(k)(9) > 0, so 4(k? — 5k +4) > 0, hence k2 — 5k + 4 > 0.

7. Solve the inequality
k? —5k+4=(k—1)(k—4),s0k<lork>4

Final answer
1
(@) vertical asymptote = 2, y-intercept (0, 5)

b)k<lork>4




WMA11/01 JANUARY 2025 8 marks

Question 7

Graphs of Functions

7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The curve C has equation

where k is a positive constant.

(a) Sketch the graph of C.
Show on your sketch
» the coordinates of any points of intersection of C with the coordinate axes
» the equation of the horizontal asymptote to C

stating each in terms of £.

3)
The line / has equation y=—kx — 6
Given that [ intersects C at 2 distinct points,
(b) find the range of possible values of k.

(3

(Total for Question 7 is 8 marks)




WMA11/01 JANUARY 2025 Graphs of Functions

Worked Solution - Question 7

Topic group

1. Identify the horizontal asymptote

2
y = = — k has horizontal asymptote y = —k.
T

2. Find axis intersections
2
k

2
Setting y = 0 gives — = k, so x = —. There is no y-intercept because £ = 0 is
x

not in the domain.

3. Set up line-curve intersections

2 k= —ko—6

Z

4. Form a quadratic

Multiplying by & gives 2 — kz = —kxz? — 6z, so kz? + (6 — k)z +2 = 0.

5. Use two distinct intersections

For two distinct points, the discriminant must be positive.

6. Solve the inequality

(6 — k)2 — 8k > 0, so k* — 20k + 36 > 0. Since
k* — 20k +36 = (k—2)(k—18), k < 20rk > 18.

7. Use k positive

As k > 0, the range is $018$.




Final answer

2
(@) x-intercept (E’ 0), no y-intercept, horizontal asymptote y = —k.

$(b)\ 018$.



WMA11/01 MAY/JUNE 2025 10 marks

Question 7

Graphs of Functions




VA

Figure 3

Figure 3 shows a sketch of part of the curve C|
Given that C|

e has equation y = f(x) where f(x) is a cubic function
+ touches the x-axis at the origin and cuts the x-axis at x =4
*  passes through the point (10, 120)

(a) find f(x)

3
The curve C, has equation y = 1.2x(8 — x)
On the following page there is a copy of Figure 3 called Diagram 1.
(b) On Diagram 1 sketch a graph of the curve C,
(2)
(c) Use algebra to find the coordinates of the points where C| and C, intersect.
Show each stage of your working.
(5
VA
C‘1
5 %
Diagram 1

(Total for Question 7 is 10 marks)



WMA11/01 MAY/JUNE 2025 Graphs of Functions

Worked Solution - Question 7

Topic group

1. Use the repeated root at the origin

Since the cubic touches the x-axis at the origin and cuts it at £ = 4, write

f(z) = Az?(z — 4).

2. Use the point (10,120)
120 = A(10)2(10 — 4) = 600, so A = 0.2.

3. State f(x)
f(z) = 0.222(z — 4).

4. Sketch C2
Cy : y = 1.22(8 — z) is a downward-opening parabola through = 0 and

x = 8, with its maximum between them.

5. Set intersections equal

1.2z(8 — z) = 0.2z%(z — 4).

6. Clear decimals

Divide by 0.2 to get 6z(8 — z) = z%(z — 4).

7. Factor

48z — 62% = 3 — 422, s0 3 + 222 — 48z = 0 and z(z? + 2z — 48) = 0.

8. Solve for x

z=0o0rz>+2z—-48=0=(z+8)(x—6),sox = —8orz =6.

9. Find y-values
Using y = 1.22(8 — &) gives (—8, —153.6), (0,0) and (6,14.4).




Final answer
(a) f(z) = 0.2z%(x — 4).
(c) (—8,—153.6), (0,0), (6,14.4).



WMA11/01 OCTOBER 2025 9 marks

Question 6

Graphs of Functions

6. (a) Sketch the graph of the curve C with equation

4k
x=2k

¥

where £ is a positive constant.
On your sketch show

* the coordinates of any points where C cuts the coordinate axes
* the equation of the vertical asymptote to C

“4)
The straight line / has equation
y=06-2x
Given that there is at least one point of intersection between / and C,
(b) find the range of possible values of .
()

(Total for Question 6 is 9 marks)




WMA11/01 OCTOBER 2025 Graphs of Functions

Worked Solution - Question 6

Topic group

1. Find coordinate-axis intersections

Y= has no x-intercept because the numerator is non-zero. At ¢ = 0,
w JE—
4k . .
y=—op = —2, so the y-intercept is (0, —2).

2. Find the vertical asymptote

The denominator is zero when x = 2k, so the vertical asymptote is x = 2k.

3. Sketch shape

The curve has one branch in quadrant | to the right of £ = 2k, and one branch

passing through (0, —2) and approaching the x-axis from below as £ — —o0.

4. Set line and curve equal
4k

r — 2k

=6 — 2z.

5. Form a quadratic in x
4k = (6 — 2z)(z — 2k) = 6z — 12k — 22% + 4kz, so
2z% — (4k + 6)z + 16k = 0.

6. Use at least one intersection

For at least one real intersection, the discriminant must satisfy b2 — 4ac > 0.

7. Find the discriminant

(4k + 6)% — 4(2)(16k) > 0, so 16k? — 80k + 36 > 0.

8. Solve in k

4k — 20k +9 > 0,50 (2k — 1)(2k —9) > 0.




9. Use k positive

1 9
Therefore k < 5 ork > 3 Since k is positive, $0

Final answer
(@) y-intercept (0, —2), vertical asymptote x = 2k.

$(b)\ 0
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Qu estion 9 Transformations




»

In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

VA
y=1f(x)
P9, 3)
[9) X
Figure 5

Figure 5 shows a sketch of the curve with equation y = f(x) where

f(x) = /x x>0
The point P(9, 3) lies on the curve and is shown in Figure 5.
On the next page there is a copy of Figure 5 called Diagram 1.

(a) On Diagram 1, sketch and clearly label the graphs of
y=f(2x) and y=f(x) +3

Show on each graph the coordinates of the point to which P is transformed.

3)
The graph of y = f(2x) meets the graph of y = f(x) + 3 at the point Q.
(b) Show that the x coordinate of Q is the solution of
Jx = 3(\/5 + 1)
A3)
(c) Hence find, in simplest form, the coordinates of Q.
3)
Yuc uvn 7 cununucu
ya
y=1f(x)
P(9,3)
o x
Diagram 1

Turn over for a copy of Diagram 1 if you need to redraw your graphs.

Only use this copy if you need to redraw your graphs.

ya

y=1)
P9, 3)

=V

Copy of Diagram 1
(Total 9 marks)




WNMA11/01 OCTOBER 2021 Transformations

Worked Solution - Question 9

Topic group

1. Transform P on y = f(2x)

1
y = f(2z) is a horizontal scale factor of 5150 P(9,3) maps to (%, 3).

2. TransformPony = f(x) + 3

y = f(z) + 3 is a translation 3 units upward, so P(9, 3) maps to (9, 6).

3. Set up the intersection equation

At Q, f(2z) = f(x) + 3. Since f(z) = +/z, this gives v2z = /z + 3.

4. Show the required equation
Let s = v/Z. Then V2 = v/2 5, 50 v/25 = s + 3. Hence (V2 — 1)s = 3 and

3
N =3(v2+1).

S =

5. Find the x-coordinate

VE=3(2+1),s0z=9(v2+1)%=9(3 +2v2) = 27+ 18V2.

6. Find the y-coordinate

y=+/+3=3(v/2+1)+3 =6+ 3v2. Therefore
Q = (27 +18v/2, 6 + 3v/2).

Final answer
(a) P — (%,3) ony = f(2z), P+~ (9,6) ony = f(z) + 3.

(c) Q = (27 + 18V/2, 6 + 3v/2).




WMA11/01 OCTOBER 2022 8 marks

Question 7

Transformations

7.
V A
(~4, 6) (-1, 6) (2, 6) (3, 6)
0 ¢
y=1f(x)
Figure 1

Figure 1 shows the curve with equation y = f(x).
The points P(—4, 6), Q(-1, 6), R(2, 6) and S(3, 6) lie on the curve.

(a) Using Figure 1, find the range of values of x for which

f(x) <6
3)
(b) State the largest solution of the equation
f(2x)=6
1)
(¢) (i) Sketch the curve with equation y = f(—x).
On your sketch, state the coordinates of the points to which P, O, R and §
are transformed.
(ii) Hence find the set of values of x for which
f(—x) =6 and x <0
(C))

(Total for Question 7 is 8 marks)




WMA11/01 OCTOBER 2022 Transformations

Worked Solution - Question 7

Topic group

1. Read f(x) < 6 from the graph
The curve is below the line y = 6 for x < —4, for $-13§.

2. Solve f(2x) = 6
Since f(u) =6 atu = —4,—1,2,3, we set 2z = —4, —1, 2, 3. The solutions are
1 .3

r = —2,—5,1, 5

3. State the largest solution

The largest solution is ¢ = 3

4. Reflect the points in the y-axis
For y = f(—=z), each point (z,y) becomes (—z,y).

5. List the transformed points
P(—4,6) — (4,6), Q(~1,6) — (1,6), R(2,6) — (—2,6), and
S(3,6) — (=3, 6).

6. Use the reflected graph

For x < 0, the part of the reflected graph on or above y = 6 is fromx = —3 to
T =—2.

Final answer

$(@\ x<-4\ -13.$
3
(®) 5-
(e)(@) —3<z< -2



WMA11/01 JANUARY 2023 10 marks

Question 7

Transformations




N

(a) On Diagram 1, sketch a graph of the curve C with equation

x#0

6
y==
X

. . . 6
The curve C is transformed onto the curve with equation y = P
x—

(b) Fully describe this transformation.

The curve with equation

and the line with equation
y=kx+7  where kis a constant

intersect at exactly two points, P and Q.
Given that the x coordinate of point P is -4

(c) find the value of k,

(d) find, using algebra, the coordinates of point Q.

2

x#2

@)

)

(Solutions relying entirely on calculator technology are not acceptable.)

Question 7 continued

=V

Diagram 1

“@

Only use this copy of Diagram 1 if you need to redraw your graph.

YA

=V

Canv of Niacram 1

(Total for Question 7 is 10 marks)
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Worked Solution - Question 7

Topic group

1. Sketchy = 6/x

The graph is a rectangular hyperbola with asymptotes € = 0 and y = 0, with
branches in quadrants | and Ill.

2. Describe the transformation

Y= is obtained from y = — by a translation 2 units in the positive x-
z

direction.

3. Use P to find k

6 6
Atz =—-dony= ——, y=— = —1.
&£ ony w_zy 6

4. Substitute into the line
Since Pliessony=kzx+7 —1=—4k+T7,s0k = 2.

5. Find the second intersection

Solve 6 5 = 2z + 7. Multiplying by & — 2 gives 6 = (22 + 7)(z — 2).

x_

6. Factor and choose Q
6 = 222 + 3z — 14, s0 2x? + 3z — 20 = 0 = (2z — 5)(x + 4). The root
z=—4isP,soQ hasz = %

7. Find y for Q

5 5
y—2<5)+7—12,soQ— (5,12).




Final answer
(b) Translation 2 units right.

() k= 2.
(d)Q = <g,12>.
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Question 9

Transformations

¥ =+2x

y=12-x

=V

Figure 4

In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

Figure 4 shows a sketch of

» the graph C| with equation y = Va2x

» the graph C, with equation y =12 — Jx

(a) Describe fully the single transformation that would transform
(i) the graph with equation y = Jx onto C |

(ii) the graph with equation y = ~Jx onto C,

4)
The graphs C| and C, meet at the point P, as shown in Figure 4.
(b) (1) Show that the x coordinate of P is a solution of
Ve =12(V2 1)
(i) Hence find, in simplest form, the exact coordinates of P.
(6)

(Total for Question 9 is 10 marks)
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Worked Solution - Question 9

Topic group

1. Transform y equals root x to C1
C has equation y = v/ 2. This is obtained from y = 4/ by a stretch parallel to

1
the x-axis with scale factor —.

2. Equivalent description

Equivalently, y = v/ 2z = \/5\/5 is a stretch parallel to the y-axis with scale factor
v/2. The mark scheme also accepts the horizontal stretch description.

3. Transform y equals minus root x to C2

C has equation y = 12 — \/z = —/z + 12, so it is a translation of y = —y/x
0

b :

/(1)

4. Set the curves equal

At P, v2x =12 — 4/z.

5. Factor out root x

V2 + vz =12,50 (V2 + 1)/ = 12.

6. Rationalise

12 12(v2-1) B
‘/5_\/5+1_(\/§+1)(\/§—1)_12(\/§ &

7. Find x

x = [12(vV2 — 1))2 = 144(3 — 2V2).

8.Findy

y=+2z =2y =v2-12(vV2 - 1) = 24 — 12v2.




Final answer
: 1 : :
(a)(2) stretch parallel to the x-axis scale factor P (equivalently vertical

stretch scale factor v/2).
0
1) t lation b .
(a)(#2) translation by (12)
(b) P = (144(3 — 2V2), 24 — 12V/2).
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Qu estion 9 Transformations

VA

Figure 3

Figure 3 shows a sketch of part of the graph of the trigonometric function with
equation y = f(x)

(a) Write down an expression for f{x)

(2)
The point P lies on y = f(x) and is shown in Figure 3.

(b) State the coordinates of the point to which P is transformed when the graph of
vy = f(x) 1s transformed to the graph with equation

@)y=f[x£]
6 )

.. 1
(i) y=-—f(x)
2 @)

(Total for Question 9 is 6 marks)
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Worked Solution - Question 9

Topic group

1. Identify amplitude and direction

The graph has amplitude 4, crosses the origin, and initially moves downwards, so
f(z) = —4sinzx.

2. Identify P

The labelled maximum is at P = (37’”,4).

3. Transform y equals f of x minus pi over 6

y=1f (:1: — %) translates the graph right by %

4. New coordinates for part b(i)
3= w 5
b —+—=,4)=(——,4).
Pecomes(2—|—6,) (3,)

5. Transform y equals negative half f(x)

1
Y= —Ef(w) leaves x-coordinates unchanged and multiplies y-coordinates by
1

6. New coordinates for part b(ii)

P becomes (3771-, —2).




Final answer

(a) f(z) = —4sinz.

O (54)
(5) (i) (37” —2).
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Straight Line
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QUESthn 6 Straight Line

6. The line /, has equation 3x — 4y +20 =0
The line /, cuts the x-axis at R(8,0) and 1s parallel to /,

(a) Find the equation of /,, writing your answer in the form ax + by + ¢ = 0, where a, b
and c¢ are integers to be found.

3)
The line /, cuts the x-axis at P and the y-axis at Q.
Given that PORS is a parallelogram, find
(b) the area of PORS,

(€))
(c) the coordinates of S.

(2)

(Total 8 marks)
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Worked Solution - Question 6

Topic group

1. Find the gradient of 11
3z — 4y + 20 = 0 givesy = %w + 5, so the gradient is %.

2. Find 12 through R
Line Iy is parallel to I; and passes through R(8,0), soy = %(:c —8) = %:c — 6.
Therefore 3z — 4y — 24 = 0.

3.Find Pand Q
For 1, the x-intercept is P (—%, O) and the y-intercept is @ = (0, 5).

4. Find the area of PQRS

Base PR =8 — (—%) = %—4 and height OQ = 5. Area = % -5 = 23&.

5. Find S using a vector

In parallelogram PQRS, PS = Q_’R = (8,—5). Hence
S=P+(8,-5)=(—2 +8,-5) = (5,-5).

Final answer
(a) 3z — 4y —24 = 0.

OF=3

(0) S = (%,-5).
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QUESthn 8 Straight Line

" J

Figure 4

Figure 4 shows a sketch of the curve C with equation

y=4+12x - 3x

The point M is the maximum turning point on C.

(a) (i) Write 4 + 12x — 3x” in the form
a+b(x+ c)

where a, b and ¢ are constants to be found.

(i1) Hence, or otherwise, state the coordinates of M.

)
The line /| passes through O and M, as shown in Figure 4.
Aline /, touches C and is parallel to /|
(b) Find an equation for /,

)

(Total 10 marks)
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Worked Solution - Question 8 Topic group

1. Complete the square
4+12¢ — 322 = -3(22 —4z) +4=-3((z —2)2 —4) +4 =16 — 3(z — 2)*

2. State the maximum point

The maximum occurs when (z — 2)2 = 0, so M = (2,16).

3. Find the gradient of 11

16
Line I passes through O(0,0) and M (2, 16), so its gradient is -5 = 8.

4. Use the parallel tangent gradient
Line I, is parallel to I3, so its gradient is also 8. For y = 4 4 12z — 322,
dy

— =12 — 6z.
dz a:

5. Find the point of contact

2 2 4 2
Set12 — 6x = 8§, givingx = —. Theny =4+ 12 (g) — (—) =3—.

3 9 3
6. Write 12
2 32 2 2
Using gradient 8 through <§, %) Yy— 3? =8 (:1: — §> Hence
16
y=8zx+ —.

3




Final answer
(a)(i) 16 — 3(x — 2)2. (a)(ii) M = (2,16).

16
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QUESthn 8 Straight Line

8.

The line /| has equation
2x-5y+7=0

(a) Find the gradient of /,
1)
Given that
»  the point 4 has coordinates (6, —2)

*  the line /, passes through 4 and is perpendicular to /,

(b) find the equation of /, giving your answer in the form y = mx + ¢, where m and ¢ are
constants to be found.

3
The lines /, and /, intersect at the point M.
(c) Using algebra and showing all your working, find the coordinates of M.
(Solutions relying on calculator technology are not acceptable.)
3)
Given that the diagonals of a square ABCD meet at M,
(d) find the coordinates of the point C.
(2)

(Total 9 marks)
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Worked Solution - Question 8

Topic group

1. Find the gradient of 11

2 2
2¢ —b5y+7=0givesy = ga: + % so the gradient is 5

2. Find 12
: . 2. 5 5
The gradient perpendicular to T3 Through A(6,—2), y+2 = —5(:1: —6)

5
,soy:—5w+13.

3.Find M
5

2 7
At the intersection, gw + 5= —E:v + 13. Multiplying by 10 gives

4z + 14 = —25x + 130, so ¢z = 4.

4. Find the y-coordinate of M
7

2

Y= —(4)—|— —=3,so0M = (4,3).
5 5

5. Use midpoint of the diagonal

In a square, the diagonals bisect each other, so M is the midpoint of AC. Thus
C=2M—-A=(8,6)— (6,—2) =(2,8).

Final answer

2
(a) 5
(6)y=—oz+13.
(¢c) M = (4,3).
d) C = (2,8).
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QUEStiOn 10 Straight Line




YA
h
L
P
C
0 X
Figure 5

Figure 5 shows a sketch of the quadratic curve C with equation
| . .
y= ~3 (x+2)(x—b) where b is a positive constant

The line /, also shown in Figure 5,
1
» has gradient 5
» intersects C on the negative x-axis and at the point P

(a) (i) Write down an equation for /,
(i) Find, in terms of b, the coordinates of P

Given that the line /, is perpendicular to /, and intersects C on the positive x-axis,

(b) find, in terms of b, an equation for /,

Given also that /, intersects C at the point P

(c) show that another equation for /, is

5h
=-2x+>— -4
4 2

(AN Hanra ar athararica find tha valia ~fF kA

(1)

3

2

2

(Total for Question 10 is 10 marks)
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Worked Solution - Question 10

Topic group

1. Find 1
1
Line {1 has gradient 3 and passes through the negative x-axis root (—2, 0), so

1 1

2. Find P
1

1
Set ——(z+2)(z —b) = = (= +2).
4 2
3. Solve the intersection
Multiplying by —4 gives (z + 2)(z — b) = —2(x + 2), so
(z+2)(z—b+2)=0.

4. Choose the second point

The root £ = —2 is the x-axis point, so P has x = b — 2. Then

1 b

5. Find 12 from the positive root

Since [y is perpendicular to 1y, its gradient is —2. It passes through the positive x-
axis root (b,0), soy = —2(x — b) = —2x + 2b.

6. Use P to write another 12

Through P (b -2, %) with gradient —2: ¢y — % = —2(z — (b—2)),so

b
y=—2:1:+57—4.

7.Find b
5b

Both equations represent [y, so 2b = -5 = 4. Hence b = 8.




Final answer
1
(@)(@)y= gz +1.

(b) y = —2z + 2b.
(d)b=8.
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QUESthn 9 Straight Line

9. Given that
* the point A has coordinates (4, 2)
* the point B has coordinates (15, 7)
* the line /, passes through 4 and B

(a) find an equation for /, giving your answer in the form px + gy +r=0
where p, ¢ and r are integers to be found.

(©))
The line /, passes through 4 and is parallel to the x-axis.
The point C lies on /, so that the length of BC is NG
(b) Find both possible pairs of coordinates of the point C.

4)
(c) Hence find the minimum possible area of triangle ABC.

(2)

(Total for Question 9 is 9 marks)
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Worked Solution - Question 9

Topic group

1. Find the gradient of 11
T—2 i
15—4 11

m =

2. Use point A

5
—9= " (z—4).
Y 11(1' )

3. Rearrange

11y — 22 = 5z — 20, so 5z — 11y + 2 = 0.

4. Use the horizontal line 12

Since I passes through A(4,2) and is parallel to the x-axis, point C' has

coordinates (c, 2).

5. Use BC equals 5 root 5
(c—15)2 + (2 —=17)2 = (5v/5)2.

6. Solve for ¢

(c—15)2 425 = 125, s0 (¢ — 15)2 = 100 and ¢ = 5 or 25.

7. Find the smaller area

The height from B to y = 2is 5. For C = (5,2), AC = 1, so the minimum area is
1 5
—(1 = —.
() =




Final answer
(a) 5z — 11y + 2 = 0.

(b) C = (5,2) or (25,2).

(@ 5.
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Question 7

Radians




1.8rad

=Y

Figure 3

The line /, has equation 4y + 3x = 48
The line /, cuts the y-axis at the point C, as shown in Figure 3.

(a) State the y coordinate of C.

(D
The point D(8, 6) lies on /|
The line /, passes through D and is perpendicular to /,
The line /, cuts the y-axis at the point £ as shown in Figure 3.
14
(b) Show that the y coordinate of £ is 3
3)
A sector BCFE of a circle with centre C is also shown in Figure 3.
Given that angle BCE is 1.8 radians,
(c) find the length of arc BE.
3)

The region CBED, shown shaded in Figure 3, consists of the sector BCE joined to the
triangle CDE.

(d) Calculate the exact area of the region CBED.
3)

(Total 10 marks)
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Worked Solution - Question 7

Topic group

1. Find C

On the y-axis, € = 0. From 4y + 3z = 48, 4y = 48, so the y-coordinate of C' is
12.

2. Find the gradient of 11

4y 4 3x = 48 gives y = —%m + 12, so the gradient of l1 is —%.

3. Use perpendicular gradients for 12
4
Since Iy is perpendicular to ly, its gradient is 3 Through D(8, 6),
4
—6=—(z—8).
y 5 (@—8)

4. Show the y-coordinate of E
4 32 4 14 14
y=—cr— —+6=—-x— ?.Therefore whenz =0, By = ——.

3 3 3

5. Find the radius of the sector

14
C=(0,12) and E = (O,—?>,SOCE=12—|—% = @

6. Find arc BE
50 9
For sector BCE, r = — and @ = 1.8 = —. Hence arc
50 9 3 5

BE=10= > 30.
=73 %

7. Find the sector area

2
Sector area = %rze = %(5—30) (%) = 250.




8. Find the triangle area and total area
Trlangle CDE has vertical base CE = ? and horizontal height 8, so its area is
2 2
— % 8—% Total area = 250 + 20 ?
Final answer
(a) 12.
14
b)) B, = ——.
(¢) 30.
950
(d) =
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Question 7 Radians

A

Figure 3

Figure 3 shows the design for a sign at a bird sanctuary.
The design consists of a kite OABC joined to a sector OCXA of a circle centre O.

In the design
* 04=0C=0.6m
* AB=CB=14m
* Angle O4AB = Angle OCB = 2 radians
* Angle AOC = 0 radians, as shown in Figure 3

Making your method clear,

(a) show that 8= 1.64 radians to 3 significant figures,

C))
(b) find the perimeter of the sign, in metres to 2 significant figures,

(2)
(c) find the area of the sign, in m” to 2 significant figures.

C)

(Total 10 marks)
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Worked Solution - Question 7

Topic group

1. Work in triangle OAB
In triangle OAB, OA = 0.6, AB = 1.4, and ZOAB = 2 radians.

2. Find OB

By the cosine rule, OB2? = 0.6% + 1.4 — 2(0.6)(1.4) cos 2, so
OB =1.73756.. ..

3. Find half of theta
0.62 + OB? — 1.42
2(0.6)(0OB)

Using the cosine rule again, cos ZAOB = , giving

ZAOB = 0.822199... radians.

4. Use symmetry of the kite

The kite is symmetric, so 8 = 2/ A0B = 1.644398. . ., hence 8 = 1.64 radians
to 3 significant figures.

5. Find the outside arc length

The sector OC X A uses the major angle 2w — 6. Its arc length is
0.6(2m — 1.644398 ...) = 2.78327....

6. Find the perimeter

Perimeter = AB + CB + major arc = 1.4 + 1.4 + 2.78327... = 5.568327. .,
so the perimeter is 5.6 m.

7. Find the kite area

The kite consists of two congruent triangles like OAB, so area of kite

—2 (%(0.6)(1.4) sin 2) —0.76381. ..




8. Find the sector area and total area
Major sector area = %(0.6)2(271' —1.644398...) = 0.83498.. .. Total area
= 0.76381 ...+ 0.83498... = 1.59879.. ., so the area is 1.6 m?2.
F|naI answer
= 1.64 rad.
(b) 5.6 m.
(c) 1.6 m?
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Question 8

Radians




Figure 3

Figure 3 shows a sketch of the outline of the face of a ceiling fan viewed from below.

The fan consists of three identical sections congruent to OABCDQO, shown in Figure 3,
where

*  0ABO is a sector of a circle with centre O and radius 9 cm

*  OBCDQ is a sector of a circle with centre O and radius 84 cm

27 .
+ angle 40D = 3 radians

Given that the length of the arc A8 is 15cm,

(a) show that the length of the arc CD is 35.9cm to one decimal place.

3
The face of the fan is modelled to be a flat surface.
Find, according to the model,
(b) the perimeter of the face of the fan, giving your answer to the nearest cm,
(2)
(c) the surface area of the face of the fan.
Give your answer to 3 significant figures and make your units clear.
(3

(Total 10 marks)




WMA11/01 MAY/JUNE 2022 Radians

Worked Solution - Question 8

Topic group

1. Find the small sector angle

Forarc AB, s =70, s015 =90 and 0 = g radians.

2. Find the outer arc angle

2

Each identical section has total angle _7r’ so the angle forarc CD is
3

2r 5 2mr—5

3 3 3
3. Find CD
2m—5 S ,
CD=284 ( ) = 28(2m — 5) = 35.9 cm to 3 significant figures.

4. Find the perimeter

There are 3 inner arcs, 3 outer arcs, and 6 straight radial edges of length
84 — 9 = 75. Thus P = 3(15) + 3(35.929...) + 6(75) = 602.8... cm.

5. Find the area of one section

5

1 1 2mr—5
One section has area 5(92) (—) + 5(842) ( T

3 ) = 1576.525... cm?.
6. Find the total area
The total area is 3(1576.525...) = 4729.57... cm? = 4.73 x 10° cm? to 3

significant figures.




Final answer

(a) CD = 35.9 cm.
(b) 603 cm.
(c) 4.73 x 103 cm?.
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Question 8

Radians

Diagram NOT
to scale

C

Figure 2

Figure 2 shows the plan view of a design for a pond.

The design consists of a sector AOBX of a circle centre O joined to a quadrilateral AOBC.
* BC=8m

* 04=0B=3m

. 2w
* angle AOB is 3 radians
. T .
« angle BCA is r radians
(a) Calculate (i) the exact area of the sector AOBX,

(i1) the exact perimeter of the sector AOBX.

(6)
(b) Calculate the exact area of the triangle 4OB.

(2)
(c) Show that the length 4B is 33 m.

(2)
(d) Find the total surface area of the pond. Give your answer in m” correct to

2 significant figures.
(3)

(Total for Question 8 is 14 marks)
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Worked Solution - Question 8

Topic group

1. Find the angle of the sector AOBX

s
The sector AOBX is the major sector, so its angle is 2w — 3 -3

2. Find the sector area

Area = %130 = %(32) (4?%) = 67 m?.

3. Find the sector perimeter

4
The arc length is 70 = 3 (?ﬂ) = 4. Adding the two radii gives 47 + 6 m.

4. Find the area of triangle AOB

1 . (2« 9 V3 9vV3 ,
Area = 5(3)(3)3111 (?) =55 =5 m

5. Show AB

2
By the cosine rule, AB% = 32 + 32 — 2(3)(3) cos (?ﬂ-) =18+9 =27 s0
AB =33

6. Find AC
In triangle ABC, AB? = AC? + 82 — 2(AC)(8) cos (%) so
27 = AC? — 8v/3 AC + 64.

7. Choose the correct length

Solving gives AC = 44/3 + v/11. From the diagram, AC is the longer value, so
AC =4V3 + V11




8. Find the total area

Area of triangle ABC is %(8)(AC’) sin (%) = 2AC = 8+/3 + 24/11. Total area

is 6m + QT\/g + 8v/3 +2v/11 = 43.236.... ., so 43 m? to 2 significant figures.

Final answer
(a)(i) 6w m2, (ii) 47 + 6 m.

) QT‘/g m?,
(c) AB = 3v/3m.

(d) 43 m2.
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Question 6

Radians

Diagram NO
accurately dr

A 0 D

Figure 1

Figure 1 shows the plan view for the design of a stage.

The design consists of a sector OBC of a circle, with centre O, joined to two
congruent triangles OAB and ODC.

Given that

* angle BOC = 2.4 radians

« area of sector BOC = 40m’

* AOD is a straight line of length 12.5m

(a) find the radius of the sector, giving your answer, in m, to 2 decimal places,

(2
(b) find the size of angle AOB, in radians, to 2 decimal places.

(1)
Hence find
(c) the total area of the stage, giving your answer, in m’, to one decimal place,

3
(d) the total perimeter of the stage, giving your answer, in m, to one decimal place.

C))

(Total for Question 6 is 10 marks)



WMA11/01 JANUARY 2023 Radians

Worked Solution - Question 6

Topic group

1. Find the radius

1 1
Area of sector BOC'is 57'20. So 40 = 57'2(2.4) = 1.2r2, giving
[ 40

2. Find angle AOB

The triangles OAB and ODC are congruent, so ZAOB = ZCOD. Since AOD
is a straight line, 2/A0OB + 2.4 = .

3. Calculate the angle
JAOB — m™—24

=0.3708...,500.37 rad.

4. Find the total area

The two congruent triangle areas together are

1
2 (5(6.25)(5.7735...) sin 0.3708 .. ) —=13.075....

5. Add the sector area
Total area = 40 + 13.075... = 53.1 m? to one decimal place.

6. Find AB

Using the cosine rule, AB? = 6.25% + 72 — 2(6.25)(r) cos 0.3708.. . ., giving
AB =2.265... m.

7. Find the perimeter

Perimeter
= AD+ AB+ CD + arc BC = 12.5+ 2(2.265 .. ) + 5.7735... (2.4) = 30.9
m.



Final answer

(a) r=5.77 m.
(b) 0.37 rad.
(c) 53.1 m?.
(d) 30.9 m.
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Question 9 Radians




Diagram NO
accurately dr

Q
C
P
S
R
Figure 3

Figure 3 shows the plan view of the area being used for a ball-throwing competition.
Competitors must stand within the circle C and throw a ball as far as possible into the
target area, PORS, shown shaded in Figure 3.
Given that
« circle C has centre O
¢ Pand S are points on C
e OPQRSO is a sector of a circle with centre O
« the length of arc PSis 0.72m
+ the size of angle POS is 0.6 radians
(a) show that OP=1.2m

1)
Given also that
+ the target area, PORS, is 90m’
* length PQ = x metres
(b) show that

5x% +12x — 1500 = 0

(&)

(c) Hence calculate the total perimeter of the target area, PORS, giving your answer to
the nearest metre.
3

(Total for Question 9 is 7 marks)
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Worked Solution - Question 9

Topic group

1. Use arc length
§=160,500.72 = OP x 0.6. Hence OP = 1.2 m.

2. Set up the target area

The outer sector has radius  + 1.2 and the inner sector has radius 1.2, with angle
0.6 radians.

3. Use sector area

1 2 1 2 —
5 (@ +1.2)%(0.6) — < (1.2)*(0.6) = 90.

4. Simplify to the given quadratic

50
0.3 ((z +1.2)% — 1.44) = 90, s0 0.3z + 0.72z — 90 = 0. Multiplying by 5
gives 522 + 12z — 1500 = 0.

5. Find the positive value of x

194 \/ 12* +4(5)(1500)  _g 4 4/471
10 a 5

~ 16.16.

xr=

6. Find the perimeter

Perimeter = PQ + SR + arc QR + arc PS =z + = + 0.6(z + 1.2) 4+ 0.72 = 4t

7. Round to the nearest metre

The total perimeter is 43 m to the nearest metre.




Final answer

(a) OP = 1.2 m.
(b) 52% + 12z — 1500 = 0.
(c) 43 m.
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Question 8

Radians

Figure 3

Figure 3 shows a sketch of the plan view of a platform.

The plan view of the platform consists of a sector DOC of a circle centre O joined to a
sector AOBEA of a different circle, also with centre O.

Given that

* angle AOB = 0.8 radians
* arc length CD =9m

* DA:40=3:5

(a) show that AO = 7.03m to 3 significant figures.

3)
(b) Find the perimeter of the platform, in m, to 3 significant figures.
3)
(¢) Find the total area of the platform, giving your answer in m” to the nearest
whole number.
3)

(Total for Question 8 is 9 marks)
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Worked Solution - Question 8

Topic group

1. Find the outer radius
For sector DOC, arc length CD = 9 and angle 0.8 radians, so

9
D= — —11.25m.
OD =33 dm

2. Use the ratio DA to AO
DA : A0 =3:5,s00D = DA + AO represents 8 parts. Hence

AO = %(11.25) = 7.03125 m ~ 7.03 m.

3. Find the straight side lengths
DA=CB=0D - AO =11.25 —7.03125 = 4.21875 m.

4. Find the major arc

The major sector AOBE A has angle 2w — 0.8, so arc
AEB = 17.03125(2m — 0.8).

5. Calculate the perimeter

Perimeter = 9 + 2(4.21875) + 7.03125(27 — 0.8) =~ 56.0 m.

6. Calculate the total area

1
Area = %(11.25)2(0.8) + 5(7.03125)2(271' — 0.8) ~ 186 m? to the nearest

whole number.




Final answer

(a) AO = 7.03 m.
(b) 56.0 m.
(c) 186 m?.
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Question 8 Radians

1.9¢cm

o3

Figure 1
Figure 1 shows a sketch of a design for a badge.

The design consists of a triangle OAB joined to a sector OBC of a circle with centre O
In the design

* (OB=34cm
*« AB=19cm

T
* angle AOB = P radians

+ angle O4B > gradians

Making your method clear,

(a) find the size of angle OAB, giving your answer in radians to 4 significant figures,
(b) find the area of triangle OAB, in ecm’, giving your answer to 3 significant figures.

Given that the ratio of the area of sector OBC to the area of triangle OAB is 3:2

(c) show that angle BOC is 0.462 radians to 3 significant figures.

(d) Hence find the perimeter of the badge, in cm, to the nearest integer.

(&)

(2)

(©)

6

(Total for Question 8 is 13 marks)
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Worked Solution - Question 8

Topic group

1. Use the sine rule

In triangle OAB, AB=1.9, OB = 3.4and ZAOB = %

2. Find sine of angle OAB

sin /OAB _ sin(m/6) ) 17
34 = 19 so sin ZOAB = 1o

3. Choose the obtuse angle

1
Since ZOAB > % ZOAB =7 —sin! (1—;) =~ 2.034 radians.

4. Find OA
Using the sine rule again, OA =~ 2.096 cm.

5. Find the triangle area

Area OAB = %(OA)(OB) sin(/6) ~ 1.78 cm?.

6. Use the area ratio

Area sector OBC' : Area triangle OAB = 3 : 2, so sector area

3
= 5 (1.78156....).

7. Find angle BOC

1
5(3.4)20 = 2(1.78156. ..), 50 0 =~ 0.462 radians.

8. Find the perimeter

The perimeter is
OA+ AB+ OC + arc BC = 2.096 + 1.9 + 3.4 + 3.4(0.46234. .. ) ~ 8.968

cm.




9. Round
The perimeter is 9 cm to the nearest integer.
Final answer
(a) ZOAB = 2.034 radians.
(b) 1.78 cm?.
(¢) £BOC = 0.462 radians.
(d) 9 cm.
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Question 6

Radians

Figure 2

The shaded area in Figure 2 shows the plan view of a helicopter landing pad.
The area consists of the major sector AOB of a circle centre O joined to a triangle AOC.
Given that

* AO=0B=15m

e BC=2m

* CBO is a straight line

* angle ACO = 0.6 radians

(a) show that angle COA is 1.847 radians to 3 decimal places.

3)
(b) Find the total area of the helicopter landing pad.
Give your answer in m’ to 3 significant figures.
3)
(c) Find the perimeter of the helicopter landing pad.
Give your answer in metres to 3 significant figures.
3

(Total for Question 6 is 9 marks)
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Worked Solution - Question 6

Topic group

1. Set up triangle AOC
AO =15 0C =0B+ BC =17, and ZACO = 0.6.

2. Use the sine rule
sin /CAO _ sin0.6
17 15

,s0 ZCAO = 0.6944 radians.

3. Show angle COA
/COA=71—-0.6—-0.6944...=1.847..., 50 LZCOA = 1.847 radians to 3

decimal places.

4. Major sector angle

The shaded sector is the major sector AOB, so its angle is 2 — 1.847. .. ..

5. Sector area

1
Sector area = 5(15)2(271' —1.847...) = 499.15.. ..

6. Triangle area

Area AOC = %(15)(17) sin(1.847...) = 122.73. .

7. Total area

499.15...4122.73... = 621.88.. ., so the total area is 622 m? to 3 significant

figures.

8. Find AC

By the cosine rule, AC? = 152 4 172 — 2(15)(17) cos(1.847...), so
AC =~ 27.57T m.




9. Major arc length
arc AB = 15(2mr — 1.847...) = 66.54... m.

10. Perimeter

66.54...+27.57...=94.11. .., so the perimeter is 94.1 m.

Final answer

(a) ZCOA = 1.847 rad.
(b) 622 m?.
(c) 94.1 m.
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Question 7 Radians

Figure 2

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 2 shows the plan view of a design for a swimming pool.

The design consists of a sector POS of a circle centre O joined to a major sector
QORTQ of a different circle, also with centre (.

Given that

« angle POS is 1.65 radians
 the area of sector POS is 30 m*

s PQO=28m
(a) show that, to 3 significant figures, OQ = 8.83m

3)
(b) Find the total surface area of the swimming pool in m” to the nearest integer.

(©)
(c) Find the total perimeter of the swimming pool in metres to 2 significant figures.

3)

(Total for Question 7 is 9 marks)
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Worked Solution - Question 7

Topic group

1. Find OP from the small sector

1
Let OP = r. The area of sector POS'is 30, so 57'2(1.65) = 30.

2. Calculate OP

r? = ,sor = 6.030... m.

1.65

3. Show 0Q

OQ = OP + PQ =6.030...+2.8 =8.830...,50 0Q = 8.83mto3
significant figures.

4. Major sector angle

The major sector QORT'Q has angle 27 — 1.65 radians.

5. Total area

1
Area = 30 + 5(8.830. ..)%(2m — 1.65) = 210.6.. ..

6. Round area

The total surface area is 211 m? to the nearest integer.

7. Arc lengths

The inner arc PSS has length 6.030. .. (1.65) = 9.95. . ., and the outer major arc
has length 8.830. .. (2r — 1.65) = 40.91.. ..

8. Add straight sides
The straight sides PQ and SR each have length 2.8 m.




9. Perimeter

9.95...+40.91...+2.8 + 2.8 = 56.46

significant figures.

Final answer

(a) OQ = 8.83 m.
(b) 211 m?.
(c) 56 m.

..., so the perimeter is 56 m to 2
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QUESthn 9 Trigonometric Functions

Hv

Figure 5
Figure 5 shows a sketch of part of the curve C with equation y = sin(é), where x is
measured in radians. The point M shown in Figure 5 is a minimum point on C.

(a) State the period of C.
(D

(b) State the coordinates of M.
(1)

The smallest positive solution of the equation sm[a) = k, where k is a constant, is a.
Find, in terms of «,

. . . . [ x .
(c) (i) the negative solution of the equation sm(—) = k that is closest to zero,

(11) the smallest positive solution of the equation cos(%) =k

2

(Total 4 marks)
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Worked Solution -

Trigonometric Functions

Question 9 Topic group

1. Use the scale factor inside the sine

For y = sin (%) one full sine cycle needs % to increase by 2, so the period is
24m.

2. Locate the minimum point

The sine function is —1 when its angle is 377' Therefore £ = 3T 5o = 187 and

12 2
M = (18w, —-1).

3. Use sine symmetry

If the smallest positive solution of sin (1‘”—2) = k is , then the closest negative

solution is one half-period before the opposite sine position: =127 — .

4. Convert to cosine

Since cos § = sin (% — 0), the corresponding smallest positive cosine solution is

6T — .

Final answer
(a) 24m.

(b) (18, —1).
(¢)(?) —12r —a. (i) 67 — o
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Question 7

Trigonometric Functions

il J

Figure 3

Figure 3 shows part of the curve C| with equation y = 3sinx, where x is measured in
degrees.

The point P and the point Q lie on C| and are shown in Figure 3.
(a) State
(1) the coordinates of P,

(ii) the coordinates of Q.

3
A different curve C, has equation y = 3sinx + &, where £ is a constant.
The curve C, has a maximum y value of 10
The point R is the minimum point on C, with the smallest positive x coordinate.
(b) State the coordinates of R.
(2)

(Total 5 marks)
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Worked Solution -

Trigonometric Functions

Question 7 Topic group

1. Read P from y = 3 sin x
The first maximum of y = 3sin & occurs at x = 90°, with y = 3. So P = (90°, 3).

2. Read Q from the next shown zero

After the second maximum, the curve returns to the x-axis at £ = 540°. So
Q= (540°, O).

3. Find the vertical shift
For Cy, y = 3sinz + k. Its maximumis 3+ k=10,so0 k= T7.

4. Find the minimum point R

The minimum value is —3 + 7 = 4. The smallest positive x-coordinate for a sine
minimum is 270°, so R = (270°, 4).

Final answer
(a)(i) P = (90°,3). (a)(ii) Q = (540°,0).
(b) R = (270°,4).
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QUESthn 9 Trigonometric Functions




vA

Figure 4

Figure 4 shows a sketch of the curve with equation

y = tanx 2r<x <2
The line /, shown in Figure 4, is an asymptote to y = tanx

(a) State an equation for /.

A copy of Figure 4, labelled Diagram 1, is shown on the next page.

(b) (i) On Diagram 1, sketch the curve with equation

1
y=—+1 2r<x<2rm
X

stating the equation of the horizontal asymptote of this curve.

=y

O

(i1) Hence, giving a reason, state the number of solutions of the equation

1
tanx = — + 1
X

in the region 27 < x < 27

“

1
(c) State the number of solutions of the equation tanx =—+ 1 in the region
x

(1) 0<x<40m

(i) -10r <x < =

0 |

VA

@)

Diagram 1

=y

(Total 7 marks)
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Worked Solution -

Trigonometric Functions

Question 9 Topic group

1. State the shown tangent asymptote
The shown dashed asymptote is the right-hand positive asymptote before 27, so [

, m
has equation ¢ = >

2. Describe the reciprocal graph

1
For y = — 4 1, the vertical asymptote is = 0 and the horizontal asymptote is
T

y = 1. The right branch lies above y = 1 and the left branch lies below y = 1.

3. Count intersections on -2pi to 2pi

1
The number of solutions of tanxz = — + 1 is the number of intersections of the
T

two graphs. From the sketch on —27 < x < 27, there are 5 intersections.

4. Count solutions for 0 <= x < 40pi

From the repeated tangent branches and the reciprocal curve, there is one
intersection in each positive interval between consecutive tangent asymptotes.

From 0 to 40, this gives 40 solutions.

5. Count solutions for -10pi <= x <= 5pi/2

Extending the same intersection pattern across the stated interval gives 14

intersections, so there are 14 solutions.




Final answer

(@) z = 3%

(b)(7) y = 1 is the horizontal asymptote.
(b)(2) 5.

(€)(d) 40.
(c) (i) 14.
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QUESthn 9 Trigonometric Functions

L 3

IRRATE

Figure 4

Figure 4 shows part of the curve with equation
v =Acos(x - 30)°
where 4 is a constant.

The point P is a minimum point on the curve and has coordinates (30, —3) as shown in

Figure 4.
(a) Write down the value of 4.
1)
The point Q is shown in Figure 4 and is a maximum point.
(b) Find the coordinates of Q.
3)

(Total 4 marks)




WMA11/01 JANUARY 2022

Worked Solution -

Trigonometric Functions

Topic group

Question 9

1. Use the minimum point

At P(30,—3), £ — 30 = 0, so cos 0° = 1. Therefore A = —3.

2. Find maximum points

Since A = —3, maximum points occur when cos(z — 30)° = —1.

3. Use the shown maximum Q

z — 30 = 180 + 360n, so £ = 210 + 360n. The maximum shown at @ is two full
periods after the first maximum, so & = 210 + 720 = 930.

4. Write Q
The maximum y-value is 3, hence @ = (930, 3).

Final answer

(a) A= -3.
(b) @ = (930, 3).
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QUESthn 9 Trigonometric Functions




y=sinx

Figure 4
Figure 4 shows part of the graph of the curve with equation y = sinx
Given that sina =p, where 0 < a < 90°
(a) state, in terms of p, the value of
(i) 2sin(180° - a)
(ii) sin(a — 180°)

(iii) 3 + sin(180° + a)

3)
A copy of Figure 4, labelled Diagram 1, is shown on page 27.
On Diagram 1,
(b) sketch the graph of y = sin2x
)
(¢) Hence find, in terms of ¢, the x coordinates of any points in the interval 0 < x < 180°
where
sin2x=p
3)
y
y=sinx
0 %
Diagram 1

(Total 8 marks)
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Worked Solution -

Trigonometric Functions

Topic group

Question 9

1. Use sine symmetry

sin(180° — a) = sina = p, so 2sin(180° — a) = 2p.

2. Use odd symmetry
sin(a — 180°) = —sin(180° — a) = —p.

3. Use the third quadrant identity
sin(180° + a) = —sina = —p, so 3 4 sin(180° + a) = 3 — p.

4. Sketch y = sin 2x
The graph has amplitude 1 and period 180°. It crosses the x-axis at 0°,90°, 180°,

has a maximum at 45°, and a minimum at 135°.

5. Solve sin2x = p

Since sina = p and 0 < 2z < 360°, the possible values are 2z = a or

2z = 180° — a.
6. Find x
Therefore z = % orxz = 90° — %.

Final answer
(a’) (Z) 2p, (’I,’L) — D, (’I/LZ) 3—p.

a .. a
(c)x—E,QO 5
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Question 9

VA

4 marks

Trigonometric Functions

Figure 3

Figure 3 shows a sketch of

e the curve with equation y = tanx

* the straight line 1 with equation y = 7x
in the mterval = <x <=

(a) State the period of tanx

(b) Write down the number of roots of the equation

(i) tanx = (r + 2)x in the interval —T < x <7

(11) tanx = zx in the interval 27 < x < 2z«

(ii1) tanx = zx in the interval —100x < x < 1007

=V

(1

1)

1)

ey

(Total for Question 9 is 4 marks)
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Worked Solution -

Trigonometric Functions

Topic group

Question 9

1. State the period

The period of tan z is 7.

2. Count roots for the steeper line

In $-\pi

3. Extend to -2pi < x < 2pi
For y = mz, the interval $-2\pi

4. Extend to -100pi < x < 100pi

There are 99 positive outer roots, 99 negative outer roots, and 3 central roots, so
the total is 99 + 99 + 3 = 201.

Final answer

(a) 7.
(b)(?) 3, (%) 5, (it3) 201.
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QUESthn 9 Trigonometric Functions




9. (i)

YA

y=1fx)

Figure 3

Figure 3 shows part of the graph of the trigonometric function with equation y = f(x)

(a) Write down an expression for f(x)

(2)
On a separate diagram,
(b) sketch, for 27 < x < 2x, the graph of the curve with equation y = f [x + ::)
Show clearly the coordinates of all the points where the curve intersects the
coordinate axes.
3
(i)
YA
/N N\ a aN
-2 \/zz 0 \/r \/ﬁrr X
<11
y=g)
Figure 4
Figure 4 shows part of the graph of the trigonometric function with
equation y = g(x)
(a) Write down an expression for g(x)
2

On a separate diagram,
(b) sketch, for -2z < x < 2z, the graph of the curve with equation y = g(x) — 2

Show clearly the coordinates of the y intercept.
lie A

(Total for Question 9 is 9 marks)
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Worked Solution -

Trigonometric Functions

Topic group

Question 9

1. Identify f(x)

The first graph has amplitude 3, period 27, and maximum at = 0, so
f(z) = 3cosz.

2. Transform f

Y= f(:c—l— %) = 3 cos (cc—l— %),ashift left by %

3. Find the x-intercepts
T , s .
cos (:1: + Z) =0 givesz = 1 + nm. In $-2\pi

4. Find the y-intercept

3v/2

m
Atz =0,y=3cos — = —.
x Y cos 5

5. Identify g(x)

The second graph has amplitude 1, period 7, and passes through the origin with

positive gradient, so g(z) = sin 2z.

6. Transform g

y = g(x) — 2 = sin 2&¢ — 2, so the graph is shifted down by 2. Its y-intercept is
(0,-2).

Final answer
7 3 5
(¢)(a) f(x) =3cosx. (i)(b) x-intercepts —TW, —Tﬂ-, %, Tﬂ- and y-

2. (i7)(a) g(x) = sin2z. (i3)(b) y-intercept (0, —2).

intercept
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Question 10

Trigonometric Functions

10.

LA i

Q

Figure 4

Figure 4 shows a sketch of part of the curve C| with equation

]
y :3cos[£J x=0
n

where # 1s a constant.

The curve C| cuts the positive x-axis for the first time at point P(270, 0), as shown
in Figure 4.

(a) (i) State the value of n

(ii) State the period of C|

(2)
The point Q, shown in Figure 4, is a minimum point of C,
(b) State the coordinates of Q.
(2)
The curve C, has equation y = 2sinx°® + &, where k is a constant.
. 12 . 3 .
The point R| a, 3 and the point S| —a, — 5) both lie on C,
Given that « is a constant less than 90
(c) find the value of £.
(2)

(Total for Question 10 is 6 marks)
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Worked Solution -

Trigonometric Functions

Question 10 Topic group

1. Use the first positive x-intercept

T\° . " x
For y = 3 cos (—) , the first positive zero occurs when — = 90°.
n n

2. Find n

2
Since P = (270, 0), % =90,son =3.

3. Find the period
The period is 360n = 360(3) = 1080°.

4. Read the shown minimum point
A minimum occurs when % = 180° 4 360°k. The point @ shown is the next

displayed minimum after one full period, so £ = 1620 and y = —3.

5. Use the two points on C2

. 12 3
For y = 2sinz° + k, the points give 2sina + k = = and —2sina + k = 5
6. Add the equations
12 3 9 9
Adding gives2k = — — — = —,so0k = —.
ing gives z F =5 10

Final answer
(a)(i) n=3. (a)(is) 1080°.

(b) Q = (1620, —3).

9
(c) k= 10
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QUESth“ 6 Trigonometric Functions




Figure 2
Figure 2 shows a plot of part of the curve C, with equation
y=>5cosx

with x being measured in degrees.
The point P, shown in Figure 2, is a minimum point on C,

(a) State the coordinates of P

The point Q lies on a different curve C,
Given that point O
* is a maximum point on the curve
¢ is the maximum point with the smallest x coordinate, x > 0
(b) find the coordinates of O when
(i) C, has equation y = 5cosx —2

(i1) C, has equation y = -5cosx

=V

(2)

C))

(Total for Question 6 is 6 marks)
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Worked Solution -

Trigonometric Functions

Topic group

Question 6

1. Use the cosine graph

For y = 5 cos &, the minimum value is —5 and it occurs at z = 180° + 360°n.

2. Read P from the displayed minimum

The plotted point P is the displayed minimum at £ = 540°, so P = (540°, —5).

3. Translate the graph down

For y = 5 cosx — 2, the maximum value is 5 — 2 = 3. The smallest positive x-
coordinate for a maximum shown is ¢ = 360°, so Q = (360°, 3).

4. Reflect in the x-axis

For y = —b5 cos , a maximum occurs where cos € = —1, first at x = 180°. The
maximum value is 5, so @ = (180°, 5).

Final answer
(a) P = (540°, —5).

(b)(3) @ = (360°,3).
(b)(i4) Q = (180°, 5).
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Question 11

Trigonometric Functions




VA

Q
=V

Figure 4

Figure 4 shows a sketch of part of the curve C| with equation
y=12sinx

where x is measured in radians.

The point P shown in Figure 4 is a maximum point on C,

(a) Find the coordinates of P.

(2)
The curve C, has equation
y=12sinx+k
where £ is a constant.
Given that the maximum value of y on C, is 3

(b) find the coordinates of the minimum point on C, which has the smallest
positive x coordinate.

(2
The curve C, has equation
y=12sin(x + B)

where B is a positive constant.

Given that (%, AJ, where A is a constant, is the minimum point on C, which has the

smallest positive x coordinate,
(¢) find
(i) the value of A4,

(ii) the smallest possible value of B.

()

(Total for Question 11 is 6 marks)

MATAT AT MADINND IO =2 AT A ML/ C
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Worked Solution -

Trigonometric Functions

Topic group

Question 11

1. Use maxima of sine

T
For y = 12 sin &, maxima occur when & = 2 + 27n, with value 12.

2. Read point P

5

The maximum point P shown is the second positive maximum, so P = (?ﬂ-, 12).
3. Find k for C2
For y = 12sin & + k, the maximum value is 12 4 k. Given the maximum is 3,
k=-9.
4. Find the smallest positive minimum on C2

3
The minimum value is —12 — 9 = —21, and it first occurs at x = ?ﬂ- So the

3
point is (?W’ —21).

5. Find A for C3
For y = 12sin(x + B), any minimum has value —12, so A = —12.

6. Find the smallest positive B

At the mini w—z 7r—|—B—37r HenceB—57r
e minimum —4,504 =5 =




Final answer

(a) P= (57“,12).

() (5, ~21).

(¢)(7) A= —-12.
g 5m
(¢)(it) B = e
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Question 7

Trigonometric Functions




Q
Q
=

Figure 3

Figure 3 shows a plot of part of the curve C, with equation

y=—4cosx
where x is measured in radians.
Points P and Q lie on the curve and are shown in Figure 3.
(a) State
(i) the coordinates of P

(ii) the coordinates of O

3
The curve C, has equation y = —4cosx + k where x is measured in radians and & is
a constant.
Given that C, has a maximum y value of 11
(b) (i) state the value of &
(ii) state the coordinates of the minimum point on C, with the smallest positive x
coordinate.
3

On the opposite page there is a copy of Figure 3 labelled Diagram 1.
(c) Using Diagram I, state the number of solutions of the equation

—4cosx =5 79)(
T

VA
5 —
Cl
0 0 x
P -5

(Total for Question 7 is 8 marks)
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Worked Solution -

Trigonometric Functions

Question 7 Topic group

1. Use y equals negative 4 cos x

For y = —4 cos &, minimum points occur at € = 27n with value —4.

2. Read P
The displayed minimum to the left of the y-axis is P = (—2m, —4).

3. Read Q

The point @ is the positive x-intercept after the maximum atx = 7, so
3T

Q= (770)

4. Find k for C2

For y = —4cos z + k, the maximum value is 4 + k. Given the maximum is 11,
kE=T.

5. Find the smallest positive minimum on C2

The minimum value is —4 + 7 = 3. The first positive minimum is at £ = 27, so
the point is (27, 3).

6. Interpret the equation graphically

—4 cosx = 5 — —x is the intersection of the cosine curve with the straight line

7r
10
y=9>5——=u.
™

7. Count intersections

The line passes through (0, 5) and meets the displayed curve once, at the x-axis

point, so there is 1 solution.




Final answer

@) P=(~2m~4). (a)(ii) Q = (55-,0).

(b)(@) k=T.
(b)(i4) (2, 3).

(c) 1 solution.
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QUESthn 9 Trigonometric Functions




Va

.
LN
oy
o 4

Figure 2

2

(a) Express 6x — % — x” in the form a + b(x + ¢)* where a, b and ¢ are constants to

be found.
3)
Figure 2 shows part of a sketch of curve C, with equation
27
=6x——-—xXx
4 4
Given that the point P is the maximum point on C|
(b) state the coordinates of P
(2)

Figure 2 also shows part of a sketch of curve C, with equation
y = cos (kx)
where k is a constant and x is measured in radians.
Given that C| and C, intersect on the x-axis at point 4 and at point B, as shown in Figure 2,
(c) (1) state the x coordinate of B

(i1) state the value of &

(iii) state the period of C,

3
The line segment L joins P and B.
The region R, shown shaded in Figure 2, is bounded by L, C and C,
(d) Use inequalities to define R.

)

(Total for Question 9 is 13 marks)
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Worked Solution -

Trigonometric Functions

Question 9 Topic group

1. Complete the square

2 L, 27 \ 27
6z L = (z* — 6z) 1= (z—3)°+9 e

2. State the completed-square form

27, 9 ,
62 1Y = (x — 3)°.

3. Find the maximum point

9
The maximum point is P = (3, Z)

4. Find the x-intercepts of C1
9

3 3 9
Z—(a:—3)2=Ogivesw=3:|:§.HenceAhasw=Eanchas:czE.

5. Use consecutive zeros of cosine

: , om
The distance between consecutive zeros of cos(kz) is =

6. Find k and the period
9 3 2w

Since:nB—:vAz5—523,%=3,sok=g.Theperiodi57=6.

7. Find the line through P and B

The line through P(3, %) and B(%, 0) has gradient —g, so L is
= —éw + 2

VSRt

8. Define the x-range

3 9
The region lies between A and B, so 5 <z< 3




9. Define the lower boundary

The lower boundary is Cy, so y > cos (gw)

10. Define the upper boundaries

2

9
The region is below both C7 and the line segment L, so y < 1 (x —3)”and

3 27
< ——z4 —.
y < 2w+ 1

Final answer

@) 7 ~ (@ 3)".

— < = _i_
—(x—-3)% ¥y 2m—|—
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QUESthn 9 Trigonometric Functions




Figure 4

Tigure 4 shows a sketch of part of the graph of the trigonometric function with
equation y = £(x)

(a) Write down an expression for £(x).

@
Copies of Figure 4 (labelled Diagram | and Diagram 2) can be found on the
following pages.
(b) (i) On Diagram I sketch a graph of the curve with equation
y=10-x
(if) Hence find the number of solutions of the equation
f(x)=10-x inthe interval 1007 < x < 100
@
(¢) (i) On Diagram 2 sketch a graph of the curve with equation
y=tanx  2w<x<2r
(if) Hence find the number of solutions of the equation
f(x)=tanx inthe interval 100z < x < 1001
giving a reason for your answer.
“@
(@
(0]
v
EaEATNEREEE
10
Diagram 1
.
10
2 T 0 T 2 X
10
Copy of Diagram 1
Only use this copy if you need to redraw your graph.
(b))
(e)iy
B4
10
Ea AN ERERE
10
Diagram 2
y
10]
2 T 0 T 2 x
10
Copy of Diagram 2
Only use this copy if you need to redraw your graph.
(e)(iiy

(Total for Question 9 is 9 marks)
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Worked Solution -

Trigonometric Functions

Question 9 Topic group

1. Identify f(x)

The graph has amplitude 10, period 27, and value —10 at z = 0, so
f(z) = —10cosz.

2. Sketch y equals 10 minus x squared

The graph y = 10 — z? is a downward-opening parabola with vertex (0, 10) and
x-intercepts at £ = £+/10.

3. Count intersections with the parabola

On the given sketch, the parabola meets f(z) twice. Outside the central part the
parabola is below the range of f(), so there are 2 solutions in
—1007 < z < 1007.

4. Sketch y equals tan x

The graph y = tan & has zeros at integer multiples of 7 and vertical asymptotes

T
atx = E—I—nﬂ'.

5. Count in the reference interval

In —27 < & < 27, the graph y = tan x intersects f(z) four times.

6. Scale to the required interval

The interval =100 < z < 1007 is 50 times as long as —27 < & < 2, so the
number of solutions is 50 x 4 = 200.




Final answer

(a) f(z) = —10cos z.

(b)(i4) 2.
(c)(4%) 200.
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Question 7

Differentiation

P(2,13)

=y

Figure 4
Figure 4 shows part of the curve with equation y = 2x* + 5
The point P(2,13) lies on the curve.

(a) Find the gradient of the tangent to the curve at P.
2

The point ( with x coordinate 2 + 4 also lies on the curve.

(b) Find, in terms of A, the gradient of the line PQ. Give your answer in simplest form.

3

(c) Explain briefly the relationship between the answer to (b) and the answer to (a).

0y

(Total 6 marks)
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Worked Solution - Question 7

Topic group

1. Differentiate for the tangent gradient

d
For y = 222 4 5, d—y = 4z. At P, x = 2, so the tangent gradient is 8.
x

2. Find the coordinates of Q
Ifzg = 2+ h, thenyg = 2(2 + h)? + 5 = 13 4+ 8h + 2h>.

3. Find the gradient of PQ
(13 + 8h + 2h?) — 13 _ 8h+ 2h?

=8+ 2h.
R 2 - 8+ 2h

gradient PQ =

4. Explain the link

As h gets closer to 0, point ) gets closer to P, and the chord gradient 8 4+ 2h
tends to the tangent gradient 8.

Final answer

(a) 8.
(b) 8 + 2h.
(c) Ash — 0, 84+ 2h — 8.
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Qu estion 9 Differentiation

9. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

A curve has equation
3 4x* +9

2Jx

Find the x coordinate of the point on the curve at which jx—y =0

x>0

(6)

(Total 6 marks)
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Worked Solution - Question 9 !

1. Rewrite the function

2
= i + 9 = 2;1;3/2 + gw_1/2_
e 2

)

2. Differentiate
L = 3¢1/2 — 2:1:_3/2.
dz

3. Set the derivative equal to zero

9 9
12 _ Y -3/2 _ _
3z Tk = 0,503z TR

4. Solve for x

Multiply by 423/2: 1222 = 9. Hence z% = %. Sincez >0,z = %

Final answer
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Question 7

Differentiation

7. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

f(x)=2x-3/x-5 x>0

(a) Solve the equation

f(x) =9
4)

(b) Solve the equation

£7(x) = 6
S)

(Total 9 marks)
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Worked Solution - Question 7

Topic group

1. Solve f(x) = 9 without calculator methods
2z — 3/ —5=9,502z — 3z —14 = 0.

2. Use u = sqrt(x)
Let u = 4/z, where u > 0. Then £ = u?, so 2u® — 3u — 14 = 0.

3. Factorise and reject the invalid root

4
2u? — 3u — 14 = (2u — 7)(u + 2). Sinceu > 0, u = ;,somzuzz Tg

4. Differentiate twice

f(m) =2z — 3331/2 — b, so f’(w) =92 — %w—1/2 and f”(w) — %$_3/2,

5. Solve f''(x) = 6

%w—3/2 =6, so z~3/2 = 8. Therefore z3/2 = %

6. Find x

1 1
Since %2 = (/z)3, we get \/z = 5 hence z = 1

Final answer

(a) x = %
(mm:%.
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Question 7

Differentiation

=V

o N

Figure 3

Figure 3 shows a sketch of part of the curve with equation y = f(x), where
fx)=(x+4)(x—-2)2x-9)

Given that the curve with equation y = f(x) — p passes through the point with
coordinates (0, 50)

(a) find the value of the constant p.

(2)
Given that the curve with equation y = f(x + ¢) passes through the origin,
(b) write down the possible values of the constant g.

(2)
(c) Find f'(x).

4)

(d) Hence find the range of values of x for which the gradient of the curve with equation
v =1(x) is less than —18
3)

(Total 11 marks)
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Worked Solution - Question 7

Topic group

1. Find p from the translated curve
f(0) = (4)(—2)(—9) = 72. Since y = f(x) — p passes through (0, 50),
72 —p=1>50sop=22.

2. Use roots for f(x + q)
If y = f(z + q) passes through the origin, then f(g) = 0. From

f(z) = (z+4)(z — 2)(2z — 9), the possible values are ¢ = —4, 2, %

3. Expand f(x)
(z+4)(z — 2)(2z — 9) = 223 — 5z? — 34z + T2.

4. Differentiate
f'(z) = 622 — 10z — 34.

5. Set the gradient less than -18
622 — 10z — 34 < —18, s0 622 — 102 — 16 < 0, or 322 — 52z — 8 < 0.

6. Solve the inequality
322 — 5z — 8 = (3z — 8)(z + 1). Since the quadratic opens upward, it is

negative between the roots: $-1




Final answer
(a) p = 22.
9
=—4,2, —.
(b) g = —4,2, 5

(c) f'(z) = 622 — 10z — 34.
$(d\ -1
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Qu EStiO n 1 0 Differentiation




VA

QS
=V

Figure 5
Figure 5 shows a sketch of the curve C with equation

2 , 5
y==x'+=-x—-=x+k
7 7 2

where k is a constant.

(a) Find %

(2)
The line /, shown in Figure 5, is the normal to C at the point A4 with x coordinate 3
Given that / is also a tangent to C at the point B,
(b) show that the x coordinate of the point B is a solution of the equation

12x* +4x—33=0

(4)
(¢) Hence find the x coordinate of B, justifying your answer.

(2)
Given that the y intercept of / is —1
(d) find the value of k.

(4)

(Total 12 marks)
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Worked Solution - Question 10

Topic group

1. Differentiate the curve

2 1 ) dy 6 2 5
= " p3 4 g2 _ = b =L — —p24 Zp_ =
Fory 7:13 -|—7:1: 2:1:+ : T —|—7:c 5

2. Find the tangent gradient at A

7 dy 6(49\ 2/ 7\ 5 21 5
Atm__E’%‘?(T)+7<_§)_2_2 l-5=7

3. Find the gradient of |

Since 1 is the normal at A4, its gradient is the negative reciprocal of 7, so

1
m; = ——.

7

4. Use that | is tangent at B

1 6 2 5 1
At B, the t t gradientisalso ——,s0 —22 4+ =2 — — = ——.
e angen gra 1ent IS also 7 SO 7 L -I- 7 L 2 7

5. Reach the given quadratic

Multiplying by 14 gives 12z2 + 4z — 35 = —2, hence 12z2 + 42 — 33 = 0.

6. Solve for the x-coordinate of B

9 , —4 440 3 11
122° + 4o — 33 = 0 gives & = T,sowz Eormz—F.Fromthe

3
diagram, B is the point to the right of the y-axis, so xp = 2

7. Use the y-intercept of |

1
Since the y-intercept is —1 and the gradient is o the lineis y = —7:(; — L

8. Find the y-coordinate of A

1 7 1 1
Atw=—%onthe|ine,y=—7<——> —125—12—5.




9. Substitute A into the curve
1 2 73+1 7\* 5 ™ o he T ik
2 7\ 2 7\ 2 2\ 2 o4

10. Find k

Therefore k = %

Final answer

dy 6 , 2 5
(a)%—7m +7:c 5"

(¢)xzp = g

)
(k==
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Qu estion 9 Differentiation




Ya

M
Figure 3

Figure 3 shows a sketch of the curve C with equation
TS
y=5x - 10x

1
(a) Write Exz —10x + 22 in the form

a(x+ by +c

where a, b and ¢ are constants to be found.

The point M is the minimum turning point of C, as shown in Figure 3.

(b) Deduce the coordinates of M

The line / is the normal to C at the point P, as shown in Figure 3.
Given that / has equation y = k — éx, where k is a constant,
(c) (i) find the coordinates of P

(ii) find the value of k

Question 9 continues on the next page

YA
C
1
— |
P
0 x
R
M
Figure 4

Figure 4 is a copy of Figure 3. The finite region R, shown shaded in Figure 4, is

bounded by /, C and the line through M parallel to the y-axis.
(d) Identify the inequalities that define R.

3)

2)

(6)

3)

(Total for Question 9 is 14 marks)
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Worked Solution - Question 9

Topic group

1. Complete the square

1 1 1
5:1:2 — 10z + 22 = E(w2 —20z) +22 = 5((.@ —10)% — 100) + 22.

2. Simplify the completed square form

1 1
5((.@ —10)? — 100) +22 = 5(33 —10)% —28.

3. Read the minimum point

The minimum point is M(10, —28).

4. Use the normal gradient

1
The line [ has gradient Y so the tangent gradient at P is 8.

5. Differentiate the curve

@=:1:—10.AtP,:c—10=8,soaz:18.
dx
6. Find P

1
Whenz =18, y = 5(18)2 —10(18) + 22 =4, s0 P = (18, 4).

7. Find k

SincePIiesonyzk—%m,4=k—%(18)=k—%,sokz2745.

8. Write the upper boundary

The lineisy = 2 _@




9. Write the lower boundary

1
The curve is y = sz — 10z + 22.

10. Identify the region

The region lies to the right of the vertical line through M and between the curve

1 25
and the normal line: 10 < z < 18 and 53:2 —10z+22<y< v %

Final answer
1
(a) E(w —10)2 — 28.
(b) M (10, —28).
25

=
1 2
(d) 10 < z < 18, §w2—10m+22§y375—%.

(c) P(18,4), k =
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Qu EStiO n 1 0 Differentiation

10.
VA C
!
0 X
P
Figure 4

Figure 4 shows a sketch of part of the curve C with equation y = f(x), where
f(x) = Bx + 20)(x + 6)(2x - 3)

(a) Use the given information to state the values of x for which

f(x) >0
(2)
(b) Expand (3x + 20)(x + 6)(2x — 3), writing your answer as a polynomial in
simplest form.
3)
The straight line [ is the tangent to C at the point where C cuts the y-axis.
Given that [ cuts C at the point P, as shown in Figure 4,
(c) find, using algebra, the x coordinate of P
(Solutions based on calculator technology are not acceptable.)
(3

(Total for Question 10 is 10 marks)
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Worked Solution - Question 10

Topic group

1. Use the roots

2
f(z) = (3z 4+ 20)(z + 6)(2z — 3) has roots ¢ = —?O, x=—6and z = %

2. State where f(x) is positive

Since the cubic has positive leading coefficient, f(z) > 0 for $-\dfrac{20}
{3\dfrac32$.

3. Expand the first two brackets
(3 + 20)(z + 6) = 3z + 38z + 120.

4. Complete the expansion

(322 + 38z + 120)(22 — 3) = 623 + 6722 + 1262 — 360.

5. Find the tangent at the y-axis

f'(z) = 1822 + 134z + 126, so at = = 0 the tangent gradient is 126. Also
£(0) = —360.

6. Write the tangent equation
The tangent line is y = 126x — 360.

7. Find the other intersection

Set 623 + 6722 + 126z — 360 = 1262 — 360. This gives 6z + 67z% = 0, so
z2(6x + 67) = 0.

8. Choose point P

x = 0 is the tangent point on the y-axis, so the other intersection P has
67
6

r=




Final answer
$(a)\ -\dfrac{20}{3)\dfrac32.$

(b) 6z + 6722 + 126z — 360.

67
(c) zp = %
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Qu estion 7 Differentiation

7. The curve C has equation y = f(x) where
f(x) =2x" — kx” + 14x + 24

and & is a constant.
(a) Find, in simplest form,
1) f'(x)

(i) £"(x)
)

The curve with equation y = f'(x) intersects the curve with equation y = f”(x) at the
points 4 and B.

Given that the x coordinate of 4 is 5

(b) find the value of k.
(2)

(c) Hence find the coordinates of B.

©)

(Total for Question 7 is 8 marks)
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Worked Solution - Question 7

Topic group

1. Differentiate once
f'(z) = 622 — 2kz + 14.

2. Differentiate again

f"(z) =12z — 2k.

3. Use the intersection at A

At an intersection of y = f'(z) and y = f"(z), f'(z) = f"(x). Given 4 = 5,
substitute x = 5.

4. Find k
6(5)% — 2k(5) + 14 = 12(5) — 2k, so 164 — 10k = 60 — 2k and k = 13.

5. Find the other x-coordinate

With k = 13, 622 — 26z + 14 = 12z — 26, so 6z2 — 38z + 40 = 0. Hence
(3z —4)(x —5) =0.

6. Use the point B

4 4 4
The other point has & = 3 Theny = f”(g) = 12(5) — 26 = —10.

Final answer
(a)(i) f'(x) = 622 — 2kz +14. (a)(ii) f"(z) = 12z — 2k.
(b) k= 13.

(¢) B=(3,~10)
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Question 9

Differentiation

VA

Figure 4
Figure 4 shows a sketch of the curve C with equation y = f(x), where
f(x) = (x +5)(3x* - 4x + 20)

(a) Deduce the range of values of x for which f(x) = 0

(1
(b) Find f'(x) giving your answer in simplest form.
3
The point R(—4, 84) lies on C.
Given that the tangent to C at the point P is parallel to the tangent to C at the point R
(c) find the x coordinate of P.
(C))
(d) Find the point to which R is transformed when the curve with equation y = f(x) is
transformed to the curve with equation,
(i) y=1f(x-3)
(ii) y = 4f(x)
(2)

(Total for Question 9 is 10 marks)
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Worked Solution - Question 9

Topic group

1. Use the positive quadratic factor

322 — 4z + 20 has discriminant (—4)2 — 4(3)(20) < 0 and positive leading
coefficient, so it is always positive.

2. Deduce the sign of f(x)

The sign of f(z) = (z + 5)(3z2 — 4z + 20) is therefore the sign of z + 5.
Hence f(x) > 0 forz > —5.

3. Expand f(x)
f(z) = 33 + 1122 + 100.

4. Differentiate
f'(x) = 9z2% + 22z.

5. Find the gradient at R
At R(—4,84), f'(—4) = 9(16) + 22(—4) = 56.

6. Use parallel tangents

For the tangent at P to be parallel, f'(z) = 56.

7. Solve for x

—22 4 14
922 +22x — 56 =0,s0z = 1—850 Therootsarex = —4 and z = 9
8. Choose the point P
14

x = —4isthe point R,soxp = 9




9. Transform R under y equals f of x minus 3

y = f(z — 3) translates the curve 3 units to the right, so (—4,84) maps to
(—1,84).

10. Transform R under y equals 4f(x)
y = 4f(z) stretches vertically by scale factor 4, so (—4, 84) maps to (—4, 336).

Final answer

(a) z > —5.

(b) f'(z) = 922 + 22z.
14

(¢) zp = R

(d)(?) (—1,84).
(d) (i) (—4, 336).
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Qu EStiO n 1 0 Differentiation




YVa
C [
R
Q
! 0 X
Figure 4

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 4 shows a sketch of the curve C with equation
3 1 2
y=2x +5x —-2x+5

The line / is the normal to C at the point P where x =0
The line / also intersects C at points O and R as shown in Figure 4.

(a) Find, using algebra, the x coordinate of point Q.

(6)
The point 7 lies on C.
Given that
+ the tangent to C at T is parallel to /
» the x coordinate of 7 is positive
(b) find, using algebra, the exact x coordinate of 7.
C))

(Total for Question 10 is 10 marks)
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Worked Solution - Question 10

Topic group

1. Differentiate C

1 d
y=2m3+§m2—2m+5,sod—z=6cc2—|—a:—2.

2. Find the tangent gradient at P
At P, ¢ = 0, so the tangent gradient is —2.

3. Equation of the normal

1 1
The normal gradient is 5 and P = (0,5),s0l:y= ST+ 5.

4. Find intersections with the normal

1 1
Set2m3—|—5m2—2w—|—5=5w—|—5.

5. Form and factor the cubic

1 5
23 + 5:1:2 — Ea: = 0. Multiplying by 2 gives
423 + 22 — 5z = 0 = z(42® + = — 5).

6. Solve for x

)
z(4z + 5)(z — 1) = 0, so the intersections have x-coordinates 0, 2 and 1.

7. Select point Q
5

The point Q is the left-hand intersection, so zg = ——.

4

8. Parallel tangent condition

The tangent at T is parallel to [, so its gradient is 7




9. Set derivative equal to one half

1
6w2+x—2=§,sol2m2—|—2m—5=0.

10. Use the positive solution

“2EVAF20 | C1EVEL ~1+ /61
= o = 19 . Since  Is positive, £ = —3

Z

Final answer

5
(a)zg =—7-
-1+ 61

(b) er = —
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Question 7

Differentiation

7. The curve C has equation

2 5 20
y=—-x —8x +43x - —
3 3

d
(a) Show that d_y can be written in the form
X

px+q)+r

where p, g and r are constants to be found.

(3)
(b) Hence state
. . d
(i) the minimum value of 4
X
(i1) the value of x at which this minimum value occurs.
(2)
Given that S is the point on C at which the gradient is a minimum,
(c) find the equation of the tangent to C at S, giving your answer
in the form y = mx + ¢, where m and ¢ are constants.
(&)

(Total for Question 7 is 10 marks)
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Worked Solution - Question 7

Topic group

1. Differentiate
2 20

y= —x3 — 8z% + 43z — — gives dy _ 222 — 16x + 43.
3 3 dz

2. Complete the square
222 — 16z + 43 = 2(z? — 8z) + 43 = 2[(z — 4)% — 16] + 43.

3. Simplify

dy

—Z =2(x —4)2+11.
I (x —4)* +

4. Minimum gradient

d
Since 2(z — 4)% > 0, the minimum value of d—y is 11.
T

5. Where it occurs

The minimum occurs whenz —4 =0,so ¢ = 4.

6. Find the point S

2 20
Atz =4, y= 5(4)3 — 8(4)% +43(4) — 5 =8

7. Tangent equation

The gradient at S'is 11, so y — 80 = 11(z — 4).

8. Simplify
y = 11z + 36.




Final answer

dy
— =2(z — 4)2 +11.
(a) I (z—4)°+

(b) ming—z =1latz =4.

(¢) y =11z + 36.
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Question 1 0 Also in Differentiation

Primary: Graphs of Functions




y =1

]
Q
“y

Figure 6
Figure 6 shows a sketch of part of the curve with equation y = f(x), where
f(x) = (2x + 5)(x — 3)°

(a) Deduce the values of x for which f(x) <0

2)
The curve crosses the y-axis at the point P, as shown.
(b) Expand f(x) to the form
ax* + bx* +ex +d
where a, b, ¢ and d are integers to be found.
€))
(c) Hence, or otherwise, find
(1) the coordinates of P,
(i1) the gradient of the curve at P.
2

The curve with equation y = f(x) is translated two units in the positive x direction to a
curve with equation y = g(x).

(d) (i) Find g(x), giving your answer in a simplified factorised form.

(i1) Hence state the y intercept of the curve with equation y = g(x).

3)

(Total 10 marks)




WMA11/01 OCTOBER 2019

Worked Solution -

Differentiation

Question 10 Primary group: Graphs of Functions

1. Use the factorised form for the inequality
f(z) = (2z + 5)(x — 3)2. Since (z — 3)2 > 0, the sign is controlled by 2z + 5,
with an extra zero at £ = 3. Hence f(z) < 0forz < —% orx =3.

2. Expand the cubic
(x—3)2=2%—6x+9 s0
f(z) = (2z + 5)(z? — 6z +9) = 223 — Tz% — 12z + 45.

3. Find P and the gradient at P

At the y-axis, ¢ = 0, so P = (0,45). Also f'(z) = 622 — 14z — 12, so the
gradientat Pis f'(0) = —12.

4. Translate the graph

A translation 2 units in the positive x direction means g(z) = f(z — 2). Therefore
g(z) = (2(z —2) +5)((z — 2) — 3)? = (22 + 1)(z — 5)%.

5. Find the new y-intercept
Setz = 0: g(0) = (1)(25) = 25, so the y-intercept is 25.

Final answer
f(z) <0forz < —2 orz =3; f(z) = 2% — 72? — 122 + 45;
P = (0,45); gradient = —12; g(z) = (2z + 1)(z — 5)? y-intercept 25.




10 marks

WMA11/01 OCTOBER 2019 Differentiation

Question 11

Also in Differentiation

Primary: Integration

. A curve has equation y = f(x).

The point P(4,332J lies on the curve.

Given that
o f(r)= - _3

Jx
e f'(x)=5atP

find

(a) the equation of the tangent to the curve at P, writing your answer in the form
y =mx + ¢, where m and ¢ are constants to be found,

2

(b) f(x).
(8)

(Total 10 marks)



WMA11/01 OCTOBER 2019

Worked Solution -

Differentiation

Primary group: Integration

Question 11

1. Use the given gradient for the tangent
At P (4, 3;,,—2) f'(4) = 5, so the tangent has gradient 5.

2. Find the tangent equation

y— 32 =5(x —4). Hence y = 5z — 2.

3. Integrate f'’ to find f'

f'(x) = 42~ Y? — 3,50 f'(x) = 8z'/2 — 3z + C.

4. Use f'(4)=5
5=28(2) —124+ C =4+ C, so C = 1. Therefore f'(z) = 8y/z — 3z + 1.

5. Integrate again

f(z) = 13—6:1:3/2 — 322+ 2+ D.

6. Use the point on the curve

Substitute z = 4, f(4) = 32: 32 = 18(8) - 3(16) + 4+ D= % + D, so
D= -12.

Final answer

(a) y =5z — 2.

®) f(z) = %w?’/z — 3zt 4z —12.




11 marks

WMA11/01 JANUARY 2020 Differentiation

Question 11

Also in Differentiation

Primary: Integration

11. A curve has equation y = f(x), where

6
f”(x)=—3+x x>0

N

The point P(4, —50) lies on the curve.
Given that f'(x) = —4 at P,

(a) find the equation of the normal at P, writing your answer in the form y = mx + c,
where m and ¢ are constants,

3

(b) find £(x).
t))

(Total 11 marks)




WMA11/01 JANUARY 2020

Worked Solution -

Differentiation

Primary group: Integration

Question 11

1. Find the normal gradient

At P, f'(4) = —4, so the tangent gradient is —4. The normal gradient is therefore
1

Z .
2. Find the normal equation

Using P(4,—50):y + 50 = £ (z — 4), soy = +z — 51.

3. Integrate f'’ to find f'
f"(z) = 62732 + z. Therefore f'(z) = —12z Y% + 122 + k.

4.Use f'(4) = -4
—4=-241(16)+k=-6+8+k=2+ksok=—6.

5. Integrate again

f(z) = 2422 + %3 — 6z +d.

6. Use the point on the curve

Substitute P(4, —50):
—50=—24(2)+ 8 —24 +d=-72+ 32 + d= -2  d Henced = &.

Final answer

1
(a) y= -z — 51.

4
() f(z) = 24y + %3 — 6z + %




11 marks

WMA11/01 JANUARY 2021 Differentiation

Qu estion 9 Also in Differentiation

9.

Primary: Integration

(1) Find
2
Gx+2) 4 >0
4x
giving your answer in simplest form.
)
(i1) A curve C has equation y = f(x).
Given
e f'(x)=x*+ax+ b where a and b are constants
e the y intercept of C is —8
e the point P(3,-2) lies on C
e the gradient of C at P is 2
find, in simplest form, f(x).
(6)

(Total 11 marks)




WMA11/01 JANUARY 2021

Worked Solution -

Differentiation

Primary group: Integration

Question 9

1. Expand and simplify the integrand

2
(Bz+2)*  92°+122+4 9,32 4 3pl/2 4 p-1/2,
4/ 4z1/2 4

2. Integrate term by term

J <%m3/2 + 3212 + a:—l/2> dx = 1%.7;5/2 + 223/ 4 2212 4 ¢

3. Write in simplest form

922 + 20z + 20
Factoring out 4/ gives Va(9e —;0 z+20) +ec.

4. Use the gradient condition at P
Since f'(z) = 22 + az + b and the gradient at P(3,—2) is 2, f’(3) = 2. Hence
94+3a+b=25s503a+b=-T.

5. Integrate f'(x)
3

f(z) = % + %w2 + bz + c. The y-intercept is —8, so ¢ = —8.

6. Use P(3.-2)
27 9a

9a
—2—?—|—7—|—3b—8,so?+3b——3.

7. Solve foraand b

9
From3a + b = —7, b = —7 — 3a. Substitute into TG + 3b = —3 togeta = —4,
and then b = 5.

8. Write f(x)

3

Therefore f(x) = % — 222 4 5z — 8.




Final answer
2 420z + 20 3




8 marks

WMA11/01 MAY/JUNE 2021 Differentiation

Qu estion 6 Also in Differentiation

Primary: Integration

6. The curve C has equation y = f(x), x > 0

Given that
e ( passes through the point P(8, 2)

o f(x)= %+3—2(i/;)

(a) find the equation of the tangent to C at P. Write your answer in the form y =mx + ¢,
where m and ¢ are constants to be found.

3

(b) Find, in simplest form, f(x).
6))

(Total 8 marks)
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Worked Solution -

Differentiation

Primary group: Integration

Question 6

1. Find the gradient at P
32

2 1 5
') = ——+3-22)==—-1=——.
F8) =362 7322 =75 6
2. Write the tangent equation
. ) ) 26
Using P(8,2), y—2=——(z —8), hencey=——z + —.
6 6 3
3. Integrate f'(x)
32 32 3
' L _9..1/3 __ _ 243
f'(z) 3 T + 3 —2z'/°, so f(z) 3w+3:c 5T Fe.
4. Use P(8.2) to find ¢
2 4 10
2= —2—44—24— %(16)—|—c= ~3 +csoc= 3
5. Write f(x)
32 3 4, 10
f(z) = 3m—|—3x 5T+ 3
Final answer
(a)y= —Ew + 26
L T
2 10
() fl@) = —>2 43— Sga5 1 20

3z 2 3




10 marks

WMA11/01 OCTOBER 2021 Differentiation

Qu estion 6 Also in Differentiation

Primary: Graphs of Functions

6. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

A curve ( has equation y = f(x) where
f(x) =2(x + 1)(x - 3)’

(a) Sketch a graph of C.

Show on your graph the coordinates of the points where C cuts or meets the
coordinate axes.

3)
(b) Write f(x) in the form ax’ + bx” + ex + d, where a, b, ¢ and d are constants to be found.
3)

|

(c) Hence, find the equation of the tangent to C at the point where x = 3
4)

(Total 10 marks)




WMA11/01 OCTOBER 2021

Worked Solution -

Differentiation

Primary group: Graphs of Functions

Question 6

1. Use the factorised form for the sketch

f(z) = 2(z + 1)(x — 3)2. The curve cuts the x-axis at (—1, 0) and meets the x-

axis at (3, 0) because z = 3 is a repeated root.

2. Find the y-intercept
£(0) = 2(1)(9) = 18, so the y-intercept is (0, 18).

3. Describe the cubic shape

The leading term is positive, so the cubic goes down to the left and up to the

right. It crosses at ¢ = —1 and touches at = 3.

4. Expand f(x)
(z+1D)(z—-3)?2=(z+1)(z>—6x+9) =23 522 +3z+9,s0
f(x) = 223 — 10x% + 6z + 18.

5. Differentiate
f'(z) = 6z% — 20z + 6.

6. Find the gradient at x = 1/3

f' (%) =6 (%) —20 (%) 4+ 6 = 0, so the tangent is horizontal.

7. Find the y-coordinate
2
3 3 3 27

8. Write the tangent
512

A horizontal tangent through this point has equation y = 57




Final answer
(a) z-intercepts (—1,0), (3, 0), y-intercept (0, 18).

(b) f(x) = 223 — 1022 + 62 + 18.

512

(0)922—7-



10 marks

WMA11/01 OCTOBER 2021 Differentiation

Qu estion 8 Also in Differentiation

Primary: Straight Line

" J

Figure 4
Figure 4 shows a sketch of the curve C with equation
y=4+12x - 3x

The point M is the maximum turning point on C.

(a) (1) Write 4 + 12x — 3x” in the form
a+b(x+c)

where a, b and ¢ are constants to be found.

(i) Hence, or otherwise, state the coordinates of M.

(6))
The line /| passes through O and M, as shown in Figure 4.
Aline /, touches C and is parallel to /|
(b) Find an equation for /,

)

(Total 10 marks)
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Worked Solution -

Differentiation

Question 8 Primary group: Straight Line

1. Complete the square
4+12¢ — 32> = —3(2® —4z) +4=-3((z—2)? —4) +4 =16 — 3(z — 2)*

2. State the maximum point

The maximum occurs when (z — 2)2 =0, so M = (2, 16).

3. Find the gradient of 11
16
Line I; passes through O(0, 0) and M(2, 16), so its gradient is -5 = 8.

4. Use the parallel tangent gradient
Line Iy is parallel to I3, so its gradient is also 8. For y = 4 + 12z — 322,
dy

— =12 — 6z.
dx w

5. Find the point of contact

2 2 4 32
Set12 — 6x = 8, giving ¢ = E.Theny:4—|—12 (5) —3(—) = 3

9
6. Write 12
2 32 32 2
Using gradient 8 through (g, ?) y— 3 = 8 (cc — g) Hence
16
y=28zr+ —.

3




Final answer
(a)(i) 16 — 3(x — 2)2. (a)(ii) M = (2,16).

16



WMA11/01 OCTOBER 2021

Question 10

10. A curve has equation y = f(x),x > 0

Given that 1

o f'(x)=ax - 12x, where a is a constant
« f"(x)=0 when x =27
* the curve passes through the point (1, —8)

(a) find the value of a.

(b) Hence find f(x).

7 marks
Differentiation
Also in Differentiation

Primary: Integration

3

C)

(Total 7 marks)
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Worked Solution -

Differentiation

Question 10 Primary group: Integration

1. Differentiate f'(x)
f!(x) = ax — 1223, s0 f"(z) = a — 4a~%/3.

2.Usef''(27) =0
4

4
Since272/3=9,0=a— §,soa= 9

3. Integrate f'(x)

4 4 2
With a = 9 fl(z) = 9%~ 1221/3 Therefore f(z) = 6;32 — 943 1 ¢

4. Use the point (1, -8)
2 2 7
—8=§—9+C,SOC:—8+9—§:§.

5. Write f(x)

flz) = %xz —9z4/3 4 %

Final answer

(a) a= %

) f(z) = %ﬁ 924/ 4 g




11 marks

WMA11/01 JANUARY 2022 Differentiation

Qu estion 6 Also in Differentiation

Primary: Integration

6. The curve C has equation y = f(x) where x > 0

Given that
(x +3)?

xx

» the point P(4, 20) lies on C

. flx) =

(a) (i) find the value of the gradient at P

(i) Hence find the equation of the tangent to C at P, giving your answer in the form
ax + by + ¢ =0 where a, b and ¢ are integers to be found.

C))

(b) Find f(x), simplifying your answer.
0

(Total 11 marks)




WMA11/01 JANUARY 2022

Worked Solution -

Differentiation

Primary group: Integration

Question 6

1. Simplify f'(x)
2 2
f’(m):(m+3) _z"+6z+9

= z1/2 4 62712 4 9273/2,

z/T x3/2
2. Find the gradient at P
4
Atz =4, f'(4) =2+3+§= ?9.

3. Find the tangent equation

4
Using P(4,20), y — 20 = ;(w — 4). Multiplying out gives 49z — 8y — 36 = 0.

4. Integrate f'(x)
2
fl)y=[ (:131/2 + 62712 4+ 9m_3/2)d$ = ga:?’/z + 1222 — 182712 4+ ¢.

5. Use P(4,20)

20=%(8)+12(2)—%+c=%-l—c,soc:—%.
6. Write f(x)

2 18 1

S 127 — —= — =
flz) = Jevz +12Ve 73

Final answer

(@)(0) %9 (a)(i5) 49z — 8y — 36 = 0.

®) ) = 2ovEt12v5 - 22

vz 3




9 marks

WMA11/01 MAY/JUNE 2022 Differentiation

Question 7

Also in Differentiation

Primary: Integration

7. The curve C has equation v =f(x), x >0

Given that

2 A .
+ fi(x)= ﬁ + e + 3, where A4 is a constant
+ f"(x)=0 when x=4

(a) find the value of A.

“4)
Given also that
e f(x)=8+/3, when x=12
(b) find f(x), giving each term in simplest form.
&)

(Total 9 marks)
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Worked Solution -

Differentiation

Primary group: Integration

Question 7

1. Differentiate f'(x)
() =222 4 Az~?2 + 3,50 f"(x) = —¢ %/ — 24273,

2.Usef''(4) =0
1 A

__3/2_ -3 = _——— = = A=_4
4 2A(47°) =0, s0 s~ 3 0 and

3. Substitute A into f'(x)

)= 2 _ 4
f(az)—\/5 a:2+3'

4. Integrate to find f(x)

f(a:)=4\/5+%+3:1:+c.

5. Use f(12) = 8sqrt3

1 1
f(12)=8\/§+§+36+c=8\/§,soc=—$.

Final answer

4 109
f(w)=4\/5—|—;+3x— —




8 marks

WMA11/01 JANUARY 2023 Differentiation

Question 11

Also in Differentiation

Primary: Integration

11. A curve C has equation y=f(x), x>0

Given that
fl'l' 4 L
(x) =4x+ NS
* the point P has x coordinate 4 and lies on C

* the tangent to C at P has equation y = 3x + 4

(a) find an equation of the normal to C at P

(2

(b) find f(x), writing your answer in simplest form.

(6)

(Total for Question 11 is 8 marks)




WMA11/01 JANUARY 2023

Worked Solution -

Differentiation

Primary group: Integration

Question 11

1. Find point P
Since P has x-coordinate 4 and lies on the tangent y = 3z + 4, P = (4, 16).

2. Find the normal

1
The tangent gradient is 3, so the normal gradient is —3 Hence the normal is

1
y—16 = —g(:c—él).

3. Integrate f'"(x)
f'(z) = 4z + =72, so f'(z) = 222 + 2¢/z + A.

4. Use the tangent gradient
Atz =4, f'(4) = 3.Thus 2(16) +2(2) + A=3,50 A = —33.

5. Integrate again

2 4
f(z) = §m3 + §w3/2 — 33z + B.

6. Use P(4, 16)
2 4 160

16= 5 (64) + 3(8) - 33(4) + B= — — 132+ B
7. Find B
284 2 4 284
B= inbdialy — Z .3 = .3/2 -
3 SO f(z) 3% + 37 33z + 3




Final answer
1
(a) y—16 = —g(w —4).
2 284

4
3 3/2 _
(b) f(x) 3% + 3% 33z + 3



10 marks

WMA11/01 MAY/JUNE 2023 Differentiation

Qu estion 8 Also in Differentiation

Primary: Integration

8. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Find the equation of the tangent to the curve with equation

y =lx3 - 8x7%
4

at the point P(4, 12)

Give your answer in the form ax + by + ¢ = () where a, b and ¢ are integers.

(3)
The curve with equation y = f(x) also passes through the point P(4, 12)
Given that
f'(x) = lJ‘:B - Sxé
4
(b) find f(x) giving the coefficients in simplest form.
(3)

(Total for Question 8 is 10 marks)
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Worked Solution -

Differentiation

Primary group: Integration

Question 8

1. Differentiate the curve

Fory = %w:" — 8z~ 1/2, Z—z = %mz + 4273/2,

2. Find the gradient at P

dy 3 1 25
Atz =4 —2 = (1 44732y =12+ = = ==,
z=4 gy =716 AT =12+ 5 =5

3. Find the tangent

2
Using P(4,12), y — 12 = 75(33 —4).

4. Write in integer form

Multiplying by 2 gives 2y — 24 = 25z — 100, hence 25z — 2y — 76 = 0.

5. Integrate f'(x)

1 4
fl(z) = Zm3 — 8271/2 gives f(z) = :1”—6 — 164/ +c.

6. Use P(4, 12)
4

4
12=1—6—16\/Z+c=16—32+c,soc=28.

Final answer
(a) 25z — 2y — 76 = 0.
4

() f(z) = f—ﬁ — 164/7 + 28.




10 marks

WMA11/01 OCTOBER 2023 Differentiation

Question 7

Also in Differentiation

Primary: Integration

7. The curve C has equation y = f(x) where x > 0

Given that
1

A 410 -7x2
e

4x?
* the point P(4, —1) lies on C
(a) (1) find the value of the gradient of C at P

(11) Hence find the equation of the normal to C at P, giving your answer in the
form ax + by + ¢ = 0 where a, b and ¢ are integers to be found.

C))

(b) Find f(x).
(6)

(Total for Question 7 is 10 marks)
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Worked Solution -

Differentiation

Primary group: Integration

Question 7

1. Simplify f prime

4z2 + 10 — Tz!/?
f(x) = :
4x1/2 2 4

2. Find the gradient at P

) 5 7
A fa) =432 2y L g 2 L _ 10
Atz =4, f'(4) =4 +2(4 ) 8-|—4 1 :

3. Find the normal gradient

The normal gradient is the negative reciprocal, so m,, = BETE

4. Use point P

2
Using P(4,—1), y+1= —1—5(:13 —4).

5. Write the normal in integer form

15y + 15 = —2z + §, hence 22 + 15y + 7 = 0.

6. Integrate f prime

5 7 2 7
= 3/2 f— _1/2 - — 5/2 1/2_
f(z) f(w + 5@ 4)dw—5w + 5z LEte

7. Use P to find ¢

2 4 4
1= 2 (452) 4 5(42) %(4) te= % +10—T+cs0c= —8?




Final answer
1
(a)(0) 75 (a)(i) 22 + 15y + 7 = 0.
T 84

_ 2 s5p 2 _ Lt °%
(b)f(sc)—5zc + 5z A



8 marks

WMA11/01 JANUARY 2024 Differentiation

Question 10

Also in Differentiation

Primary: Integration

10. In this question you must show all stages of your working.
The curve C has equation y = f(x), x > 0
Given that

* the point P(Z, 8\/5) lies on C
k .

o f'(x) =4Vx + - where k& is a constant
X

« f"(x)=0 atP

(a) find the exact value of k,
4)

(b) find f(x), giving your answer in simplest form.

C))

First released on AP - Edexcel Discord
https://sites.google.com/view/ap-edexcel

(Total for Question 10 is 8 marks)




WMA11/01 JANUARY 2024

Worked Solution -

Differentiation

Question 10 Primary group: Integration

1. Differentiate f prime
f'(x) = 4232 + kx =2, so f"(z) = 622 — 2kz~3.

2. Use f double prime equals zero at P

At P,z =2and f"(2) = 0,50 64/2 — 2k(273) = 0.

3. Find k
642 — g — 0, hence k = 24+/2.

4. Integrate f prime

f(iB) = f (4:133/2 =+ 24\/§$_2)dm — %m5/2 _ 24\/5213—1 +e.

5. Use the point P

244/2
P(2,8/2) lies on C, s0 8v/2 = %(25/2) — T\/_ +c
6. Find c
8v/2 = M —12v/2+4¢ soc= @

5 5

Final answer
(a) k = 24v/2.

) f(e) = Satn - 22, BV




10 marks

WMA11/01 MAY/JUNE 2024 Differentiation

Question 1 0 Also in Differentiation

Primary: Integration

10. The curve C has equation y = f(x) where x > 0
Given that
(2x - 1)(3x + 2)

2Jx

* the point P(4, 12) lies on C

+ f'(x)=06x—

(a) find the equation of the normal to (' at P, giving your answer in the form y = mx + ¢
where m and ¢ are integers to be found,

C))

(b) find f(x), giving each term in simplest form.

(6)

(Total for Question 10 is 10 marks)
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Worked Solution -

Differentiation

Question 10 Primary group: Integration

1. Expand the numerator

(2¢ —1)(3z +2) = 622 +x — 2.

2. Simplify f prime
242 —2 1
f'(z) = 6z — be” 22 = 6z — 3232 — — g2 4 712
W 2
3. Find the tangent gradient at P
1 1 1
'(4) =24 — - =2)+7z=—%.
F1(4)=24-3(8) - 5(2) + 5 = —

4. Use the normal gradient

1
The normal gradient is the negative reciprocal of 5 so it is 2.

5. Find the normal equation

Through P(4,12), y — 12 = 2(x — 4), hence y = 2z + 4.

6. Integrate f prime

f(z) = 322 — §w5/2 - %.733/2 + 222 f ¢,

7. Use P to find ¢

12 = 3(4)2 — 2(45/2) - %(43/2) +2(4'2) + e
8. Simplify c

192 8 164 16
12—48—?—54‘44‘6— F+C,SOC— E




Final answer
(a) y = 2z + 4.

6 1 16
_a.2_ 9 512 1 3 1/2 L 2
(0) f(x) = 3= = 37 + 2z/° + 5



7 marks

WMA11/01 OCTOBER 2024 Differentiation

Qu estion 8 Also in Differentiation

Primary: Integration

8. A curve C has equation y = f(x).
The point P with x coordinate 3 lies on C
Given

e f'(x) =4x" + kx + 3 where k is a constant

1
* the normal to C at P has equation y = —Ex +5

(a) show that k=-5
3

(b) Hence find f(x).
4)

(Total for Question 8 is 7 marks)
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Worked Solution -

Differentiation

Primary group: Integration

Question 8

1. Find the y-coordinate of P

. 1 3 39
The normal |sy=—ﬂw+5.Atm:3,y=—ﬂ—|—5=?.

2. Use the normal gradient

The normal gradient is ——-, so the tangent gradient is 24.

24

3. Use f prime at x equals 3

f'(3) =4(3)2 + 3k + 3 = 39 + 3k.

4. Find k
39+ 3k =24,s0 k= —-b5.

5. Integrate f prime

4 5

With k = —5, f'(z) = 422 — bz + 3, so f(z) = §w3 — sz +3z+c
6. Use point P
39 4 5 45
7. Find ¢

39 45 141
C=—— — = ——.

8 2 8

Final answer

4 . 5 , 141

k=—5andf(a:)=§w — 5@ —|—3w—T.




10 marks

WMA11/01 JANUARY 2025 Differentiation

Question 6

Also in Differentiation

Primary: Integration

6. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The curve C has equation y = f(x), x > 0
Given that
* the point P(4, —5) lies on C

£'00) 2 +ax+b . . cant
. x) = ———=—, where a and b are constants
4/x

+ the gradient of the tangent to C at P is 7

(a) show that

4a+b=24
(2)
Given also that ¢ + b =-9
(b) find, in simplest form, f(x)
(7
Curve C is transformed to the curve with equation y = f(x — 3)
Given that point P is transformed to the point O,
(c) state the coordinates of Q.
(1)

(Total for Question 6 is 10 marks)




WMA11/01 JANUARY 2025

Worked Solution -

Differentiation

Primary group: Integration

Question 6

1. Use the gradient at P

Atz =4, f'(4) = 7. Since f'(z) = 22° +az + wegetw=7.

4z 8

2. Show the required equation

32+4a+b=>56,s04a+b=24

3.Solve foraand b

Together with a + b = —9, subtracting gives 3a = 33, soa = 11 and b = —20.

4. Rewrite f prime

2
flo)= 22120 Loany Move_gpmin

4/z T2 =

5. Integrate
f(z) = —=%? + 161 z3/2 — 1022 4 ¢.

6. Use P to find ¢

1 11 16
_E — 45/2 - 43/2 -1 41/2 _ -
5 5 ( )+ 6 ( ) 0( )+c= 15 + c.
7. State f(x)
= —— — 1012 — 2=,
c= ,so f(x) = 590 + 5 x O0x 15

8. Transform P

y = f(z — 3) translates the curve 3 units to the right, so P(4, —5) becomes

Q(7,-5).




Final answer

L e AL g g 91
®) f(z) = e + 5" 10z T

(c) Q@ = (7,-5).



11 marks

WMA11/01 MAY/JUNE 2025 Differentiation

Question 8

Also in Differentiation

Primary: Integration

8. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

A curve has equation y = f(x), x > 0

The point P(4, 12) lies on the curve.
Given that

e f'(x)= 3Jx + kx* where k is a constant

+ the equation of the tangent to the curve at P has equation y = 10x + ¢ where ¢ is

a constant
_ 1
(a) (i) show that k= 2
(i1) find the value of ¢
4)
(b) Hence find the value of f""(x) at P.
3)
(c) Find f(x).
4)

(Total for Question 8 is 11 marks)




WMA11/01 MAY/JUNE 2025

Worked Solution -

Question 8

Differentiation

Primary group: Integration

1. Use the tangent gradient

The tangent at P has equation y = 10z + ¢, so the gradient at P is 10.

2. Show k

1
£'(4) = 3v/4+ k(4)2 =6 + 16k = 10, s0 16k = 4 and k = T

3. Find ¢

Substitute P(4,12) intoy = 10z 4+ ¢c:12 =40+ ¢, soc = —28.

4. Differentiate f prime

With k = % f'(z) = 3z'/% + %mz.

5. Find f double prime

1
f'(z) = %m_lﬂ + 5T
6. Evaluate at P
3 1 3 11
" = — . — = — 2 = —,
f"(4) 59 + 2 Y 1

7. Integrate f prime

flz)y=[ (3:1:1/2 + iwz) dzx = 2z3/% + %:}33 +d.

8. Use P to find d

1 1
12 = 2(4%/2) + 5(43) +d=16+ ?6 +d.



9. State f(x)
d= —2—38, so f(z) = 2232 + %w:" — 2—38
Final answer
(a)(3) kb = i (a) (i) ¢ = —28.
) £'(P) ==
(€) f(z) = 22¥2 + — 22 - ?



8 marks

WMA11/01 OCTOBER 2025 Differentiation

Qu estion 8 Also in Differentiation

Primary: Integration

8. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

A curve has equation y = f{x), x > 0
Given that

8
o f'(x)=2x+ —+ k, where k is a constant
X

« the equation of the tangent to the curve at x = V2 s y= 5x—32

(a) find the exact value of k.

(2)
(b) Find an equation of the normal to the curve at x= V2

(2)
(c) Find f(x), writing your answer in simplest form.

4)

(Total for Question 8 is 8 marks)




WMA11/01 OCTOBER 2025

Worked Solution -

Differentiation

Primary group: Integration

Question 8

1. Use tangent gradient

The tangent has equation y = ba — 34/2, so the gradient at £ = /2 is 5.

2. Find k
f/(\/ﬁ)=2\/§+#—|—k=2\/§—|—4—|—k=5,sok=1—2\/§.

3. Find the point on the curve

At = /2, the tangent gives y = 5v/2 — 3v/2 = 2¢/2.

4. Normal gradient

The tangent gradient is 5, so the normal gradient is s

5. Equation of the normal

1 1 11v2
y—2V2= —g(a: —/2), hence y = —gzc+ T\/_

6. Integrate f prime

8 , 8
f(m)=f<2m+§+k>dm=w —;—I—km—l—c.

7. Substitute k

fle) =2~ = +(1- 2Dz +e

8. Use the point

8
2\/5_2—E—|—(1—2\/§)\/§+c——2—3\/§+c.




9. Find c
c=2+5v2, 50 f(z) :w2—%+(1—2\/§)w—|—2+5\/§.
Final answer
(a) k=1—2v2.
1 1142
(c) f(z) = z® — % +(1—-2vV2)z+2+5V2



12 marks

WMA11/01 JANUARY 2026 Differentiation

Question 8

Also in Differentiation

Primary: Integration

8. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

A curve ( has equation y=1f(x), x>0
A point P lies on C.

Given that
6
e ) =4+ — —4
X
* the equation of the tangent to C at Pis y = 10x — 63

(a) (i) verify that V3 isa possible x coordinate of P,

(i1) find, using algebra, the other possible x coordinate of P.

(6)
Given that the x coordinate of P is /3
(b) find an equation of the normal to C at P.
(2)
(c) Find f(x), writing your answer in simplest form.
You must show each stage of your working.
4)

(Total for Question 8 is 12 marks)




WMA11/01 JANUARY 2026

Worked Solution -

Differentiation

Primary group: Integration

Question 8

1. Verify x equals root 3

'(v3) = 4(v/3)% + 6 _ 4 =12 + 2 — 4 = 10, which matches the

(V3)?

tangent gradient.

2. Find all possible x-coordinates

Set4m2+%—4=10.
T

3. Form a quadratic in x squared

Multiplying by z2 gives 4z — 1422 + 6 = 0, so 2z* — T2 + 3 = 0.

4. Factor

224 — 722 +3 = (222 — 1)(22 - 3) = 0.

5. Use x greater than zero

V2

r=130orz=— = ——. The other possible x-coordinate is T

NERE.

6. Find the point P
Givenzp = V3, the tangent gives yp = 10v/3 — 64/3 = 4v/3.

7. Normal equation

1 1
The normal gradient is ~1p' Y~ 4v/3 = —E(w —/3).

8. Integrate f prime

4 6

6
— 2 _ 3 _ —
f(z) —f<4m + " 4)da:— 3% T 4z + c.




9. Use P to find ¢

4 6
4\/§=5(\/5)3—%—4\/§+c=4\/§—2\/§—4\/§+c.

10. State f(x)

c = 63,50 f(z )-%x —g—4x—|—6\/_

Final answer

(a)(2) verified.

(a)(it) z =

(5)y—4v3 %(m _ V3.
4

(¢) (@) = 52° —9—4m+6f

||| m|§



TOPIC

Integration




WMA11/01 OCTOBER 2019 10 marks

Question 11

Integration

11. A curve has equation y = f(x).
. 32 ..
The point P 4,? lies on the curve.

Given that

o ()= =3

Jx

e f'(x)=5atP
find

(a) the equation of the tangent to the curve at P, writing your answer in the form
v =mx + ¢, where m and ¢ are constants to be found,

2

(b) f(x).
®)

(Total 10 marks)




WMA11/01 OCTOBER 2019 Integration

Worked Solution - Question 11

Topic group

1. Use the given gradient for the tangent

At P (4,32), f'(4) = 5, so the tangent has gradient 5.

2. Find the tangent equation

32

y— 32 =5(zx —4). Hencey = 5z — 2

T.
3. Integrate f'’ to find f'
f"(x) = 4x~Y2 — 3,50 f'(x) = 8z1/%2 — 3z + C.

4. Use f'(4)=5
5=28(2) — 124+ C =4+ C,s0C = 1. Therefore f'(z) = 8y/x — 3z + 1.

5. Integrate again

f(z) =232 - 322+ 2+ D.

6. Use the point on the curve
Substitute z = 4, f(4) = 32: 32 = B(8) - 3(16) +4+D =% + D, s0
D= —-12.

Final answer

_ 28
(a) y =5z — =

(b) f(z) = £2%2 — 322 4 z —12.




WMA11/01 JANUARY 2020 11 marks

Question 11

Integration

11. A curve has equation y = f(x), where

6

Jx

f'(x) = + x x>0

The point P(4, —50) lies on the curve.
Given that f'(x) = —4 at P,

(a) find the equation of the normal at P, writing your answer in the form y = mx + c,
where m and ¢ are constants,

&)

(b) find f(x).
(8)

(Total 11 marks)




WMA11/01 JANUARY 2020 Integration

Worked Solution - Question 11

Topic group

1. Find the normal gradient

At P, f'(4) = —4, so the tangent gradient is —4. The normal gradient is therefore
1

Z .
2. Find the normal equation

Using P(4,—50):y+ 50 = 1 (z — 4), soy = 1z — 51.

3. Integrate f'’ to find f'
f"(z) = 6z~%2 + z. Therefore f'(z) = —122"/2 + 122 + k.

4.Usef'(4) = -4
—4=-2 4 2(16)+k=-6+8+k=2+k sok=—6.

5. Integrate again

f(z) = —24z'? + %3 — 6z +d.

6. Use the point on the curve

Substitute P(4, —50):
—50=—-24(2)+ % —24+d=-72+ 2 4+ d= -1 t d Henced = 3.

Final answer
1
(a)y= 15 51.
8 34

() f(z) = 24z + % —6o+ .




WMA11/01 JANUARY 2021 11 marks

Question 9 Integration

9.

(i) Find
2
Gx+2)7 >0
4/x
giving your answer in simplest form.
6))
(i) A curve C has equation y = f(x).
Given
e f{'(x)=x*+ax+ b where a and b are constants
e the y intercept of C is —8
e the point P(3,-2) lies on C
e the gradient of C at P is 2
find, in simplest form, f(x).
(6)

(Total 11 marks)




WMA11/01 JANUARY 2021 Integration

Worked Solution - Question 9

Topic group

1. Expand and simplify the integrand

(Br+2)? 9z%+12z+4 9 3/2 12 | 1/2
WG = 1212 =" + 3z /e e

2. Integrate term by term

f (%ws/z + 3212 4+ w_l/z) dr = %w5/2 + 2232 4 2212 4 ¢.

3. Write in simplest form

922 + 20z + 20
Factoring out 4/ gives V(9 —;O z+20) +c.

4. Use the gradient condition at P
Since f'(z) = @2 + ax + b and the gradient at P(3,—2) is 2, f'(3) = 2. Hence
9+3a+b=2503a+b=-T.

5. Integrate f'(x)

$3 a

f(z) = 3 + 53:2 + bz + c. The y-intercept is —8, so ¢ = —8.

6. Use P(3.-2)
27 9a

9a
—2—?+7+3b—8,507+3b——3.

7. Solve foraand b

From3a + b = —7, b = —7 — 3a. Substitute into 970' +3b = -3 togeta = —4,
and then b = 5.

8. Write f(x)

3
Therefore f(z) = % —2z% + 5z -8




Final answer
2 420z + 20 3




WMA11/01 MAY/JUNE 2021 8 marks

Question 6 Integration

6. The curve C has equation y = f(x), x > 0

Given that
e ( passes through the point P(8, 2)

o f'(x)= %+3—2({/;)

(a) find the equation of the tangent to C at P. Write your answer in the form y =mx + ¢,
where m and ¢ are constants to be found.

3)

(b) Find, in simplest form, f(x).
C)

(Total 8 marks)




WMA11/01 MAY/JUNE 2021 Integration

Worked Solution - Question 6

Topic group

1. Find the gradient at P

f’(m)=%+3_2%'mw=8'
o % oyl _,_ 5
f(s)_3(64)+3 2)=5-1="%

2. Write the tangent equation

2
Using P(8,2), y — 2 = —E(m — 8), hence y = —Ew -+ —6
6 6 3
3. Integrate f'(x)
32 32 3
Hop) — 92 ..—2 _9.1/3 _ 94 _ 9 43
f'(x) 3T + 3 —2z"°, so f(x) 3x—|—3m 5% +c
4. Use P(8.2) to find ¢
32 3 4 10
2= —24—24— 5(16)—|—c- —g tesoe=
5. Write f(x)
32 3 43, 10
f(z) = . + 32 5% + 3
Final answer
@y=—cz+ >
YT T3
2 1
() f(z) = _32 + 3z — §w4/3 + 10

3z 2 3




WMA11/01 OCTOBER 2021 7 marks

Qu EStion 1 0 Integration

10. A curve has equation y = f(x), x > 0
Given that
o f'(x)=ax— 12):5 , where a is a constant
« {"(x)=0 when x=27
* the curve passes through the point (1, —8)

(a) find the value of a.
3)

(b) Hence find f(x).
4)

(Total 7 marks)




WMA11/01 OCTOBER 2021 Integration

Worked Solution - Question 10 Topic group

1. Differentiate f'(x)
f'(z) = ax — 1223 50 f"(z) = a — 422/3,

2.Use f'(27) =0

4 4
Since 272%/3 =90=a-— 9’ soa = 9

3. Integrate f'(x)

4 4 2
With a = 9 fl(z) = 9%~ 1221/3. Therefore f(z) = 5:1:2 — 9243 t¢.

4. Use the point (1, -8)

2 2
—8=§—Q+c,soc=—8—|—9—§=%.
5. Write f(x)

2
f(z) = §x2 — 9243 4 %

Final answer
4
(@) a=—.

9

() f(z) = %:1,3 _ 024/ 4 %




WMA11/01 JANUARY 2022 11 marks

Question 6 Integration

6. The curve C has equation y = f(x) where x > 0

Given that
(x + 3)?

xalx

» the point P(4, 20) lies on C

. f’(x) =

(a) (i) find the value of the gradient at P

(i) Hence find the equation of the tangent to C at P, giving your answer in the form
ax + by + ¢ =0 where a, b and ¢ are integers to be found.

)

(b) Find f(x), simplifying your answer.
0

(Total 11 marks)




WMA11/01 JANUARY 2022 Integration

Worked Solution - Question 6 !

1. Simplify f'(x)
z+3)?2 z2+6x+9
filz) = EEY

— n1/2 -1/2 —3/2
:c\/E 3 =x/°+ 6z + 9z )

2. Find the gradient at P

9 49

3. Find the tangent equation

4
Using P(4,20), y — 20 = ?9(33 — 4). Multiplying out gives 49z — 8y — 36 = 0.

4. Integrate f'(x)
2
fl@)=/[ (:L'l/2 + 6212+ 9w‘3/2)dw = §w3/2 + 12212 — 182712 + ¢.

5. Use P(4,20)

2 18 61 1
20 =2(8)+12(2) — — +c=— +cs0c=——.
0 3(8)—|— (2) 5 +c 3 +c¢soc 3
6. Write f(x)
2 18 1
- 127 — — — =
o) = Geva+12va- =2 - 5

Final answer

(a)(0) %9 (a)(i4) 492 — 8y — 36 = 0.

®) ) = 2ovE+12v5 - 25 2

vz 3




WMA11/01 MAY/JUNE 2022 9 marks

Question 7

Integration

7. The curve C has equation y = f(x), x > 0

Given that

2 A
e fl0)=—F—=+ 5 + i
f'(x) \/)_c e 3, where A4 is a constant
» f"(x)=0 when x=4

(a) find the value of A.

)
Given also that
«  f(x)=8+/3, when x=12
(b) find f(x), giving each term in simplest form.
)

(Total 9 marks)




WMA11/01 MAY/JUNE 2022 Integration

Worked Solution - Question 7

Topic group

1. Differentiate f'(x)
fllz) =22712 + Az72 + 3,50 f"(z) = —273/2 — 24273

2.Usef'(4)=0
1 A

_4-3/2 _ -3y — -2 = —
4 2A(47°) =0, s0 s 39 0and A 4.

3. Substitute A into f'(x)

o) = 2 _ 4
f(a:)—ﬁ w2+3'

4. Integrate to find f(x)

f(a:)=4\/5—|—%—|—3w—|—c.

5. Use f(12) = 8sqrt3

1 109
f(12)=8\/§+§+36—|—c:8\/§,soc:—T.

Final answer

4 109



WMA11/01 JANUARY 2023 8 marks

Question 11

Integration

11. A curve C has equation y =f(x), x>0

Given that
f 4 1
. n - + —_—
(x) =4x NS
* the point P has x coordinate 4 and lies on C

* the tangent to C at P has equation y = 3x + 4

(a) find an equation of the normal to C at P

2

(b) find f(x), writing your answer in simplest form.

(6)

(Total for Question 11 is 8 marks)




WMA11/01 JANUARY 2023 Integration

Worked Solution - Question 11

Topic group

1. Find point P
Since P has x-coordinate 4 and lies on the tangent y = 3z + 4, P = (4, 16).

2. Find the normal
1
The tangent gradient is 3, so the normal gradient is 3 Hence the normal is

1
y—16=—<(z—4)

3. Integrate f''(x)
f'(x) = 4z + 272, s0 f'(z) = 222 + 2¢/z + A.

4. Use the tangent gradient
Atz =4, f'(4) = 3. Thus2(16) +2(2) + A =3,50 A = —-33.

5. Integrate again

2 4
f(z) = §x3 + gw?’/z —33z+ B.

6. Use P(4, 16)

2 4 160
16 = 5 (64) + 5 (8) ~33(4) + B= —~ 132+ B
7.Find B

284 2 4 284
B= — %0 f(x) = §w3 + §w3/2 — 33z + -




Final answer
1
(a) y—16 = —g(w —4).
2 284

4
3 3/2 _
(b) f(x) 3% + 3% 33z + 3



WMA11/01 MAY/JUNE 2023 10 marks

Question 8

Integration

8. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Find the equation of the tangent to the curve with equation
R !
y=gx - 8x 2
at the point P(4, 12)

Give your answer in the form ax + by + ¢ = 0 where a, b and ¢ are integers.

(3
The curve with equation y = f(x) also passes through the point P(4, 12)
Given that
f'(x) = le_ Sx_;
4
(b) find f(x) giving the coefficients in simplest form.
&)

(Total for Question 8 is 10 marks)




WMA11/01 MAY/JUNE 2023 Integration

Worked Solution - Question 8

Topic group

1. Differentiate the curve

1
Fory = Z:B3 —8z71/2, fl—z = %wz +4z7%/2,

2. Find the gradient at P

dy 3 1 25
=4, -= ==2(1 44732y =124+ = = =,
Atz =4, da 4(6)—|— ( ) —|—2 9

3. Find the tangent

25
Using P(4,12), y — 12 = ?(x — 4).

4. Write in integer form

Multiplying by 2 gives 2y — 24 = 25z — 100, hence 25z — 2y — 76 = 0.

5. Integrate f'(x)

1 4
fl(z) = Zws — 82712 gives f(z) = % — 16z + ¢

6. Use P(4, 12)

44
12:E—16ﬂ+c:16—32—|—c,soc=28.

Final answer

(a) 252 — 2y — 76 = 0.
4

() f(z) = ‘1"—6 — 164/z + 28.




WMA11/01 OCTOBER 2023 10 marks

Question 7

Integration

7. The curve C has equation y = f(x) where x > 0

Given that
1

P10 -T7x2
) e

4x?
* the point P(4, -1) lies on C
(a) (1) find the value of the gradient of C at P

(i) Hence find the equation of the normal to C at P, giving your answer in the
form ax + by + ¢ = 0 where a, b and ¢ are integers to be found.

4)
(b) Find f(x).
(6)

(Total for Question 7 is 10 marks)




WMA11/01 OCTOBER 2023 Integration

Worked Solution - Question 7

Topic group

1. Simplify f prime
4z% 410 — 71/? 5 7
' _ _ 32 2 12 1
f'(z) = 34 4 5T 1

2. Find the gradient at P

5 7 5 7 15
Atz =4 f(4) =432+ -4V - — =84+ ——=—.
3. Find the normal gradient
2
The normal gradient is the negative reciprocal, so m,, = BT

4. Use point P

2
Using P(4,-1), y+1= —1—5(:1: —4).

5. Write the normal in integer form

15y + 15 = —2z + 8, hence 2z + 15y + 7 = 0.

6. Integrate f prime

5 7 2 7
_ 3/2 ~1/2 _ _ 252 1/2 _
f(z) f(:c +5e 4)da: £ 2 + 5z Zte

7. Use P to find ¢

2 4 4
-1= 3(45/2) + 5(41/2) — ;(4) +c= % +10—-7+c¢soc= —8?.




Final answer
1
(a)(0) 75 (a)(i) 22 + 15y + 7 = 0.
T 84

_ 2 s5p 2 _ Lt °%
(b)f(sc)—5zc + 5z A



WMA11/01 JANUARY 2024 8 marks

Question 10

Integration

10. In this question you must show all stages of your working.
The curve C has equation y = f(x), x > 0
Given that

* the point P(2, 8\/5) lies on C
k .

o f'(x)=4Jx* + - where k& is a constant
X

« f"(x)=0 atP

(a) find the exact value of k,
4)

(b) find f(x), giving your answer in simplest form.

C))

First released on AP - Edexcel Discord
https://sites.google.com/view/ap-edexcel

(Total for Question 10 is 8 marks)




WMA11/01 JANUARY 2024 Integration

Worked Solution - Question 10

Topic group

1. Differentiate f prime
f'(x) = 4232 + kz 2, so f"(z) = 622 — 2kz 3.

2. Use f double prime equals zero at P

At P,z =2and f"(2) = 0,50 6v/2 — 2k(27%) = 0.

3. Find k
64/2 — g — 0, hence k = 24+/2.

4. Integrate f prime

f(e) = [ (%2 + 24207 )dz =

gw5/2 — 24\/§w_1 +c.

5. Use the point P

P(2,8+/2) lies on C, s0 8/2 = %(25/2) — %\/ﬁ +c
6. Find ¢
24/2 2
82 = % —124/2+¢ soc= %
Final answer
(a) k = 24v/2.
() (o) = o9 - 22 4 B2

T 5




WMA11/01 MAY/JUNE 2024 10 marks

Qu EStion 1 0 Integration

10. The curve C has equation y = f(x) where x > 0

Given that
(2x — 1)(3x + 2)

24/x

* the point P(4, 12) lies on C

e f'(x)=06x—

(a) find the equation of the normal to C at P, giving your answer in the form y =mx + ¢
where m and ¢ are integers to be found,

)

(b) find f(x), giving each term in simplest form.

(6)

(Total for Question 10 is 10 marks)




WMA11/01 MAY/JUNE 2024 Integration

Worked Solution - Question 10

Topic group

1. Expand the numerator
(2z —1)(3z +2) = 62 +z — 2.

2. Simplify f prime
2 -2 1
f'(z) = 6z — be”te=2 6z — 3232 — Zg/2 4 2172,
Wz 2
3. Find the tangent gradient at P
1 1 1
'(4) =24 — - =2)+z=—%.
F@)=24-38) - @)+ 5 =3

4. Use the normal gradient

1
The normal gradient is the negative reciprocal of 5 soitis 2.

5. Find the normal equation

Through P(4,12), y — 12 = 2(xz — 4), hencey =2z + 4.

6. Integrate f prime

f(z) = 3z% — §w5/2 — %wsﬂ + 2212 4 ¢

7. Use P to find ¢
12 = 3(4)? — 5 (4%%) — < (492) + 2(417%) + ¢

8. Simplify c

192 8 164 16
12—48—T—§+4+C—F+C,SOC—E.




Final answer
(a) y = 2z + 4.

6 1 16
_a.2_ 9 512 1 3 1/2 L 2
(0) f(x) = 3= = 37 + 2z/° + 5



WMA11/01 OCTOBER 2024 7 marks

Qu EStiO n 8 Integration

8. A curve C has equation y = f(x).
The point P with x coordinate 3 lies on C
Given

«  f'(x)=4x"+ kx + 3 where k is a constant

1
* the normal to C at P has equation y = —ﬁx +5

(a) show that k=-5
3)

(b) Hence find f(x).
4)

(Total for Question 8 is 7 marks)




WMA11/01 OCTOBER 2024 Integration

Worked Solution - Question 8

Topic group

1. Find the y-coordinate of P

1
Thenormalisy=—ﬂx+5.Atw=3,y=—2—?:l+5=%.

2. Use the normal gradient

1
The normal gradient is o1 so the tangent gradient is 24.

3. Use f prime at x equals 3

f'(3) =4(3)2 + 3k + 3 = 39 + 3k.

4. Find k
394+ 3k =24,s0 k= —b5.

5. Integrate f prime

4
With k = =5, f'(z) = 422 — 5z + 3, s0 f(z) = gcc?’ — ng +3z+ec

6. Use point P

39 4 5 45
7. Find ¢

LB 45 1m

8 2 8

Final answer
4 5 141
k= —5and f(z) = gws — Emz + 3z — —




WMA11/01 JANUARY 2025 10 marks

Question 6

Integration

6. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The curve C has equation y = f(x), x > 0
Given that
* the point P(4, —5) lies on C

£'0) 2 +ax+ b h ik ant
. X)= — — _,whereaan are constants
4x

+ the gradient of the tangent to C at P is 7

(a) show that

da+b=24
@)
Given also that a + b=-9
(b) find, in simplest form, f(x)
(7
Curve C is transformed to the curve with equation y = f(x — 3)
Given that point P is transformed to the point O,
(c) state the coordinates of .
1)

(Total for Question 6 is 10 marks)




WMA11/01 JANUARY 2025 Integration

Worked Solution - Question 6

Topic group

1. Use the gradient at P

2+4 b
Atz =4, f'(4) = 7.Since f'(z) = 2 +aw+b,weget3+—a+=7.

4z 8

2. Show the required equation

32+ 4a+b=56,s04a+b=24.

3.Solve foraand b

Together with a + b = —9, subtracting gives 3a = 33, so a = 11 and b = —20.

4. Rewrite f prime
11

202+ 11z —20 1
M) — _ = .3/2 1/2 _ gp-1/2.
f'(z) WG e+ e @

5. Integrate

f(z) = 252 4 11

— 232 1022 + ¢.

6. Use P to find ¢

16
_ 5/2 3/2 1/2 _ 0
5= = (4 ) + (4 ) —10(4%) +¢ T +c.

7. State f(x)

91 1

— % o fe) - 11 91

5/2 o= 3/2_1 1/2__.
53: + 63: Ox 15

8. Transform P

y = f(z — 3) translates the curve 3 units to the right, so P(4, —5) becomes

Q(7a _5)-




Final answer

L e AL g g 91
®) f(z) = e + 5" 10z T

(c) Q@ = (7,-5).



WMA11/01 MAY/JUNE 2025 11 marks

Question 8

Integration

8. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

A curve has equation y=f(x), x > 0

The point P(4, 12) lies on the curve.
Given that

o f'(x)= 3Jx + kx* where k is a constant

* the equation of the tangent to the curve at P has equation y = 10x + ¢ where ¢ is
a constant

1
(a) (i) show that k= n

(i1) find the value of ¢

(4)
(b) Hence find the value of f"(x) at P.

3)
(c) Find f(x).

4)

(Total for Question 8 is 11 marks)




WMA11/01 MAY/JUNE 2025 Integration

Worked Solution - Question 8

Topic group

1. Use the tangent gradient
The tangent at P has equation ¥ = 10z + ¢, so the gradient at P is 10.

2. Show k
1
f'(4) =3v4+k(4)2 =6+ 16k = 10,50 16k =4 and k = T

3.Find c
Substitute P(4,12) intoy = 10z 4+ ¢: 12 =40 + ¢, soc = —28.

4. Differentiate f prime

1 1
With k = 1 f!(z) = 3212 + sz.

5. Find f double prime

3 1
" _ -1/2
f'(z) = 5 + 5T

6. Evaluate at P
3 1 11

3
"4=_._ 2= — 2= —.
F'(4) 2 2+ 4+ 4

7. Integrate f prime

1 1
flz)=[ (3.’11&'1/2 + sz) de = 2z%? + Ew:’ +d.

8.Use P to findd
1
12

1
(43)+d=16+—6+d.

12 = 2(4%2) + 3



9. State f(x)
d= —2—38, so f(z) = 2232 + %w:" — 2—38
Final answer
(a)(3) kb = i (a) (i) ¢ = —28.
) £(P) ==
(€) f(z) = 2a¥2 + — a2 - ?



WMA11/01 OCTOBER 2025 8 marks

Qu EStiO n 8 Integration

8. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

A curve has equation y=f{x), x > 0
Given that

8 .
o f'(x)=2x+ —+ k, where k is a constant
X

* the equation of the tangent to the curve at x = V2 s y= 5x—32

(a) find the exact value of k.

(2)
(b) Find an equation of the normal to the curve at x = V2

(2)
(c) Find f(x), writing your answer in simplest form.

4)

(Total for Question 8 is 8 marks)




WMA11/01 OCTOBER 2025 Integration

Worked Solution - Question 8

Topic group

1. Use tangent gradient

The tangent has equation y = 5 — 3v/2, so the gradient at * = V2is 5.

2. Find k

8
! = +———+k= +4+k=5s0k=1— .
f1(vV2) = 2v2 V3 2v/2 5, so 1-242

3. Find the point on the curve

At x = \/5 the tangent gives y = 5\/5 — 3\/5 = 2\/5.

4. Normal gradient

The tangent gradient is 5, so the normal gradient is 5

5. Equation of the normal

1 1 11v2
y—2V2= —g(w —4/2), hence y = —gw—l— Tf

6. Integrate f prime

8 , 8
f(a:)=f(2w+§—|—k)dw=w —;+kw—|—c.

7. Substitute k

f(m)=x2—%—|—(1—2\/§)w—|—c.

8. Use the point

2\/522—%+(1—2\/§)\/§—|—c=—2—3\/§+c.




9. Find c
c=2+5v2, 50 f(z) :w2—%—|—(1—2\/§)w—|—2—|—5\/§.
Final answer
(a) k=1—2v2.
1 1142
(c) f(z) = z® — % +(1—-2v2)z+2+5V2



WMA11/01 JANUARY 2026 12 marks

Question 8

Integration

8. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

A curve C has equation y=f(x), x>0
A point P lies on C.

Given that

6
e () =4"+ — —4

2
X
» the equation of the tangent to C at Pis y = 10x — 6+/3

(a) (1) verify that J3 isa possible x coordinate of P,

(i1) find, using algebra, the other possible x coordinate of P.

(6)
Given that the x coordinate of P is /3
(b) find an equation of the normal to C at P.
(2)
(¢) Find f(x), writing your answer in simplest form.
You must show each stage of your working.
(4)

(Total for Question 8 is 12 marks)




WMA11/01 JANUARY 2026 Integration

Worked Solution - Question 8

Topic group

1. Verify x equals root 3

f'(V3) = 4(v/3)% + # — 4 =12+ 2 — 4 = 10, which matches the

tangent gradient.

2. Find all possible x-coordinates

6
Set4w2—|—§—4=10.

3. Form a quadratic in x squared

Multiplying by 22 gives 42* — 1422 +6 = 0, s0 2z* — 722 +3 = 0.

4. Factor
224 — 7224+ 3 = (222 - 1)(22 - 3) = 0.

5. Use x greater than zero

V2

r=+30rz=— = - The other possible x-coordinate is -
2

6. Find the point P
Given zp = /3, the tangent gives Yyp = 10v/3 — 63 = 4/3.

7. Normal equation

1 1
E,soy—4\/§— —1—O(m—\/§)

The normal gradient is —

8. Integrate f prime

4 6

6
2 _ _*3_9
f(z) —f(4:1: + " 4)d:1: 3% 2 4z + c.




9. Use P to find ¢

4 6
4\/§=g(\/§)3—%—4\/§+c=4\/§—2\/§—4\/§+c.

10. State f(x)

c =643, 50 f(z )-%m —g—4m—|—6\/_

Final answer

(a)(2) verified.

(a)(ii) z =

(5)y—4v3 %(m _ V3.
4

(€) @) = 52° —9—4w+6f

||| m|§



