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. Integration
Question 1 @D (g

1. Find

I(lox“ - % - 7de
X

giving each term in simplest form.

3)

(Total for Question 1 is 3 marks)

WORKED SOLUTION Question 1 - WMA11/01 May/June 2024

o Rewrite the fraction
3

3
4 7 _ 4 _ Y -3 _
10z —2333 7 =10z 5 T 7.

° Integrate term by term
[10z* dz = 225, f—;m_?’ dz = %m‘% and [ —7dz = —Tz.

o Write in simplest form
3
5
2x? + 122 T +c
@ FINAL ANSWER

3
23:5—|—E—7w+c.
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Question 2 m Indices & Surds

2. (i) Given that m = 2", express each of the following in simplest form in terms of m.

(a) 2H+3
1)
(b) 163H
(2)
(1) In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.
Solve the equation
X \/5 —3=x+ \/g
giving your answer in the form p + q\/g where p and g are integers.
3)

(Total for Question 2 is 6 marks)

WORKED SOLUTION Question 2 - WMA11/01 May/June 2024

o Use m equals 2 to the n
273 = 27 x 23 = 8m.

° Rewrite 16 as a power of 2
163n — (24)3n — 212n — (2n)12 — m12'

° Collect the x terms
V3 —-3=z4+3givesz(v/3—-1) =34+ 3.

° Rationalise

L_3+V3 V3+1_ (3+V3)(V3+1)
V3-1 +3+1 2 '

° Simplify

4
x=@=3+2\/§.



0 FINAL ANSWER
(i)(a) 8m. (i)(b) m'2. (i) z =3 +2/3.
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Qu estion 3 m Transformations

3.
VA
2
L
-1 (@) 3 X
Figure 1
Figure 1 shows a sketch of the curve with equation y = f(x).
The curve passes through the points (-1, 0) and (0, 2) and touches the x-axis at the
point (3, 0).
On separate diagrams, sketch the curve with equation
(@) y=1(x+3)
3)
(b) y=1(-3x)
3)
On each diagram, show clearly the coordinates of all the points where the curve cuts or
touches the coordinate axes.
(Total for Question 3 is 6 marks)
WORKED SOLUTION Question 3 - WMA11/01 May/June 2024

Read the original key points
The original curve passes through (—1,0) and (0, 2), and touches the x-axis at (3, 0).



o Translate the graph left
y = f(z + 3) is a translation 3 units left. So (—1,0) moves to (—4,0), (0,2) moves to (—3,2), and
(3,0) moves to (0, 0).

° State the axis intercepts for part a
The curve cuts the x-axis at (—4, 0) and touches it at (0, 0). The y-intercept is also (0, 0).

° Transform y equals f of negative 3x

Fory = f(—3z), a point with original x-coordinate X moves to ¢ = 3"

° State the axis intercepts for part b
(—1,0) moves to (%, 0), (3,0) moves to (—1,0), and (0, 2) stays at (0, 2).

@ FiNAL ANSWER
(a) intercepts (—4, 0) and (0, 0), with (0, 0) a touch point.

1
(b) intercepts (—1,0), (5,0) and (0, 2), with (—1, 0) a touch point.
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. [o[TEYe [-11]
Question 4 QD) (o

4. The curve C| has equation
y=x’+kx-9
and the curve C, has equation
y=-3x"-5x+k
where £ is a constant.

Given that C| and C, meet at a single point P

(a) show that

kK +26k+169=0
(3)
(b) Hence find the coordinates of P
3)

(Total for Question 4 is 6 marks)

WORKED SOLUTION Question 4 - WMA11/01 May/June 2024

° Equate the curves
z? + kxr —9 = —3z? — 5z + k gives 4z2 + (k+ 5)z — (k+9) = 0.

° Use one intersection only

For a single point of intersection, the discriminant is zero.

Form the condition on k
(k+ 5)2 —4(4)(—(k+9)) =0, s0 k2 + 26k + 169 = 0.

(3 )
° Find k
(5 )

k? + 26k + 169 = (k+ 13)2, s0 k = —13.

Find x
Substituting k = —13 gives 4z% — 8z +4=0,s04(z —1)2=0andz = 1.



Findy
y=a+kr—-9=1-13-9=-21,s0 P=(1,-21).

0 FINAL ANSWER
P =(1,-21).
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Question 5

LELIEN

Diagram NOT
accurately drawn

Figure 2

Figure 2 shows the plan view of a garden.

The shape of the garden ABCDEA consists of a triangle ABE and a right-angled triangle
BCD joined to a sector BDE of a circle with radius 6 m and centre B.

The points A, B and C lie on a straight line with 4B = 10.8m
T
Angle BCD = B radians, angle £BD = 1.3 radians and AE = 12.2m

(a) Find the area of the sector BDE, giving your answer in m’

(2)

(b) Find the size of angle ABE, giving your answer in radians to 2 decimal places.
(2)
(c) Find the area of the garden, giving your answer in m” to 3 significant figures.

3

(Total for Question 5 is 7 marks)

WORKED SOLUTION Question 5 - WMA11/01 May/June 2024

° Find the sector area

Area of sector BDE = 1

5(62)(1.3) =23.4m?%

° Use the cosine rule in triangle ABE
12.2% = 10.8% + 6% — 2(10.8)(6) cos LABE.



Find angle ABE

10.82% + 62 — 12.22
cos ZABE = 0.8 +6 ,s0 LABE =~ 1.54 radians.
2(10.8)(6)

Find the area of triangle ABE
1
Area ABE = 5(10.8)(6) sin(1.54147...) ~ 32.386.

Find angle DBC
/DBC =7 —-1.3—- ZABFE =~ 0.30012 radians.

Find the area of triangle BCD
Area BCD = %(6 cos ZDBC)(6sin ZDBC) ~ 5.084.

Add the three areas
23.4 + 32.386 + 5.084 ~ 60.9 m? to 3 significant figures.

@ rinAL ANswWER
(a) 23.4m?.  (b) 1.54 radians. (c) 60.9 m?.
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Question 6

Inequalities

VA

=V

NS

Figure 3

In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.
Figure 3 shows
* the line [ with equation y — 5x =75
« the curve C with equation y =2x"+ x — 21
The line / intersects the curve C at the points P and (, as shown in Figure 3.

(a) Find, using algebra, the coordinates of P and the coordinates of Q.

)
The region R, shown shaded in Figure 3, is bounded by C, / and the x-axis.

(b) Use inequalities to define the region R.

3)

(Total for Question 6 is 7 marks)
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o Write the line as y equals
y—5x =175 soy =5z + 75.

° Equate line and curve
5z + 75 =222+ — 21,50 222 — 42 — 96 = 0.

Solve the quadratic
22— 22 —-48=0=(z—8)(z+6),sox=—6orz =8

Find the y-coordinates
Usingy = 5z + 75, £ = —6 gives y = 45 and & = 8 gives y = 115.

State Pand Q
From the diagram, P = (—6,45) and Q = (8,115).

Use the x-axis and left branch
The shaded region is above the x-axis and on the left part of the diagram, soy > 0 and x < 0.

Apply both boundaries
The region is below both the line and the curve, so y < 5z + 75 and y < 222 + = — 21.

@ FiNAL ANSWER
(a) P=(—6,45), Q = (8,115). (b)y>0,y<b5x+75 y<2z2+z—21, z<0.
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Qu estio n 7 m Differentiation

7. The curve C has equation y = f(x) where
f(x) =2x" —kx* + 14x + 24
and k is a constant.
(a) Find, in simplest form,
1) f'(x)

(i) f"(x)
3)

The curve with equation y = f'(x) intersects the curve with equation y = f"'(x) at the
points A and B.

Given that the x coordinate of 4 is 5

(b) find the value of £.
(2)
(¢) Hence find the coordinates of B.

3)

(Total for Question 7 is 8 marks)

WORKED SOLUTION Question 7 - WMA11/01 May/June 2024

Differentiate once
f'(z) = 622 — 2kz + 14.

Differentiate again
f"(z) =12z — 2k.

° Use the intersection at A
At an intersection of y = f'(z) and y = f"(z), f'(z) = f"(x). Given 4 = 5, substitute z = 5.

Find k
6(5)2 — 2k(5) + 14 = 12(5) — 2k, so 164 — 10k = 60 — 2k and k = 13.



o Find the other x-coordinate
With k = 13, 622 — 26z + 14 = 12z — 26, so 62> — 38z + 40 = 0. Hence (32 — 4)(z — 5) = 0.

o Use the point B

4 4 4
The other point has z = 3 Theny = f”(g) = 12(§) — 26 = —10.

@ FiNAL ANSWER

(@)(é) f'(z) = 62% — 2k + 14. (a)(i) f"(z) = 12¢ — 2k. () k=13. (c) B= (%, ~10)
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Qu estion 8 Graphs of Functions

8. The curve C| has equation
y=x(4-x")
(a) Sketch the graph of C| showing the coordinates of any points of intersection with
the coordinate axes.
3)
. A .
The curve C, has equation y = — where 4 is a constant.
: X
(b) Show that the x coordinates of the points of intersection of C and C, satisfy
the equation
x'—d4x’+A4=0
1)
(c) Hence find the range of possible values of 4 for which C| meets C, at
4 distinct points.
3)
(Total for Question 8 is 7 marks)
WORKED SOLUTION Question 8 - WMA11/01 May/June 2024

Find the intercepts of C1

y=z(4 — z2), so y = 0 when = 0 or z = £2. The curve crosses the axes at (—2,0), (0, 0) and
(2,0).

Use the cubic shape

y = 4z — 3 has negative leading cubic term, so the left tail rises and the right tail falls.

Equate C1 and C2

(4 —z?) = g

Multiply by x
z2(4 — 22) = A, so 4% — z* = A and therefore z* — 422 + A = 0.

Let u equal x squared
letuy = 22 Thenu? —4u+ A = 0.



Require two positive u-values

For 4 distinct x-values, the quadratic in u must have two distinct positive roots.

Find the range of A
The discriminant gives 16 —4A > 0, so A < 4. The product of the two roots is 4, so A > 0.
Therefore 0 < A < 4.

@ FiNAL ANSWER
(@) x-intercepts (—2,0), (0, 0). (2, 0).
(b)z?—422+ A=0. (c)0<A<4
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Question 9 m Straight Line

9. Given that
» the point A has coordinates (4, 2)
» the point B has coordinates (15, 7)
* the line /, passes through 4 and B
(a) find an equation for /, giving your answer in the form px + gy +r=0
where p, g and r are integers to be found.
3)
The line /, passes through 4 and is parallel to the x-axis.
The point C lies on /, so that the length of BC'is 55
(b) Find both possible pairs of coordinates of the point C.
4)
(¢) Hence find the minimum possible area of triangle ABC.
(2)
(Total for Question 9 is 9 marks)
WORKED SOLUTION Question 9 - WMA11/01 May/June 2024

Find the gradient of I1

. 7-2 5
15—-4 11°

Use point A

5
—9="(z—4).
y 11(«’6 )

Rearrange
11y — 22 = bz — 20,s0 bz — 11y 4+ 2 = 0.

Use the horizontal line 12
Since Iy passes through A(4,2) and is parallel to the x-axis, point C has coordinates (c, 2).

Use BC equals 5 root 5
(c—15)2 +(2—17)2 = (5v5)%



Solve for c
(c—15)2 425 = 125, s0 (¢ — 15)2 = 100 and ¢ = 5 or 25.

° Find the smaller area
5

1
The height from Bto y = 2is 5. For C = (5,2), AC = 1, so the minimum area is 5(1)(5) =3

@ rinaL ANsWER

(@) 5z —1ly+2=0. (b)C=(5,2)or (25,2). (¢) g
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Question 10

10. The curve C has equation y = f(x) where x > 0

Given that
(2x —1)(3x +2)

2x

* the point P(4, 12) lies on C

« f'(x)=6x-

m Integration

(a) find the equation of the normal to C at P, giving your answer in the form y = mx + ¢

where m and ¢ are integers to be found,

(b) find f(x), giving cach term in simplest form.

)

(6)

(Total for Question 10 is 10 marks)

WORKED SOLUTION

Question 10 - WMA11/01 May/June 2024

Expand the numerator
(2z —1)(3z +2) =6z +z — 2.

Simplify f prime
2 —
f(z) =6z — ba”tz =2 6z — 3252 — lwlﬂ + 2712
2z 2
Find the tangent gradient at P
1 1 1

! _ _ _ e —

f'(4) =24 — 3(8) 2(2)—|—2 5"

Use the normal gradient

1
The normal gradient is the negative reciprocal of 5 so it is 2.

Find the normal equation
Through P(4,12), y — 12 = 2(z — 4), hencey =2z + 4.

Integrate f prime

f(z) = 322 — gws/z — %w?’ﬂ + 2212 4 ¢



o Use P to find ¢

12 =3(4)" - S (4) - S(49) + 247

o Simplify c
192 8 164 16
12—48—T—§+4+C—F+C,SOC—E.

@ rinaL ANswER
2 6 5p 1 3 12 , 16
(a)y=2z+4. (b) f(z) =3z —gT 3T + 2z —|—1—5.
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Question 11 m Trigonometric Functions

11. VA

Figure 4
Figure 4 shows a sketch of part of the curve C, with equation
y=12sinx
where x is measured in radians.
The point P shown in Figure 4 is a maximum point on C,

(a) Find the coordinates of P.
(2)

The curve C, has equation

y=12sinx+k
where k is a constant.
Given that the maximum value of y on C, is 3

(b) find the coordinates of the minimum point on C, which has the smallest
positive x coordinate.

(2)
The curve C, has equation
y=12sin(x + B)

where B is a positive constant.

Given that (%, AJ, where A is a constant, is the minimum point on C, which has the
smallest positive x coordinate,
(c) find

(i) the value of 4,

(i1) the smallest possible value of B.

(2)

(Total for Question 11 is 6 marks)

MATAT AT NANDN TO AC AT A D70
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o Use maxima of sine

. . ™ .
For y = 12sin &, maxima occur when & = 2 + 27n, with value 12.

° Read point P
5T

The maximum point P shown is the second positive maximum, so P = (?, 12).

Find k for C2

Fory = 12sin z + k, the maximum value is 12 + k. Given the maximum is 3, k = —9.

Find the smallest positive minimum on C2

3 3
The minimum value is —12 — 9 = —21, and it first occurs at = 771' So the point is (77r’ —21).

Find A for C3
Fory = 12sin(z + B), any minimum has value —12, so A = —12.

Find the smallest positive B

3 5
At the minimum z = %, SO % + B = 771' Hence B = Tﬂ

@ rinAL ANsWER

(a)P:(%T,B). () (37“,—21). (0)(5) A = —12. (c)(ii)B:%r.



